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synonyms in this talkChurh's Simple Type TheoryClassial Higher Order Logi (HOL)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



HOL (Alonzo Churh, 1940)
◮ simple types α, β ::= ι|o|α � β (opt. further base types)
◮ HOL de�ned bys, t ::= pα | Xα

| (λXα sβ)α�β | (sα�β tα)β

| (¬o�o so)o | (so ∨o�o�o to)o | (Π(α�o)�o tα�o)o
| (sα =α�α�o tα)o

◮ HOL is well understood- Origin (Churh, J.Symb.Log., 1940)- Henkin semantis (Henkin, J.Symb.Log., 1950)(Andrews, J.Symb.Log., 1972)- Extens./Intens. (BenzmüllerEtAl., J.Symb.Log., 2004)(Muskens, J.Symb.Log., 2007)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Opinions about HOL:
◮ HOL is expressivebut . . .
◮ HOL an not be e�etively automated
◮ HOL is a lassial logi and not easily ompatible with

◮ modal logis
◮ intuitionisti logi
◮ . . .

◮ HOL an not fruitfully serve as a basis for ombining logis
Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Opinions about HOL: Position of this talk
◮ HOL is expressive and we exploit this herebut . . .
◮ HOL an ////not be e�etively automated (at least partly)
◮ HOL is a lassial logi and ////not easily ompatible with

◮ (normal) modal logis
◮ intuitionisti logi
◮ . . .

◮ HOL an ////not fruitfully serve as a basis for ombining logis. . . I will give theoretial and pratial evideneChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



Quanti�ed Multimodal Logis (QML)as HOL Fragments(jww Larry Paulson)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Quanti�ed Multimodal Logis (QML)
◮ QML de�ned by s, t ::= P | (k X 1 . . .X n)

| ¬ s | s ∨ t
| 2r s
| ∀X s | ∀P s

◮ Kripke style semantis
◮ di�erent notions of models: (Fitting, J.Symb.Log., 2005)QS5π−QS5πQS5π+ Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Quanti�ed Multimodal Logis (QML)
◮ QML de�ned by s, t ::= P | (k X 1 . . .X n)

| ¬ s | s ∨ t
| 2r s
| ∀X s | ∀P s

◮ Kripke style semantis
◮ di�erent notions of models: (Fitting, J.Symb.Log., 2005)QS5π− −→ QKπ−QS5π −→ QKπ (orrespondene to Henkin models)QS5π+ −→ QKπ+Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



(Normal) QML as Fragment of HOL� related, but signi�antly extending (Ohlbah, 1988/93) �Straightforward Enoding
◮ base type ι: non-empty set of possible worlds
◮ base type µ: non-empty set of individualsQML formulas −→ HOL terms of type ι � oQML Operators as abbreviations for spei� HOL terms
¬ = λφ λW ι ¬φW
∨ = λφ λψ λW φW ∨ ψW
2 = λR λφ λW ∀V ¬R W V ∨ φV
Π

µ = λτ λW ∀X (τ X )W (quantif. over individuals)
Π

ι�o = λτ λW ∀P (τ P)W (quantif. over propositions)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



(Normal) QML as Fragment of HOL� related, but signi�antly extending (Ohlbah, 1988/93) �Straightforward Enoding
◮ base type ι: non-empty set of possible worlds
◮ base type µ: non-empty set of individualsQML formulas −→ HOL terms of type ι � oQML Operators as abbreviations for spei� HOL terms

¬ = λφι�o λW ι ¬φW
∨ = λφι�o λψι�o λW ι φW ∨ ψW
2 = λR ι�ι�o λφι�o λW ι ∀V ι ¬R W V ∨ φV
Π

µ = λτµ�(ι�o) λW ι ∀Xµ (τ X )W
Π

ι�o = λτ (ι�o)�(ι�o) λW ι ∀P ι�o (τ P)WChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



(Normal) QML as Fragment of HOL
Enoding of validityvalid = λφι�o ∀Wι φW

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Example: In all r -aessible worlds exists truthFormulate problem in HOL using original QML syntaxvalid 2r ∃Pι�o Pthen automatially rewrite abbreviations
2r rewrite

−→ . . .

∃
rewrite
−→ . . .valid rewrite
−→ . . .
βη↓
−→ ∀Wι ∀Yι ¬r W Y ∨ (¬∀Pι�o ¬(P Y ))and prove automatially (LEO-II, IsabelleP, TPS, Satallax, . . .here the provers need to generate witness term P = λYι ⊤)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis
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∃
rewrite
−→ . . .valid rewrite
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βη↓
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Example: In all r -aessible worlds exists truthFormulate problem in HOL using original QML syntaxvalid 2r ∃Pι�o Pthen automatially rewrite abbreviations
2r rewrite

−→ . . .

∃
rewrite
−→ . . .valid rewrite
−→ . . .
βη↓
−→ ∀Wι ∀Yι ¬r W Y ∨ (¬∀Pι�o ¬(P Y ))and prove automatially (LEO-II, IsabelleP, TPS, Satallax, . . .here the provers need to generate witness term P = λYι ⊤)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Soundness and Completeness
Theorem:

|=QMLQKπ s if and only if |=HOLHenkin valid sι�o(BenzmüllerPaulson, Tehn.Report, 2009)
Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Further interesting Fragments of HOL
◮ Intuitionisti Logi(exploiting Gödel's translation to S4)(BenzmüllerPaulson, Log.J.IGPL, 2010)
◮ Aess Control Logis(exploiting a translation by Garg and Abadi)(Benzmüller, SEC, 2009)
◮ Region Connetion Calulus � later in this talk
◮ . . .

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations ofLogisChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: CorrespondeneCorrespondenes between properties of aessibility relationssymmetri = λR ∀S ,T R S T ⇒ R T Sserial = λR ∀S ∃T R S Tand orresponding axioms
∀R symmetriR 0.0s

⇐0.0s
⇒ valid ∀φ φ ⊃ 2R 3R φ

∀R serialR 0.0s
⇐0.0s
⇒ valid ∀φ 2R φ ⊃ 3R φSuh proofs an be automated with LEO-II in no-time!Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: CorrespondeneCorrespondenes between properties of aessibility relationssymmetri = λR ∀S ,T R S T ⇒ R T Sserial = λR ∀S ∃T R S Tand orresponding axioms
∀R symmetriR 0.0s

⇐0.0s
⇒ valid ∀φ φ ⊃ 2R 3R φ

∀R serialR 0.0s
⇐0.0s
⇒ valid ∀φ 2R φ ⊃ 3R φSuh proofs an be automated with LEO-II in no-time!Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: Cube

(f. John Hallek's website)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: M5 ⇔ D4B
∀R valid ∀φ 2R φ ⊃ φ

∧ valid ∀φ 3R φ ⊃ 2R 3R φ }

= M5
⇔ valid ∀φ 2R φ ⊃ 3R φ
∧ valid ∀φ 2R φ ⊃ 2R 2R φ
∧ valid ∀φ φ ⊃ 2R 3R φ 




= D4B

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: M5 ⇔ D4B
∀R valid ∀φ 2R φ ⊃ φ

∧ valid ∀φ 3R φ ⊃ 2R 3R φ }

= M5
⇔ serial R
∧ valid ∀φ 2R φ ⊃ 2R 2R φ
∧ symmetri R 




= D4B

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: M5 ⇔ D4B
∀R re�exive R

∧ eulidean R }

= M5
⇔ serial R
∧ transitive R
∧ symmetri R 




= D4B

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: M5 ⇔ D4B
∀R re�exive R

∧ eulidean R }

= M50.1s
⇔ serial R
∧ transitive R
∧ symmetri R 




= D4B

Proof with LEO-II in 0.1sChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: Logis Cube
S5 = M5 ⇔ MB5

⇔ M4B5
⇔ M45
⇔ M4B
⇔ D4B
⇔ D4B5
⇔ DB5

KB5 ⇔ K4B5
⇔ K4BM5 ⇒ D45D45 ⇒ M5

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: Logis Cube
S5 = M5 0.1s

⇔ MB50.2s
⇔ M4B50.1s
⇔ M450.1s
⇔ M4B0.1s
⇔ D4B0.2s
⇔ D4B50.1s
⇔ DB5

KB5 0.2s
⇔ K4B50.1s
⇔ K4BM5 0.1s
⇒ D45D45 ???
⇒ M5Proofs with LEO-II < 0.2s

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: Logis Cube
S5 = M5 ⇔ MB5

⇔ M4B5
⇔ M45
⇔ M4B
⇔ D4B
⇔ D4B5
⇔ DB5

KB5 ⇔ K4B5
⇔ K4BM5 ⇒ D45D45 6⇒ M5Countermodel 34.4s (IsabelleN)

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: Segerberg(Segerberg, 1973) disusses a 2-dimensional logi providing two S5modalities 2a and 2b. He adds further axioms stating that thesemodalities are ommutative and orthogonal. It atually turns outthat orthogonality is already implied in this ontext.re�exive a, transitive a, eulid. a,re�exive b, transitive b, eulid. b,valid ∀φ 2a 2b φ ⇔ 2b 2a φ
⊢HOL valid ∀φ,ψ 2a (2a φ ∨ 2b ψ) ⊃ (2a φ ∨ 2a ψ)

∧valid ∀φ,ψ 2b (2a φ ∨ 2b ψ) ⊃ (2b φ ∨ 2b ψ)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning about Combinations of Logis: Segerberg(Segerberg, 1973) disusses a 2-dimensional logi providing two S5modalities 2a and 2b. He adds further axioms stating that thesemodalities are ommutative and orthogonal. It atually turns outthat orthogonality is already implied in this ontext.re�exive a, transitive a, eulid. a,re�exive b, transitive b, eulid. b,valid ∀φ 2a 2b φ ⇔ 2b 2a φ
⊢HOL proof by LEO-II in 0.2svalid ∀φ,ψ 2a (2a φ ∨ 2b ψ) ⊃ (2a φ ∨ 2a ψ)

∧valid ∀φ,ψ 2b (2a φ ∨ 2b ψ) ⊃ (2b φ ∨ 2b ψ)Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined LogisChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Wise Men PuzzleWise Men PuzzleOne upon a time, a kingwanted to find the wise�out of his three wise� men.He arranged them in a ir-le and told them that hewould put a white or abla� spot on their fore-heads and that one of thethree spots would ertainlybe white. The three wisemen ould see and hear ea�other but, of ourse, theyould not see their faesrefleted anywhere. Theking, then, as ked to ea� ofthem to find out the olorof his own spot. After awhile, the wise� orretlyanswered that his spot waswhite. Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Wise Men PuzzleWise Men PuzzleOne upon a time, a kingwanted to find the wise�out of his three wise� men.He arranged them in a ir-le and told them that hewould put a white or abla� spot on their fore-heads and that one of thethree spots would ertainlybe white. The three wisemen ould see and hear ea�other but, of ourse, theyould not see their faesrefleted anywhere. Theking, then, as ked to ea� ofthem to find out the olorof his own spot. After awhile, the wise� orretlyanswered that his spot waswhite.

(adapting (Baldoni, PhD, 1998))
◮ epistemi modalities:

2a ,2b ,2 : three wise men
2fool : ommon knowledge

◮ prediate onstant: ws: 'has white spot'
Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Wise Men PuzzleWise Men PuzzleOne upon a time, a kingwanted to find the wise�out of his three wise� men.He arranged them in a ir-le and told them that hewould put a white or abla� spot on their fore-heads and that one of thethree spots would ertainlybe white. The three wisemen ould see and hear ea�other but, of ourse, theyould not see their faesrefleted anywhere. Theking, then, as ked to ea� ofthem to find out the olorof his own spot. After awhile, the wise� orretlyanswered that his spot waswhite.

(adapting (Baldoni, PhD, 1998))
◮ ommon knowledge:at least one of the wise men has a white spotvalid 2fool (ws a) ∨ (ws b) ∨ (ws )if X one has a white spot then Y an see this

(valid2fool (ws X ) ⇒ 2Y (ws X ))if X has not a white spot then Y an see thisvalid2fool ¬ (ws X ) ⇒ 2Y ¬ (ws X ))X 6= Y ∈ {a, b, }Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Wise Men PuzzleWise Men PuzzleOne upon a time, a kingwanted to find the wise�out of his three wise� men.He arranged them in a ir-le and told them that hewould put a white or abla� spot on their fore-heads and that one of thethree spots would ertainlybe white. The three wisemen ould see and hear ea�other but, of ourse, theyould not see their faesrefleted anywhere. Theking, then, as ked to ea� ofthem to find out the olorof his own spot. After awhile, the wise� orretlyanswered that his spot waswhite.

(adapting (Baldoni, PhD, 1998))
◮ if X knows φ then Y knows that he knows φvalid∀φ (2X φ⇒ 2Y 2X φ)

◮ if X does not know φ then Y does not know φvalid∀φ (¬ 2X φ⇒ 2Y ¬2X φ)X 6= Y ∈ {a, b, }
◮ axioms for ommon knowledgevalid∀φ 2fool φ⇒ φvalid∀φ 2fool φ⇒ 2fool 2fool φ

∀R valid∀φ 2fool φ⇒ 2R φChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Wise Men PuzzleWise Men PuzzleOne upon a time, a kingwanted to find the wise�out of his three wise� men.He arranged them in a ir-le and told them that hewould put a white or abla� spot on their fore-heads and that one of thethree spots would ertainlybe white. The three wisemen ould see and hear ea�other but, of ourse, theyould not see their faesrefleted anywhere. Theking, then, as ked to ea� ofthem to find out the olorof his own spot. After awhile, the wise� orretlyanswered that his spot waswhite.

(adapting (Baldoni, PhD, 1998))
◮ a, b do not know that they have a white spotvalid¬ 2a (ws a) valid¬2b (ws b)

◮ prove that  does know he has a white spot:
. . . ⊢HOL valid2 (ws )

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Wise Men PuzzleWise Men PuzzleOne upon a time, a kingwanted to find the wise�out of his three wise� men.He arranged them in a ir-le and told them that hewould put a white or abla� spot on their fore-heads and that one of thethree spots would ertainlybe white. The three wisemen ould see and hear ea�other but, of ourse, theyould not see their faesrefleted anywhere. Theking, then, as ked to ea� ofthem to find out the olorof his own spot. After awhile, the wise� orretlyanswered that his spot waswhite.

(adapting (Baldoni, PhD, 1998))
◮ a, b do not know that they have a white spotvalid¬ 2a (ws a) valid¬2b (ws b)

◮ prove that  does know he has a white spot:
. . . ⊢HOL valid2 (ws )LEO-II an prove this result in 0.3s

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & SpatialRegion Connetion Calulus (RCC) (RandellCuiCohn, 1992)as fragment of HOL:disonneted : d = λXτ λYτ ¬( X Y )part of : p = λXτ λYτ ∀Z (( Z X ) ⇒ ( Z Y ))idential with : eq = λXτ λYτ ((p X Y ) ∧ (p Y X ))overlaps : o = λXτ λYτ ∃Z ((p Z X ) ∧ (p Z Y ))partially o : po = λXτ λYτ ((o X Y ) ∧ ¬(p X Y ) ∧ ¬(p Y X ))ext. onneted : e = λXτ λYτ (( X Y ) ∧ ¬(o X Y ))proper part : pp = λXτ λYτ ((p X Y ) ∧ ¬(p Y X ))tangential pp : tpp = λXτ λYτ ((pp X Y ) ∧ ∃Z ((e Z X ) ∧ (e Z Y )))nontang. pp : ntpp = λXτ λYτ ((pp X Y ) ∧ ¬∃Z ((e Z X ) ∧ (e Z Y )))Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & SpatialA trivial problem for RCC:Catalunya is a border region of Spain (tpp atalunya spain),Spain and Frane share a border (e spain frane),Paris is a region inside Frane (ntpp paris frane)
⊢HOLCatalunya and Paris are disonneted (d atalunya paris)
∧Spain and Paris are disonneted (d spain paris)

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & SpatialA trivial problem for RCC:Catalunya is a border region of Spain (tpp atalunya spain),Spain and Frane share a border (e spain frane),Paris is a region inside Frane (ntpp paris frane)
⊢HOL2.3sCatalunya and Paris are disonneted (d atalunya paris)
∧Spain and Paris are disonneted (d spain paris)

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e spain frane)),valid 2bob (λW (tpp atalunya spain)),valid 2bob (λW (ntpp paris frane))
⊢HOL valid 2bob (λW ((d atalunya paris) ∧ (d spain paris)))

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e spain frane)),valid 2bob (λW (tpp atalunya spain)),valid 2bob (λW (ntpp paris frane))
⊢HOL20.4s valid 2bob (λW ((d atalunya paris) ∧ (d spain paris)))

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e spain frane)),valid 2bob (λW (tpp atalunya spain)),valid 2bob (λW (ntpp paris frane))
⊢HOL20.4s valid 2bob (λW ((d atalunya paris) ∧ (d spain paris)))
6⊢HOL valid 2fool (λW ((d atalunya paris) ∧ (d spain paris)))

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e spain frane)),valid 2bob (λW (tpp atalunya spain)),valid 2bob (λW (ntpp paris frane))
⊢HOL20.4s valid 2bob (λW ((d atalunya paris) ∧ (d spain paris)))
6⊢HOL39.7s valid 2fool (λW ((d atalunya paris) ∧ (d spain paris)))

Christoph Benzmüller Simple Type Theory as Framework for Combining Logis



Reasoning within Combined Logis: Epistemi & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e spain frane)),valid 2bob (λW (tpp atalunya spain)),valid 2bob (λW (ntpp paris frane))
⊢HOL20.4s valid 2bob (λW ((d atalunya paris) ∧ (d spain paris)))
6⊢HOL39.7s valid 2fool (λW ((d atalunya paris) ∧ (d spain paris)))Key idea is �Lifting� of RCC propositions to modal prediates:

(tpp atalunya spain)
︸ ︷︷ ︸type o −→ (λW (tpp atalunya spain))

︸ ︷︷ ︸type ι�oChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



LEO-II(EPRSC grant EP/D070511/1 at Cambridge University)Thanks to Larry PaulsonChristoph Benzmüller Simple Type Theory as Framework for Combining Logis



LEO-II employs FO-ATPs: E, Spass, Vampirehttp://www.ags.uni-sb.de/~leoChristoph Benzmüller Simple Type Theory as Framework for Combining Logis

http://www.ags.uni-sb.de/~leo


Conlusion
◮ HOL is suited as framework for ombining logis
◮ automation of objet-/meta-level reasoning � salability ?
◮ embeddings an possibly be fully veri�ed in Isabelle/HOL?(onsisteny of QML embedding: 3.8s � IsabelleN)
◮ urrent work: appliation to ontology reasoning (SUMO)You an use this framework right away! Try it!
◮ new TPTP infrastruture for automated HOL reasoning(jww Geo� Sutli�e / EU grant THFTPTP)

◮ standardized input / output language (THF)
◮ problem library: 3000 problems
◮ yearly CASC ompetitions

◮ provers and examples are online; demo: http://tptp.orgWise Men Puzzle:http://www.s.miami.edu/~tptp/gi-bin/SeeTPTP?Category=Problems&Domain=PUZ&File=PUZ087^1.pChristoph Benzmüller Simple Type Theory as Framework for Combining Logis

http://tptp.org
http://www.cs.miami.edu/~tptp/cgi-bin/SeeTPTP?Category=Problems&Domain=PUZ&File=PUZ087^1.p


Problem LEO-II TPS IsaPReasoning about Logis and Combined Logis1 0.0 0.3 3.62 0.0 0.3 13.93 0.0 0.3 4.04 0.0 0.3 15.95 0.1 0.3 16.06 0.0 0.3 3.67 0.1 51.2 3.98 0.1 0.3 3.99 0.1 0.3 3.610 0.1 0.3 4.111 0.0 0.3 3.712 � 0.3 53.813 0.0 0.3 3.714 0.0 0.3 3.815 � 0.8 67.016 1.6 0.3 29.317 37.9 � �18 � 6.6 �19 � � �20 0.1 0.4 8.121 0.1 0.4 4.322 0.2 27.4 4.023 0.1 8.9 4.024 0.1 1.2 3.726 0.1 1.7 4.227 0.2 14.8 5.428 0.1 0.6 3.7

Problem LEO-II TPS IsaPReasoning about Logis and Combined Logis29 0.2 2.3 4.030 0.1 0.9 3.931 0.1 12.8 16.532Countersatis�able� � �33 0.0 0.3 3.634 0.0 0.3 3.635 0.1 0.4 3.636 0.2 35.5 �37 0.4 � �Reasoning within Combined Logis38 0.1 � 102.439 0.3 � �40 2.3 � 112.742 20.4 � �42Countersatis�able� � �
Christoph Benzmüller Simple Type Theory as Framework for Combining Logis


