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Introduction

This Tutorial ...

. is about (narrow picture)

> higher-order modal logic (HOML)

classical higher-order logic (HOL)

embedding of HOML in HOL

» mechanisation and automation with HOL ATPs

v

v

v

various applications, including metaphysics

. is about (wider picture)

> a quite universal approach to automate reasoning for a wide range of
classical and non-classical logics

> a very broad range of possible applications
» including meta-reasoning about logical systems
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Introduction

Our primary interest . ..

> is in expressive logics:
quantification (first- and higher-order) and lambda-expressions

> propositional fragments are trivially covered
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Introduction: Outline of Tutorial
Lecture 1 & 2

» Motivation, Logic Embedding Approach — Advantages
> Introduction to HOL

> Syntax, Henkin and Standard Semantics, Calculi (and more)
» Automated Theorem Provers for HOL, TPTP THF Infrastructure

Lecture 3
> Introduction to HOML
» Syntax, Henkin and Standard Semantics
> Embedding in HOL
> Automation with HOL-ATPs
> Flexibility
Lecture 4
» Automating the Ontological Argument for the Existence of God

Lecture 5
» Interacting with Modal Logics in the Coq Proof Assistant
» ?(Embedding Quantified Conditional Logics)
» ?(Cut-Elimination and Cut-Simulation in HOL and HOML)
» ?(SUMO Ontology and HOML)
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Introduction: Expressivity Matters — Cantor’s Theorem

Cantor’s theorem: The set of all subsets of A, that is, the power set of A, has
a strictly greater cardinality than A itself.

In HOL Cantor’s theorem (surjective version) can be encoded as

(20 V8o X fx =
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Introduction: Expressivity Matters — Cantor’s Theorem

Cantor’s theorem: The set of all subsets of A, that is, the power set of A, has
a strictly greater cardinality than A itself.

In HOL Cantor’s theorem (surjective version) can be encoded as

(20 V8o X fx =

HO ATPs can solve this problem very efficiently.

Their solution includes the detection and application of the diagonalisation
argument.

Today: basic test example for new higher-order theorem provers.

Further reading: [AndrewsEtAl., Automating higher-order logic, 1984]
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Introduction: Expressivity Matters — Boolos’ Example

[George Boolos, A curious inference, J. Philosophical Logic, 16:1-12, 1987]

. Vn f(n,1) =s(1)

- Yx f(1,5(x)) = s(s(f(1, %))

- VnVx f(s(n),s(x)) = f(n,f(s(n), x))
D(1)

. Vx D(x) = D(s(x)))

g s WM =

6. D(f(s(s(s(s(1)))), s(s(s(s(1))))))
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Introduction: Expressivity Matters — Boolos’ Example

[George Boolos, A curious inference, J. Philosophical Logic, 16:1-12, 1987]

. Vn f(n,1) =s(1)

- Vx f(1,5(x)) = s(s(f(1, x)))

. VnVx f(s(n),s(x)) = f(n, f(s(n), %))
D(1)

. Vx D(x) — D(s(x)))

g s WM =

6. D(f(s(s(s(s(1)))), s(s(s(s(1))))))

Induction proof: from (4) and (5), we get Yx D(x), hence
D(f(s(s(s(s(1)))), s(s(s(s(1)))))) by V-elimination.

But induction is not given, hence the first order proof consists of brute force

modus ponens applications: infeasible number of single steps (2<2'”2) with
64K ‘2s)
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Introduction: Expressivity Matters — Boolos’ Example

[Boolos, A curious inference, J. Philosophical Logic, 16:1-12, 1987]
Comprehension axioms AN= , ¥z" N(z',...,2") = B

a—p

Can be avoided: use A-binding construct to denote N

Instances of comprehension axioms in Boolos’ proof:
ANVzN(2) = (VX X(1) A Yy (X(y) = X)) = X(2)

dEVz E(z) = (N(z) A D(z))

Central idea: “assume the induction principle holds for number z —
corresponding to N(z) — then we can show for any predicate X a property
X(z) by induction.”

The proof employs the following lemmata:

L?r?r;w)a 1 N(1), Yy (N(y) = N(s(¥))), N(s(s(s(s(1))))), E(1), Yy (E(y) — E(s(y))),
E(s(1
Lemma 2: Vi N(n) — Yx (N(x) — E(f(n, x)))

The theorem itself is then an easy application of the two lemmata.
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Introduction: Expressivity Matters — Boolos’ Example

1By the comprehension principle of second order logic, 3INVz(Nz
VX [X1&Yy(Xy — Xsy) — Xz]), 2and then for some N, 3EVz(Ez +» N2&Dz).
3Lemma 1: 21N1; 32vy(Ny — Nsy); 23Nssss1; 21E1; 35vy(By — Esy); *%Esl;
iLemma 2: Vn(Nn — (Vo(Nz — Efnz)))

Proof: *1By comprehension, IMVn(Mn « Vz(Ne = Efnz)). “2We want
Yn(Nn — Mn). “*Enough to show 22101 and 22yn(Mn — Msn), for then if
L"Nn, 450,

431 071; 43 10Want Vo(Nz — Eflz). 43:12By comprehension, 3QVz(Qz « Eflz).
4313Want Vo(Nz — Q). *2L4Enough to show #3241Q1 and +3142y5(Qp —

ST).
431210 48LALIWant Ff1], 4314128yt f11 = s1 by (1) and %3413 Fg] by

Lemma 1.

L8142y5(Qp s Qsz): “14ZiSuppose Qu, L1422, Eflx, 114238y (3)
flsz ssfle; 43142450 Temma 1 twice, Eflse. 431425Thys Qsz and
4.3.]‘4.2.6M1.

432¢n(Mn  —  Msn): *321Suppose Mn, *32%e Vo(Nz — Efnz).
4328Want Msn, *32%e Vz(Nz — Efsnz). %325By comprehension,
JIPVz(Pz < Efsnz). “32Want Vz(Nz — Px). 2327Enough to show %:227-1p]
and 23212y Py — Psz).

43271 p; £3.2TLIWant Efsnl. #3212yt fsnl = sl by (1) and 232713 Fg] by
Lemma 1.

43272g0(Py — Psg): 232721Guppose Pz, 232722 Efeng; 432723thyg
Nfsng, 32724%ant Efsnsz. +22723Gince Nfsnz and Mn, Efnfsnz.
482726 Byt by (3) fnfsne = fense; 2227204 hyg B fsnsa.

5By Lemma 1, Nssssl. gBy Lemma 2, Efsssslssssl. “Thus, Dfsssslssssl, as
desired.

Formalization in OMEGA and Mizar: see [BenzmiillerBrown, The curious
inference of Boolos in MIZAR and OMEGA, Studies in Logic, Grammar, and Rhetoric,
volume 10(283), pp. 299-388, 2007.]

Earlier paper: [Benzmiillerkerber, A Lost Proof, 2001].

Earlier poster: http://christoph-benzmueller.de/papers/poster-tphols@1.pdf
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Inroduction: Higher-Order Modal Logics

OP: P is necessary, P is obligatory, P is known, P is believed, always P ...

OP: P is possible, P is permissible, P is epistemically possible, P is
doxastically possible, eventually P ...

O and < are not truth-functional
HOL can be extended by O and < to obtain HOML

There are many interesting applications of such logics, e.g. in Metaphysics
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Introduction: HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

LogicL . Logic L
Syntax "~ Semantics
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Introduction: HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

LogicL . Logic L
Syntax "~ Semantics

Examples for L we have already studied:

Modal Logics, Conditional Logics, Intuitionistic Logics, Access Control Logics, Nominal
Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood Semantics,
(Mathematical) Fuzzy Logics, Paraconsistent Logics, ...

Works also for (first-order & higher-order) quantifiers
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Introduction: Embedding Approach — Idea

HOL (meta-logic) ¢ = I ——
Your-logic (object-logic) V= ———

Embedding of Fl in Il

Embedding of meta-logical notions on il in [l

valid = NG
satisfiable = [ NG
.. = I

Pass this set of equations to a higher-order automated theorem prover
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Introduction: Embedding Approach — HOML in HOL
HOML PP == = loAYle—= Y| 0p|Cp|Vx, @ dx, @
HOL s,;t o= Colxal (Axasﬂ)aﬂﬁ | (Saap’ tnz)ﬁ | =80 |80 V to | VXa by

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢, .,
(explicit representation of labelled formulas)

=A@ Aw—pw

= A(pLHOAI)bLﬁOAwl((Pw A IPW)
= AQoAY AW, (mpw V Pw)
= )\hy_,(L_,o)/\w[Vd), hdw

— /\h}’_)(l_m)/\wlady hdw Ax (polymorphic over y)

= ApoAwYu, (=Rwu Vv ¢u)
= A@oAw du, (Rwu A pu)

o0 W< | >4
|

valid = Agp.Yw, pw

The equations in Ax are given as axioms to the HOL provers!
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Advantages of the Embedding Approach

1. Pragmatics and convenience:
> implementing new provers made simple (even for not yet automated logics)
2. Availability:
> simply reuse and adapt our existing encodings (THF, Isabelle/HOL, Coq)
3. Flexibility:
> rapid experimentation with logic variations and logic combinations
4. Relation to labelled deductive systems:
» extra-logical labels vs. intra-logical labels (here)
5. Relation to standard translation:
> extra-logical translation vs. extended intra-logical translation (here)
6. Meta-logical reasoning:
> various examples already exist, e.g. verification of modal logic cube
7. Direct calculi and user intuition:
> possible: tactics on top of embedding, hiding of embedding
8. Soundness and completeness:
> already proven for many non-classical logics (wrt Henkin semantics)
9. Cut-elimination:
> generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)
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Advantage: 1. Pragmatics and convenience
implementing new provers made simple (even for not yet automated logics)

A very “Lean” Prover for HOML KB

~The base type $i (already built-in) stands here for worlds and
-mu for individuals; $o (also built-in) is the type of Booleans
thf(mu type, type, (mu:$tType)) .

%----Reserved constant r for accessibility relation

1 %
2
3
4
5  thf(zr,type, (r:$i>$i>$0)).
6
7
8

%----Modal logic operators not, or, and, implies, box, diamond
thf (mnot_type, type, (mnot : (§i>$0)>$i>$0)) .
thf (mnot, definition, (mnot = (*[A:$i>$o, W:$i]:~(AQW)))) .
9 thf (mor_type, type, (mor: ($i>$0)> ($i>$0)>$i>$0)) .
10 thf (mor, definition, (mor = (A[A:$i>$o,Psi:$i>$o, W:$il: ((AGW) | (Psi@W))))) .
11 thf (mand_type, type, (mand: ($i>$0)> ($i>$0) >$i>$0)) .
12 thf (mand, definition, (mand = (*[A:$i>$o,Psi:$i>$o,W:$i]: ((AQW)& (PSi@W))))).
13 thf (mimplies_type, type, (mimplies: ($i>$0)>($i>$0)>$i>$0)) .
14 thf (mimplies,definition, (mimplies = (*[A:$i>$o,Psi:$i>$o,W:$i]: ((AQW)s& (PSi@W))))).
15 thf (mbox_type, type, (mbox: ($i>$0)>$i>$0)) .
16 thf (mbox, definition, (mbox = (A[A:$i>$o,W:$i]:![V:$i]: (~(X@QWEV) | (AQV))))).
17 thf(mdia_type,type, (mdia: ($i>$0)>$i>$0)) .
18 thf (mdia,definition, (mdia = (~[A:$i>$0,W:$i]:?[V:$i]: ((XEWEV)& (AGV))))) .
19 %---—Quantifiers (constant domains) for individuals and propositions
20 thf (mforall ind type,type, (mforall ind: (mu>$i>$0)>$i>$o)).
21 thf (mforall ind,definition, (mforall ind = (*[A:mu>$i>$o,W:$i]: ! [X:mu]: (AGXEW)))) .
22 thf (mforall_indset_type,type, (mforall indset: ((mu>$i>$0)>$i>$0)>$i>$o))
23 thf (mforall_indset,definition, (mforall indset = (*[A: (mu>$i>$0)>$i>$o, W:$i]:! [K:mu>$i>$o] : (ARKEW)))) .
24 thf (mexists_ind_type,type, (mexists_ind: (mu>$i>$o)>$i>$o0)) .

25  thf(mexists_ind,definition, (mexists_ind = (*[A:mu>$i>$o,W:$i]:?[X:mu]: (AGXEW)))) .
26  thf(mexists_indset_type,type, (mexists_indset: ((mu>$i>$0)>$i>$0)>$i>$0))

27 thf(mexists_indset,definition, (mexists_indset = (*[A: (mu>$i>$0)>$i>$o, W:$i]:?[X:mu>$i>$o]: (ARXEW)))) .
28 %--—--Definition of validity (grounding of lifted modal formulas)

29 thf (v_type, type, (v: ($i>$0)>$0)) .
30 thf (mvalid,definition, (v = (“[A:$i>$0]:![W:$i]: (A@W)))).

31 %--—-Properties of a sibility relations:
32 thf ic_type, type, ( $1>$1>$0)>$o))
33 thf ric,definition, ric = ("[R:$i>$i>$o]:![S:$i,T:$i]: ((RESRT)=>(RETES))))) .
34 $----Here we work with loqic KB, i.e., we postulate symmetry for r
35 the (sym, axiom, (msymmetric@r)) .
TPTP THFO syntax: [SutcliffeBenzmiiller, J.Formalized Reasoning, 2010]
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Advantage: 1. Pragmatics and convenience
implementing new provers made simple (even for not yet automated logics)

Approach is competitive

> First-order modal logic: see experiments in
[BenzmuillerOttenRaths, ECAI, 2012]
[BenzmillerRaths, LPAR, 2013]
[Benzmdiller, ARQNL, 2014]

» Higher-order modal logics:
There are no other systems yet!
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Advantage: 2. Availability

simply reuse and adapt our existing encodings (THF, Isabelle/HOL, Coq)

HOML in Isabelle/HOL

& HOML.thy

TE®D & 60 X050 R "0 B & ©:|¢»

| CIHOML.thy (~/)

abbreviation mnot :: "o = g" (k<) ("0 )(kk)
where "=" ¢ = (Aw. - p wW)"

where "p A" @) (. oW A w)"

abbreviation mor

where "p V" ¥ = (M. pw V ) w)"

where "y =" Y = (dw. pw — Y w)"

where "V & = (Jw. Vx. & x w)"
where "3 & = (Aw. Jx. & x w)"
where "OR o = (Aw. Wv. (Rwv) — o v)"

T
T
T
T
T where "p =" g = (AW, p W o 3 w)"
T
T
T
f

where "oR o = (Aw. Iv. Rw v A p V)"

abbreviation mand :: "o = o = o' (*<¥)(infixr "A"" 52)(+>¥F)

"o = 0 = ¢" (*<*)(infixr "V" 51) (*+>*)
abbreviation mimplies :: "¢ = ¢ = o" (*<*)(infixr "—"" 49)(+>%)
abbreviation mequiv:: "o = o = o" (*<*)(infixr "="" 48)(*>*)
abbreviation mforall :: "('a = o) = o" (*<t)("V")(*>*)
abbreviation mexists :: "('a = o) = o" (F<*)("3")(*>*)
abbreviation mbox :: "(i = i = bool) = o = o" (*<*)("O- _")(*>%)

abbreviation mdia :: "(i = i = bool) = ¢ = ¢" (*<¥)("e- _")(¥=¥)

q

S3U03YL  AIYPPIS  UonEIUBWNZOQ

(¥ Auto update | Update | Search:

B v Output Query Sledgehammer Symbols

[100%  ~]

[ 59,23 (2739/8653)
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(isabelle,isabelle, UTF-8-Isabelle)
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Advantage: 3. Flexibility

rapid experimentation with logic variations and logic combinations

Postulating modal axioms or semantical constraints

HOL

Sahlqvist axioms
M:  valid Yo(ORp — @)
B: valid Yo(p — ORORp)
D: valid Yo(ORp — ORp)
4:  valid Yp(ORp — ORORp)
5:  valid Yp(ORp — DRORY)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

ORBORRORRORN)

Semantical constraints

Vx(Rxx) (reflexivity)
VYaVy(Rxy — Ryx) (symmetry)
VxJdy(Rxy) (serial)

VaVyVz(Rxy A Ryz — Rxz)  (transitivity)
VxVyVz(Rxy A Rxz — Ryz)  (euclidean)



Advantage: 3. Flexibility
rapid experimentation with logic variations and logic combinations

Possibilist vs. Actualist Quantification

¥V = Ahy_oAw Vd, hdw (constant domains)
becomes
Vo = Ahy o Aw,Ydy, (EXINW dw — hdw) (varying domains)

where ExInW is an existence predicate
(additional axioms: non-empty domains, denotation of constants & functions)
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Advantage: 4. Relation to labelled deductive systems
extra-logical labels vs. intra-logical labels (here)

=
=

h|uﬂez[11d|l % E = . i
: EHUUU liator JUI]'BSS Dif “ =
g S “S'Uhhﬂf"l cnura?em;s "—" ||3 slhh'ﬁgm
ugw é——; - 5 agaroant procrastnator = ”"wm[hy Elll]lllveahlﬂ
wEj ljd"312"“”"""U"=“=nu GO0t en0Ugh = s
=0l Refel I]wumed : l : = Neady pan
Z= e arl S [] | muumpelenl:
Tnde Iusl Humeweakm £ ek
Slow
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=
=
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Advantage: 4. Relation to labelled deductive systems
extra-logical labels vs. intra-logical labels (here)

=
=
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_ nougha dulalor hI L
n ! Dt 2
e £ =, “’S“Ihh“f"l cnura?em;s == ||3L|'uh'ﬁﬁm
ugly é-; =S aggroant procrastinator = unwmlhy Eunluveahla
a7 % T h dd clgﬂﬂl EﬂUUUha:- unu gﬂﬂ B"O h>~hy[]ﬂﬂf|lﬁ

Dﬂl][ =

= =
= ==

<
p=<3
=

=
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wmce SIU | :Needylnmmmm:
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(Op) 2
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation

(Op) @
— ((D(P)Ho ﬂ)
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(Op) 2

(O@)is0a)

(A@moAw Yu, (mRwu V @u)) ¢) o a)

—
—
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
Cp)

(O@)0a)

(A@moAw Yu, (mRwu V @u)) ¢) o a)
(Vu, (—Rau vV @,_, 1)

L1
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
Cp)

(O@)0a)

(A@moAw Yu, (mRwu V @u)) ¢) o a)
(Vu, (—Rau vV @,_, 1)

L1

We have extended this also for first-order and higher-order quantifiers!
(Vx p(x)) @

C. Benzmilller and B. Woltzenlogel Paleo, 2015——Higher-Order Modal Logics



Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
Cp)

(O@)0a)

(A@moAw Yu, (mRwu V @u)) ¢) o a)
(Vu, (—Rau vV @,_, 1)

L1

We have extended this also for first-order and higher-order quantifiers!

(Yxp(x)) @
— (VX))o a)

C. Benzmilller and B. Woltzenlogel Paleo, 2015—Higher-Order Modal Logics



Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
Cp)

(O@)0a)

(A@moAw Yu, (mRwu V @u)) ¢) o a)
(Vu, (—Rau vV @,_, 1)

L1

We have extended this also for first-order and higher-order quantifiers!
(Vx p(x)) @

(VX @(x)) =0 @)

(V(Ax @(x))) .0 @)

Ll
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
Cp)

(O@)0a)

(A@moAw Yu, (mRwu V @u)) ¢) o a)
(Vu, (—Rau vV @,_, 1)

L1

We have extended this also for first-order and higher-order quantifiers!
(Vx p(x)) @
(VX @(x)) =0 @)

(V(Ax ¢(x))).0 2)
(((Ahyﬁ(wo)/\wt\{dy hdw)(Ax p(x)))i-0 @)

L1
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmuillerPaulson, LogicaUniversalis, 2013]
[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
Cp)

(O@)0a)

(A@moAw Yu, (mRwu V @u)) ¢) o a)
(Vu, (—Rau vV @,_, 1)

L1

We have extended this also for first-order and higher-order quantifiers!
(Yx(x)) @

(Yx @(x))1-0 )

(V(Ax @(x)))1-0 @)

(((Ahyﬁ(wo)/\wt\{dy hdw)(Ax ¢(x))) -0 4)

Vd (p(d)i-0 a)

LI
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Advantage: 6. Meta-logical reasoning

various examples already exist, e.g. verification of modal logic cube
[Benzmiuiller, FestschriftWalther, 2010]
[BenzmiuillerClausSultana, PxTP, 2015]

s4] [S5] =M5=MB5 = M4B5
= M45 = M4B = D4B
= D4B5 = DB5

=
[w

oP — P

P — 0OOP
OP — OP
OoP — oopP
OP — OOP

gahroDm=

Lo

——>B

Fel

Ka} K45 [KB5] = K4B5 = K4B

K] [KB
Verification of cube in less than 1 minute in Isabelle/HOL
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Advantage: 7. Direct calculi and user intuition
abstract level tactics (here in Coq) on top of embedding, hiding of embedding
[BenzmuillerWoltzenlogelPaleo, CSR’2015]

Lemma mp_dia:

[mforall p, mforall q, (dia p) m-> (box (p m-> q)) m-> (dia qg)].

Proof. mv.
intros p q H1 H2. dia_e H1. dia_i wO. box_e H2 H3. apply H3. exact HI1.

Qed.
— 1 _ 92
O
P (»—q) O
wo | ? Poa
w q
— 01
Oq 1.2
Op— (Op — q)) — (0g) _3’ _\;I
VpYg.0p— O(p—q)) = 0q "

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics
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Advantage: 8. Soundness and completeness
already proven for many non-classical logics (wrt Henkin semantics)

Soundness and Completeness
EL o iff AxEHOL walidp, .,

Logic L:

» Higher-order Modal Logics
First-order Multimodal Logics
Propositional Multimodal Logics

>

>

v

v

v

v

v

v

Henkin

Quantified Conditional Logics
Propositional Conditional Logics

Intuitionistic Logics

Access Control Logics

Logic Combinations
...more is on the way ... including:

>
>

>

>
>
>

Description Logics

Nominal Logics

Multivalued Logics (SIXTEEN)

Logics based on Neighborhood Semantics
(Mathematical) Fuzzy Logics
Paraconsistent Logics

C. Benzmilller and B. Woltzenlogel Paleo, 2015—Higher-Order Modal Logics

[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]
[BenzmiuillerPaulson, LogicaUniversalis, 2013]
[BenzmiillerPaulson, Log.J.IGPL, 2010]

[Benzmdiller, IJCAI, 2013]
[BenzmdillerEtAl., AMAI, 2012]

[BenzmiillerPaulson, Log.J.IGPL, 2010]

[Benzmdiller, IFIP SEC, 2009]
[Benzmdiller, AMAI, 2011]
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Advantage: 9. Cut-elimination
generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)

Soundness and Completeness
EL o iff AxEHOL walidp, .,

Logic L:

» Higher-order Modal Logics
First-order Multimodal Logics
Propositional Multimodal Logics

>

>

v

v

v

v

v

v

Henkin

Quantified Conditional Logics
Propositional Conditional Logics

Intuitionistic Logics

Access Control Logics

Logic Combinations
...more is on the way ... including:

>
>

>

>
>
>

Description Logics

Nominal Logics

Multivalued Logics (SIXTEEN)

Logics based on Neighborhood Semantics
(Mathematical) Fuzzy Logics
Paraconsistent Logics
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[BenzmdillerWoltzenlogelPaleo, ECAI, 2014]
[BenzmiuillerPaulson, LogicaUniversalis, 2013]
[BenzmiillerPaulson, Log.J.IGPL, 2010]

[Benzmdiller, IJCAI, 2013]
[BenzmdillerEtAl., AMAI, 2012]

[BenzmiillerPaulson, Log.J.IGPL, 2010]

[Benzmdiller, IFIP SEC, 2009]
[Benzmdiller, AMAI, 2011]
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Advantage: 9. Cut-elimination
generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)

Soundness and Completeness and Cut-elimination
El o iff AxEHOL walide, ., iff  Ax MO

Logic L:

» Higher-order Modal Logics
First-order Multimodal Logics

>

>

v

v

v

v

v

v

Henkin cut-free

Propositional Multimodal Logics [Benzmui
Quantified Conditional Logics

Propositional Conditional Logics

Intuitionistic Logics [Benzmi
Access Control Logics

Logic Combinations
...more is on the way ... including:

>
>

>

>
>
>

Description Logics

Nominal Logics

Multivalued Logics (SIXTEEN)

Logics based on Neighborhood Semantics
(Mathematical) Fuzzy Logics
Paraconsistent Logics
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llerPaulson, Log.J.IGPL, 2010]
[Benzmdiller, IJCAI, 2013]
[BenzmdillerEtAl., AMAI, 2012]
llerPaulson, Log.J.IGPL, 2010]
[Benzmiiller, IFIP SEC, 2009]
[Benzmdiller, AMAI, 2011]
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Advantage: 9. Cut-elimination
generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)

Soundness and Completeness and Cut-elimination
El o iff AxEROL validep, ., iff Ax O walide, .,

Henkin cut-free

One-sided sequent calculus Ggse [BenzmiillerBrownKohlhase, LMCS, 2009]
(A: finite sets of $-normal closed formulas, A % A stands for AU {A},
cwffy: set of closed terms of type a, = abbreviates Leibniz equality):

A atomic (& S-normal) AxA Ax—-A Ax-B

Base Rules G(init) G(=) G(v-)
AxAx-A Ny A x—(AVB)
Ax—(AC)| , CE€ cwify A (Ac)| Canew
AxAxB B B
——G(Vy) ————————G(n%) ——————————G(I15)
Ax(AVB) A x=MNYA AxN*A
A (WXabX =P BX)|
B Ax-AxB Ax-BxA
Full Extensionality 46 —G(v)
e A% (A=>"FB) Ax (A =°B)
A+ (A =°B) AB atomic .

Initial. and Decomp. of Leibniz Equality ——G(Init7)

Ax-AxB

Ax (Al =1 BY) ... Ax(A"=%"B") n>1,8€ {0t} hgn €T
G(d)

A % (hAn =P pBn)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Higher-order Logic (HOL)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Expressivity

Quantification over

- Individuals

- Functions

- Predicates/Sets/Rels

Unnamed
- Functions
- Predicates/Sets/Rels

Statements about
- Functions
- Predicates/Sets/Rels

Powerful abbreviations

Classical Higher-Order Logic (HOL)

FOL

HOL

SNENEN

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

Example

Y p(f(x))
Yf p(f(a))
Yy p(f(a))

(Axx)
(Axx # a)

continuous(Ax x)
reflexive(=)

reflexive =Ar Vx r(x, x)
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Expressivity

Quantification over

- Individuals

- Functions

- Predicates/Sets/Rels

Unnamed
- Functions
- Predicates/Sets/Rels

Statements about
- Functions
- Predicates/Sets/Rels

Powerful abbreviations

Classical Higher-Order Logic (HOL)

FOL

HOL

SNENEN

Example

VX, poolf (X))
va—>z P:—m (f!—»r)(al))
VDm0 Pioso(fimi (@)

(Ax, x,)
(Axs Xy # (=1—p a),)

continious . -o(Ax, x,)
VeﬂEXive(Lﬂiﬂu)ﬁo (= [H(ﬁo)

reflexive_—0)—o =
/\r(lﬂtﬂ(?) vx( T’(X, X)

Simple Types: Prevent Some Paradoxes and Inconsistencies

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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HOL: Syntax

Simple Types: a,fp = tlol(a—p)
(we may add further base types, e.g. u)

HOL Language:

s, t p, | Xo | (Axa Sﬁ)a—>,3 | (Sa—>ﬁ toz)ﬁ |

(_'o—)o So) | ((Vo—)o—)o so) to) | v(a—)o)—)o(Axa Su)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification

C. Benzmilller and B. Woltzenlogel Paleo, 2015—Higher-Order Modal Logics
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HOL: Syntax

Simple Types: a,fp = tlol(a—p)
(we may add further base types, e.g. u)

HOL Language:

s, t p, | Xo | (Axa Sﬁ)a—>,3 | (Sa—>ﬁ toz)ﬁ |

(_'o—)o So) | ((Vo—)o—)o so) to) | v(a—)o)—)o(Axa Su)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,fp = tlol(a—p)
(we may add further base types, e.g. u)

HOL Language:

s, t

| X | (A Sp)acsp | (acss g |

(_'o—)o so) | ((Vo—)o—m So) to) | v(a—m)—»o(Axa su)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax

Simple Types: a,B u= tlo|(a—p)
(we may add further base types, e.g. )

HOL Language:

s, t

P, | | (Ax, Sp)a—yﬁ | (Sa—)ﬁ ta)ﬂ |
(_‘o—)o so) | ((Vo—m—m so) to) | V(w—w)—m(/‘xa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types:

a,f = tlol(a—p)

(we may add further base types, e.g. u)

HOL Language:

S,t Pac I X I (/\xa: Sﬁ)zx—)ﬁ

| (sa—)ﬁ ta)ﬁ |

(m1050 S0) | (V95050 50) to) | Yiamo)—0(AXs S5)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,f = tlol(a—p)
(we may add further base types, e.g. )

HOL Language:

s, t

p, | X | (Axa Sﬁ)a—)ﬁ | (Sa—)ﬁ ta)p

(1050 S0) | (V95020 50) £o) | Yiamo)—0(AXs S5)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,f == tlol(a—p)
(we may add further base types, e.g. )

HOL Language:
s, u= Pulx, | (Axg sﬁ)a—»ﬁ | (sa—>[3 ta)ﬁ |
(_'0—)0 so) | ((Vo—)o—)o sa) to) | V(a—»o)—)o(Axa So)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,f == tlol(a—p)
(we may add further base types, e.g. )

HOL Language:

s,;t = Palxs | (Axa Sp)acsp | (Samspta)p |

(_'o—m so) | ((Vo—)o—m so) to) | V(a—»o)—)o(Axa sa)

constant symbols

variable symbols

lambda abstraction

application

negation

disjunction (we may use infix notation, omit types and brackets: s V t)
universal quantification

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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HOL: Syntax
Simple Types: a,fp = tlol(a—p)
(we may add further base types, e.g. u)

HOL Language:

s, u= Pulxa| (Axa sglasp | (Sampta)p |

(_'g—m So) | ((Va—m—)a So) tu) | V(a—)o)—»u(/‘xa Sa)

constant symbols

variable symbols

lambda abstraction

application

negation

disjunction

universal quantification (we may use syntactical sugar: Yx,s)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics 26



HOL: Syntax

Simple Types: a,fp = tlol(a—p)
(we may add further base types, e.g. u)

HOL Language:

s, t P, | Xo | (Axa Sﬁ)a—)ﬁ | (Soz—>ﬁ toz)ﬁ |

(_'o—)o So) | ((Vo—)o—)o so) to) | v(a—)o)—)o(Axa Su)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification

Terms of type o: formulas
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HOL: Syntax

Simple Types: a,fp = tlol(a—p)
(we may add further base types, e.g. u)

HOL Language:

s, t P, | Xo | (Axa Sﬁ)a—)ﬁ I (Sa—iﬁ tt)z)ﬁ |

(_'o—)o So) | ((Vo—)o—to so) to) | v(a—)o)—)o(Axa Su)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification

Terms of type o: formulas

Other logical connectives can be defined, e.g. 3xs stands for —Vx-s
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HOL: Syntax

Simple Types: a,fp = tlol(a—p)
(we may add further base types, e.g. u)

HOL Language:

s, t

Poz | Xo | (Axa Sﬁ)a—)ﬁ I (Sa—iﬁ tt_y)ﬁ |
(_'o—)o Su) | ((Vo—)o—bo So) to) | v(a—)o)—m(/‘xa Su)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification

Terms of type o: formulas
Other logical connectives can be defined, e.g. dxs stands for —=¥x—s

Equality may also be defined: s = t stands for VP(Ps = Pt)
(but it is stongly recommended to add primitive equality!)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (Ax Px) is identified with (Ay Py).

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (Ax Px) is identified with (Ay Py).

Substitution ([s/x]t)
of a term s, for x, in tg is denoted by [s/x]t. We assume the bound variables
of t avoid variable capture: [y/x](Ay .Ryx) returns (Az .Rzy) and not (Ay .Ryy)
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (Ax Px) is identified with (Ay Py).

Substitution ([s/x]t)
of a term s, for x, in tg is denoted by [s/x]t. We assume the bound variables
of t avoid variable capture: [y/x](Ay .Ryx) returns (Az .Rzy) and not (Ay .Ryy)

p-reduction and n-reduction
p-redex has the form (Axs)t and p-reduces to [t/x]s.

(Axs)t —p [t/x]s
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (Ax Px) is identified with (Ay Py).

Substitution ([s/x]t)
of a term s, for x, in tg is denoted by [s/x]t. We assume the bound variables
of t avoid variable capture: [y/x](Ay .Ryx) returns (Az .Rzy) and not (Ay .Ryy)

p-reduction and n-reduction
p-redex has the form (Axs)t and p-reduces to [t/x]s.

(Axs)t —p [t/x]s
n-redex has the form (Ax sx) where x is not free in s; it n-reduces to s.

(Axsx) — s (x is not free in s)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics 27



HOL: Syntax

a-conversion
is considered implicitly, e.g. (Ax Px) is identified with (Ay Py).

Substitution ([s/x]t)
of a term s, for x, in tg is denoted by [s/x]t. We assume the bound variables
of t avoid variable capture: [y/x](Ay .Ryx) returns (Az .Rzy) and not (Ay .Ryy)

p-reduction and n-reduction
p-redex has the form (Axs)t and p-reduces to [t/x]s.

(Axs)t —p [t/x]s
n-redex has the form (Ax sx) where x is not free in s; it n-reduces to s.

(Axsx) — s (x is not free in s)

s=gt means s can be converted to t by p-reductions and expansions.
s=g,t means s can be converted to ¢ using both  and 1.
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (Ax Px) is identified with (Ay Py).

Substitution ([s/x]t)
of a term s, for x, in tg is denoted by [s/x]t. We assume the bound variables
of t avoid variable capture: [y/x](Ay .Ryx) returns (Az .Rzy) and not (Ay .Ryy)

p-reduction and n-reduction
p-redex has the form (Axs)t and p-reduces to [t/x]s.

(Axs)t —p [t/x]s
n-redex has the form (Ax sx) where x is not free in s; it n-reduces to s.

(Axsx) — s (x is not free in s)

s=gt means s can be converted to t by p-reductions and expansions.
s=g,t means s can be converted to ¢ using both  and 1.

Unique normalforms exist

For each s, € HOL there is a unique g-normal form and a unique fn-normal
form.
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HOL: Semantics

Semantics of HOL is (meanwhile) well understood

> Origin [Church, J.Symb.Log., 1940]
» Henkin-Semantics [Henkin, J.Symb.Log., 1950]

[Andrews, J.Symb.Log., 1971, 1972]
» Extensionality/Intensionality [BenzmiillerEtAl., J.Symb.Log., 2004]

[Muskens, J.Symb.Log., 2007]

HOL with Henkin-Semantics:
semi-decidable & compact & existence of countable models (like FOL)

Recommended Reading: [BenzmillerMiller, HandbookHistoryOfLogic, Vol.9, 2014]

C. Benzmilller and B. Woltzenlogel Paleo, 2015——Higher-Order Modal Logics
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HOL: Semantics

A Frame D
is a collection {D,}.ct of nonempty sets D,, such that

» D, can be chosen freely
» D, ={T, F} (for truth and falsehood), and
» D, are collections of functions mapping D, into Dy

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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HOL: Semantics

A Frame D
is a collection {D,}.ct of nonempty sets D,, such that

» D, can be chosen freely
» D, ={T, F} (for truth and falsehood), and
» D, are collections of functions mapping D, into Dy

A Model M
for HOL is a tuple M = (D, I), where

» D is aframe;

» I is a family of typed interpretation functions mapping constant symbols
P to appropriate elements of D,, called the denotation of p,;

> the logical connectives =, Vv, and V are always given the standard
denotations;

> moreover, we assume that the domains D,,,-, contain the respective
identity relations.

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics 29



HOL: Semantics

Standard and Henkin Models
In a standard model M = (D, I) we have
> Dog = {f I f : Do — Dy} (for all types a, )

In a Henkin model M = (D, I) we only require
> Dosp C{f | f : Do — Dy} (for all types a, f)
> the valuation function || - ||*¢ from above is total (every term denotes)

Any standard model is obviously also a Henkin model.
We consider Henkin models in the remainder (for Henkin semantics we have
semi-decidability, compactness and existence of countable models).

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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HOL: Semantics

Standard and Henkin Models
In a standard model M = (D, I) we have
> Dog = {f I f : Do — Dy} (for all types a, )

In a Henkin model M = (D, I) we only require
> Dosp C{f | f : Do — Dy} (for all types a, f)
> the valuation function || - ||*¢ from above is total (every term denotes)

Any standard model is obviously also a Henkin model.
We consider Henkin models in the remainder (for Henkin semantics we have
semi-decidability, compactness and existence of countable models).

A Remark on Equality
Primitive equality is not needed in HOL, since equality can be defined:

= AXq AY VP aso-px = py (Leibniz)
= = A AV Gasame-V2a(gzz) — qxy (Andrews)

For theoretical and pragmatic reasons the use of primitive equality is
nevertheless highly recommended.
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HOL: Semantics

Variable Assignment

A variable assignment ¢ maps variables x, to elements in D,,.

gld/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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HOL: Semantics

Variable Assignment

A variable assignment ¢ maps variables x, to elements in D,,.

gld/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

Interpretation/Value of a HOL term
The value ||s.|™# of a HOL term s, on a model M = (D, I) under assignment
g is an element d € D, defined in the following way:
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HOL: Semantics

Variable Assignment

A variable assignment ¢ maps variables x, to elements in D,,.

gld/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

Interpretation/Value of a HOL term
The value ||s.|™# of a HOL term s, on a model M = (D, I) under assignment
g is an element d € D, defined in the following way:
1. |IP,|IM2 = I(P,)
- lxalM2 = g(x,)
< N(samsp tadpl™E = llsamspl M2 (I[E1M2)

. I(Ax, sp)asspll™# = the function f from D, to Dg such that
f@ = |Isgl|™sl9/x for all d € D,

A WODN

5. [[(m5-0 So)o”M'g =T iff ”So”M'g =F
6. [I((Voosomo So) to)olIM8& = T iff ||s,||M8 = T or ||t,|IM8 =T
7. 1Y aooymo(Axs 5,))0|[M8 = T iff for all d € D, we have ||s,||Ms814/%]! = T
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HOL: Semantics

Variable Assignment

A variable assignment ¢ maps variables x, to elements in D,,.

gld/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

Interpretation/Value of a HOL term
The value ||s.|™# of a HOL term s, on a model M = (D, I) under assignment
g is an element d € D, defined in the following way:
1. |IP,|IM2 = I(P,)
- Alxa M = glx,)
- Nsanp ta)pl™S = lsampl™ S (IEI"$)

. I(Ax, sp)asspll™# = the function f from D, to Dg such that
f@ = |Isgl|™sl9/x for all d € D,

A WODN

5. I(=,-,) = not € D,_,, such that: not(F) = T and not(T) = F
6. [I((Voosomo So) to)ollM8 = T iff ||s,||M8 = T or ||t,||IM8 =T
7. 1Y aooy—o(Axa 5,))0|[M8 = T iff for all d € D, we have ||s,||M84/%! = T
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HOL: Semantics

Variable Assignment

A variable assignment ¢ maps variables x, to elements in D,,.
gld/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

Interpretation/Value of a HOL term

The value ||s.|™# of a HOL term s, on a model M = (D, I) under assignment
g is an element d € D, defined in the following way:

1.

o O

IPa]IM& = I(P,)

2. ||xa|IM8 = glx,)
3.
4. |I(Ax, sp)amspl™$ = the function f from D, to Dy such that

150 tadpl™E = lIsamspl™E IEal1M5)

f@ = |Isgl|™sl9/x for all d € D,

. I(=,-,) = not € D,_,, such that: not(F) = T and not(T) = F
. I(Vys00) = OF € Dyososo SUch that: or(a,b) = Tiffa=Torb=T
. 1Y (ams0)—0(AXa So))o M8 = T iff for all d € D, we have ||s,|[M8%/*! = T
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HOL: Semantics

Variable Assignment

A variable assignment ¢ maps variables x, to elements in D,,.

gld/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

Interpretation/Value of a HOL term
The value ||s.|™# of a HOL term s, on a model M = (D, I) under assignment
gis an element d € D, defined in the following way:

1. ||IP,IIM8 = I(P,)

2. |lxa M8 = glx,)

3. |IGsasp t)pl™E = llsampll™2(1E]1M$)

4

. Qx4 sp)asspl™# = the function f from D, to D such that
f@ = |Isgl|™sl9/x for all d € D,

. I(=,5,) = not € D,_,, such that: not(F) = T and not(T) = F
. I(Vys00) = OF € Dyososo SUch that: or(a,b) = Tiffa=Torb=T

7. I(Y (a>0)—0) = All € D40, such that: for p € D,_,, we have All(p) = T iff
p(d)=Tforalld e D,

o O
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HOL: Semantics
Truth in model / Validity

A formula s, is true in model M under assignment g if and only if ||s,|[M¢ = T;
this is also denoted as M, g k= s,.

A formula s, is called valid in M if and only if M, g = s, for all assignments g;
this is also denoted as M [ s,.

A formula s, is called valid, which we denote by k s,, if and only if M [ s, for
all M.

We define £ ¢, where ¢ is a set of HOL formulas, if and only if = s for all
S E Q.
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HOL: Semantics
Truth in model / Validity

A formula s, is true in model M under assignment g if and only if ||s,|[M¢ = T;
this is also denoted as M, g k= s,.

A formula s, is called valid in M if and only if M, g = s, for all assignments g;
this is also denoted as M [ s,.

A formula s, is called valid, which we denote by k s,, if and only if M [ s, for
all M.

We define £ ¢, where ¢ is a set of HOL formulas, if and only if = s for all
S E Q.

Logical Consequence

Let ¢ and 1 be set of HOL formulas. We define

oEY (logical consequence)
if and only if for each model M we have:

MEg implies ME4Y
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Idea of Standard Semantics:

. — D, (choose)
o — D, = {T,F} (fixed)
(@ —pB) —

Doy = F(Da,Dy) (fixed)

Standard Models GZ(X)
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Idea of Standard Semantics:

T L —D, (choose)
' o — D, ={T,F} (fixed)
(= f) —

'Daﬂg = f('DQ, 'Da) (fixed)

Henkin’s Generalization:

Do—p C F(Da,Ds) (choose)
SERCENE 8 BECS 50D but elements are still functions!

[Henkin-50]
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Standard Models G%(X)

choose: D,
fixed: Do, Do g, functions
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Standard Models G%(X) Formulas valid in 6%(X)

choose: D,
fixed: Do, Do g, functions
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Henkin Models $(X) = 95 (X)

choose: D,, Da—p
fixed: Do, functions
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Henkin Models $(X) = Mg ()

choose: D,, Do
fixed: Do, functions
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Formulas valid in 25, (X)

33



HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Non-Extensional Models 93 (X) Formulas valid in i (X) ?

choose: D,, Dy 8, also non—functions, Do

fixed:
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Non-Extensional Models 9t3(X) Formulas valid in 0 (X) ?

choose: D,, Dy 3, also non—functions, Do Ex.: VXYY XVY &YV X
fixed: vs. V = AXAY.Y VX
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

We additionally studied different model classes with 'varying degrees of extensionality’
VXYY XVY & YVX YXVYXVY =Y VX
AXAYX VY = AXAYY V X V = 2AXAYY VX
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Ms(X) non-extensional X-models

b: Boolean extensionality, Do = {T,F}
f(= n+ &): functional extensionality
n: n-functional
&: &-functionality

i

Migrp (X) ~ H(X) by PO NRSK, 103 Henkin models
full

ull
v
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

\ Motivation for

[,* Models without Functional Extensionality
Mge ()

b, f(=n+¢) modeling programs:
: p1 # p2 even if p;@a = p,@a for
everya € D,

consider, e.g., run-time complexity:
p1 — AX1
: and
Y P2 AXI4 (X+1)% — (X2 42X + 1)

Mg (X) ~ H(T)
full
v
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Mg ()

Motivation for
\ Models without Boolean Extensionality?
b A
Mige () modeling of intensional concepts
like ’knowledge’, ‘believe’, etc.

i+ .
: F:=Vx,y,z,n > 2x" +y" =
f "= x=y=2z=0
We want to model:
: O & F but
v john_knows(F) ¢ john_knows(O)

if we have D, = {T,F} then
Dy (E) = H(Z) 0 & Fimplies O = F
which also enforces

full john_knows(F) <> john_knows(O)

v

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics

33



HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

M (%) Models without 7

\ &P‘(A) = gqa(A ln)
‘A
f M, (%)

b, f(=n+¢)

Mg (T) =~ H(T)
full
A\
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

M (X) Models without &
I \
Eo(MXa-Mp) = E,(AXa:Np) iff
/ ' £,/ (M) = Eo,a/x)(N) (V2 € Da)
%ﬁ(z) ‘ ]t ’ gﬂﬁb ():)

¥) f
\ R /
Migrp (X) ~ H(X)

full
A\
63(%)
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

)

<

\b*
M (X)
yd 5
i
|
noo
'\ Y F
Mgrp (X) ~ H(X)
ful
v
&%()
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

M(%)
/5 vlv \ VXYY X VY & Y VX
f

¢
5
§
G

| e ~ /|
n n
\4 N \
iy (2) ises (5) [UAN 7. ()
e
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Mg ()
7/ \

1 n YXVY.XVY &Y VX

/ v b* VXYY XVY =Y VX
Mige (¥) f Mgy () My ()
N
e N, Tl,
‘ \

A
o =) PR .
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

D (X)
v
3 n \ YXVYXVY & Y VX
/ v N YXVYXVY =Y VX
W (%) ¢ Do (£) AXAY.X VY = AXAY.Y V X
¢ e S ¢ 7/

A
i ) S )|

\
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Ma(X)
3 n VXYY X VY &Y VX
/ v h* VXYY XVY =Y VX
Me (5) ; DM (5) Mo (Z) AXAYX VY = AXAY.Y v X
% N /| V= AXAYLY V X

[
n
\ 774N

) [ .. R > )

N

L
NN
N\

Mate (X) ~ H(X)
fl;||
A\

63(%)
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

o, ()
Yo
3 n Examples requiring property b
/ \ N (p3e) A (pbo) = (p (3 1))
Nge () f Mg, (T) Mgp (T) (ho—s.((hT) = (h1))) = (hL)
N
I SNy
\d "A \
(%) i, () AN o, ()
-

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics 33



HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Mg () .
e | = is equivalence relation
£ 7 \ VXaX = X
/ v b* YXa, YauX ZY DY =X
f VXa, Yo, Za(XEYAY ZZ) DX Z2Z

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics

33



HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

M (F)
/ | Zis equivalence relation
¢ 7 \ VXaX £ X
//v "\ VX, YaX ZY DY =X
s (=) [ 7, (%) BRG] VX Yo Ze(X ZYAY22) OX 22
e NN

Zis congruence relation
VYXa; Ya, Faa-X = Y D (FX) = (FY)

|
n n
Maes () ; YXa, Yo, PoaX = Y A (PX) D (PY)
\ c s

|
N7

Mte (X) ~ H(X)

full
v

6%(T)
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

M (F)
/ | Zis equivalence relation
¢ n \ VXaX = X
/ v "\ VXa, YaX ZY DY £X
Me (%) f My (%) Mg (%) VXa, Yo, Za(X ZYAY ZZ) DX ZZ
| S el S
n 3 13 n = is congruence relation
v N v VXa, Yo, FaaX = Y O (FX) = (FY)
Maes () f VXa, Ya, PoaX = Y A (PX) D (PY)
\ -~ R
£ Trivial of and exten-

|
n
b v / sionality
* VAo,Bo-A=B D (A< B)
)~ H(xZ
Do (%) = H(X) VF g GgaF = G O (VXX 2 GX)

full
v

6%(T)
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

M (X
| Non-trivial direction of i
/5 & \ VAo, Bo(A & B)DAZB
f

Mg (%) Mo ()
N
SN
\ 5N \
Mg () Mg () f Mgne (T)
oL
L7728
Mg () =~ H(X)
fl;"
\
S%(%)
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Semantics: Reference Calculi:
Model Classes (Extensionality) ND (and others)
AN
: owe) /7D ()
Vs \J N
TR
- mae) e e/ |
[172aX v
LEGI s
\Mh) ) (e
\d

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics

33



HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Semantics: Reference Calculi:
Model Classes (Extensionality) ND (and others)
J
ma/ W) \ww
V2 EN
TR
! K A
MA(E) MA(L) NA(E),
MNA(n)
v” /"'ﬁ(h) )
TR
N ./
B O TRE
N Y

Abstract Consistency / Unifying Principle:
Extensions of Smullyan-63 and Andrews-71
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HOL: ND Calculi
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HOL: ND Calculi

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics

Base Calculus 9183

— NA(Hyp) — NR(B)

— ME(-I) — NA(-E)

— MR(VIL) — NA(VIR)

— MA(VE)

— MR(IT)™

— NR(IIE) — NR(Conir)

34



HOL: ND Calculi

MNRg:
7 Acod

P A

NA(Hyp)

dxA:=0dU{A}
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HOL: ND Calculi

MRyt Aco A=;B OF A
NR(Hyp) _—
OFA e

®xA:=oU{A}
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HOL: ND Calculi

s Aco A=;B OFA
NKR(Hyp) e
O A o B
®xAFF,
NR(—I)
ok -A

DxA:=0U{A}
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HOL: ND Calculi

TGt Aco A=;B OFA
NR(Hyp) ———MR(B)
P A o+B
dx At F, -
T °MA(-~D) Mm(ﬂE)
o+ -A o C

®xA:=dU{A}
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HOL: ND Calculi

s Acod A=;B OFA
——— NR(Hyp) e—
oA o+B

dxAF, -

(1) Oh-A OFA
Ok -A oFC
M‘)’tﬁ(\/h)
O-AVB

NR(-E)

dxA:=0dU{A}
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HOL: ND Calculi

TRy Aco A=;B OFA
NA(Hyp) N —
OFA o+ B
O+ A F, -
(=) OF-A OFA
Ok -A oFC
&m(vh) _®FB
o AVB ®-AVB

®xA:=0dU{A}
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HOL: ND Calculi

Ty Aco A=;B OFA
NR(Hyp) ————TR(B)
oA o+ B
OdxAlF, -
T °MA(-D) wm(_@)
o+ -A o C
MW(VIL) ﬁm(v[}z)
o+AVB P+AVB
dP+-HAVB oxAKC ¢*B|FC‘J?R(\/E)
o C

dxA:=dU{A}
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HOL: ND Calculi

m;;:

Acod A=3B oK A
MNR(Hyp) —— NR(P)
P A B

OxAFF, dF-A OFA

NA(~I) oA OF A ya-E)
¢ -A o C

PEA gavn) 2P e
o+AVB o+-AVB
d+HAVB ¢xAFC oxBHC
o C
¢+ Gw, w new parameter

NG

NA(VE)

®xA:=dU{A}

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics

34



HOL: ND Calculi

mg:

Acod A=;B OF A
NA(Hyp) —— NR(B)
oA o+ B
S+ At F, dF-A OFA
T () ——————— NR(-E)
- -A ot C
_%FA MA(VIL) _¢FB NA(VIR)
o-AVB +-AVB
d+-AVB oxAlC CD*BH—Cm(vE)
d+C
¢+ Gw, w new parameter w
NG
wm(@)
o+ GA

dxA:=0dU{A}
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HOL: ND Calculi

TRt Aco A=;B OF A
NR(Hyp) ———— MNR(B)
P+ A o+ B
dx At F, PFH-A Ok A
R LY TR 2E2 O B qr(-E)
o+ -A o C
&m(\/h} M—iBm(le)
o+AVB o+ AVB
P-AVB ¢oxAFC q)*BH_Cm(VE)
P C
¢+ Gw, w new parameter w
MA(IIT)
o NG
a ®x-AFF,
erniG NR(IIE) ————— NRA(Conir)
¢ GA oA

®xA:=0U{A}
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HOL: ND Calculi

Inference rules for 9% (for richer signatures)

oA

o+AAB

NA(AEL)

P+-AAB

MA(A
B

P-A=B OFA

NR(= E)

¢+ GT,
OFXG

MR(ET

OFT="W o A[T]

¢+ B

P+-A=B

P+-A OFB
o-AAB

¢, At B
NR(= 1)

P X*G oxGw, HC  wnew parameter

ol

NR(= Subst)

Ok A[W]

C

———— MA(= Refl)
PHA=A

Er) —————NR(AI)

NA(ZE

)
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HOL: ND Calculi

Inference rules for 9% (for richer signatures)

¢||—A/\Bm(/\EL) ¢H—AABM(AER) O A ‘M_Bm(/\[)
O A o+ B o AAB
®,A+B
PrA=B VA r 2" ma=0)
o+B o+HA=B
o+ GT, P3G dxGw, - C wnew parameter
_ by NR(XE)
O3X*G o1 C
ST ="W o A[T]
NR(= Subst) ———— NR(= Refl)
b A[W] dPFA=A

Here: we define logical constants A, =, ¥, etc. in terms of —, Vv, 1 as usual
and strictly use Leibniz equality instead of primitive equality; then the
above rules are not needed
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HOL: ND Calculi

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics

Base Calculus 9143

— JMR(Hyp) — NA(B)

— TR(=I) —NR(-E)

— MR(VIL) — MA(VIR)

— MA(VE)

— MR(II)"

— NR(IIE) — NA(Contr)
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HOL: ND Calculi
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HOL: ND Calculi

Optional Extensionality Rules

” 7 ml(n)
ya Y ' AZB oFA

B

‘IIR55 ? m;an

| e
MNA(n)
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HOL: ND Calculi
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Optional Extensionality Rules
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HOL: ND Calculi

Optional Extensionality Rules

?
) / AZB oA
“erm
66 MA(f)

@ Vxo.M =P N
NA(E)

O F (AxaM) =% (Axa.N)

v * I Vxa0.Gx =° H
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HOL: ND Calculi
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HOL: ND Calculi
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Base Calculus 9173

— NA(Hyp) — NA(PB)

— 9R(-I) — TK(-E)

— NA(VIL) — NR(VIR)

— MA(VE)
— MR(IIT)™

— MR(IIE) — NR(Contr)

Optional Extensionality Rules

— MR(n) — NREK)

— MR(f) — MA(b)
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HOL: ND Calculi

Derivation of:
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HOL: ND Calculi

Fow, (A="A):=N*AP(=(PA) v (PA)))

Derivation of:
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HOL: ND Calculi

NAR
o, (AP(=(PA) V (PA)))a) @

o, (A="A):=N*AP(—(PA) v (PA)))

Derivation of:
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HOL: ND Calculi

NR(Contr)
NR(B)

Fow, —(aA) V (qA)
o, ((AP(=(PA) Vv (PA)))q)
Fow, (A =" A) := N*AP(=(PA) V (PA)))

MNR(II)

Derivation of:
(A="A)
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HOL: ND Calculi

NR(-E)
NR(Contr)
NR(B)

o1 = {=(=(qA) V (4A))} s, Fo
Fow, —(qA) V (qA)
o, (AP(=(PA) v (PA)))q)
t~oa, (A = A) := N*(AP(=(PA) v (PA)))

MA(I1I)

Derivation of:
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HOL: ND Calculi

o' g, ~(qA) V (qA)
o' == {=(=(aA) V (aA))} ks, Fo
o, ~(aA) V (aA)
o, ((AP(=(PA) V (PA)))a)
o, (A =% A) = N%(AP(~(PA) v (PA)))

MA(-E)

MNR(Contr)
NR(B)

NR(IIT)

Derivation of:
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HOL: ND Calculi

NA(Hyp)
NA(-E)

O g, —(aA) V (qA) ! g, {—(—(qA) V (qA))
0! == {=(=(aA) V (aA))} Fog, Fo
Fow, —(aA) V (dA)
Fos, ((AP(=(PA) v (PA)))q)
o, (A =% A) := NI%(AP(~(PA) V (PA)))

NR(Contr)
NR(B)

MA(IT)

Derivation of:
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HOL: ND Calculi

Derivation of:

{=(=pVp)}Fmg, PVP
resp. {—(=(qA) V (qA))} o, —(qA) V (qA)
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HOL: ND Calculi

MRA(VI,
Vo)) by pvp V)

Derivation of:

{~(=pVp)}tog, PVp
resp. {~(—(qA) v (qA))} Fama, —(qA) V (qA)
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HOL: ND Calculi

NA(-1)
NA(VIL)

{=(=pVp)} g, —p
{=(=pVp)} g, "pVPp

Derivation of:

{=(=pVPp)}Fos, PVPp
resp. {—(=(qA) V (qA))} o, —(qA) V (qA)
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HOL: ND Calculi

NR(-E)

®% := {=(=pV p),p} o, Fo
{=(=pVp)} Fow, P
{=(=pVp)}tomg, pVp

NA(-1)
NA(VIL)

Derivation of:

{=(=pVPp)} o, PVp
resp. {=(=(qA) V (qA))} -mg, =(gA) V (qA)
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HOL: ND Calculi

——————— TA(Hyp)
¢* o, (=P V p)

$? :={~(-p V p),p} Fow; Fo
{=(=pVp)} Fow, —p
{=(=pVp)}tms, "PVP

NR(-E)

MNR(~1)
‘JU%(VIL)

Derivation of:
{=(=pVPp)}tow, pVp
resp. {—(=(qA) V (qA))} g, —(aA) V (aA)
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HOL: ND Calculi

) NR(Hyp) ————— TNA(VIR)
¢ mg, (=P V) % o, PV P

®? = {_‘(_‘P \% p)a p} H_‘ﬁﬁﬁ Fo
{=(=pVp)} Fow, —p
{=(=pVp)} tmg; “PV P

NR(-E)

NR(—I)
NR(VIL)

Derivation of:

{=(=pVp)}ow, "pVp
resp. {=(—(qA) V (qA))} g, =(aA) V (qA)
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HOL: ND Calculi

——— NR(Hyp)
¢ H—mﬁ P
———————MR(Hyp) o NA(VIR)
& f-oq, ~(—pV p) @ boa, PV P ()
®? := {=(=pV p),p} Foe, Fo
NR(-I)

{=(=pVp)} tor, P
{=(=pVp)} o, "PVPp

NA(VIL)

Derivation of:
{=(=pVPp)}tow, pVp
resp. {—(=(qA) V (4A))} Fma, —(qA) V (gA)
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HOL: Sequent Calculi

One-sided sequent calculus Ggse [BenzmiillerBrownKohlhase, LMCS, 2009]
(A: finite sets of S-normal closed formulas, A % A stands for A U {A},
cwffy: set of closed terms of type a, = abbreviates Leibniz equality):

A atomic (& S-norimal) A xA Ax-A Ax-B

Base Rules G(init) G(=) Gg(v-)
A x Ax-A A x——A A x—(AVB)
Ax—(AC)|, Ce cwifa Ax (Ac)l, canew
AxAxB B B
SR v (1Y) - G(1T§)
Ax(AVB) Ax-N°A A«N°A
Ax (VXaAX =8 BX)l
B Ax-AxB Ax-BxA
Full Extensionality _) G(b)
— Ax(A="FB) A x(A=°B)
Ax(A=°B) AB atomic .

Initial. and Decomp. of Leibniz Equality ——G(Init7)

Ax-AxB

Ax(A'="1BY) ... Ax (A" B") n>1,8€ {0}, hgn_z €T
G(d)

A « (hA7 =P hBn)

Soundness, Completeness and Cut-elimination
iff Ax EHOL o, iff Ax I—H e ee i
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Higher-Order Automated Theorem Provers (HOL-ATPs)
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HOL-ATPs

EU FP7 Project THFTPTP

» Collaboration with Geoff Sutcliffe and others (Chad Brown, Florian Rabe,
Nik Sultana, Jasmin Blanchette, Frank Theiss, ...)
» Results

» THFO syntax for HOL (with Choice; Henkin Semantics)

> library with example problems (e.g. entire TPS library) and results
> international CASC competition for HOL-ATP

> online access to provers

> various tools

More information: [SutcliffeBenzmuiller, J.FormalizedReasoning, 2010]
http://cordis.europa.eu/result/report/rcn/45614_en.html
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Automated Theorem Provers and Model Finders for HOL

1080 1085 1990 1995 2000 2005 2010

TPS ... (Peter Andrews)

LEO-1/LEO-II (myself)

Isabelle (Nipkow/Paulson/Blanchette) -
Satallax (Brown) —_
Nitpick (Blanchette) —_
agsyHOL (Lindblatt) —_—

~

e all accept TPTP THF Syntax [SutcliffeBenzmiiller, J. Form.Reas, 2009]
e can be called remotely via SystemOnTPTP at Miami
e they significantly gained in strength over the last years
e they can be bundled into a combined prover HOL-P

Exploit HOL with Henkin semantics as metalogic
Automate other logics (& combinations) via semantic embeddings
— HOL-P becomes a Universal Reasoner —
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HOL-ATPs

v

TPS: mating method, schedules many different modes (sets of flag
settings)

» LEO-I/II: resolution based, cooperation with FOL-ATP (E), very few
modes

> Isabelle: schedules various tactics and external provers

» Satallax: instantiation and tableaux based, cooperation with SAT solver
(MiniSat) and FOL-ATP (E), schedules many different modes

» Nitpick: (counter-)model finder, cooperation with FOL constraint solver
» agsyHOL: generic lazy narrowing search algorithm with backtracking

» COgATP: implements (non-inductive) part of Coq’s logic (calculus of
constructions), adds axioms like excluded middle and extensionality
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HOL-ATPs

v

TPS: mating method, schedules many different modes (sets of flag
settings)

» LEO-I/II: resolution based, cooperation with FOL-ATP (E), very few
modes

> Isabelle: schedules various tactics and external provers

» Satallax: instantiation and tableaux based, cooperation with SAT solver
(MiniSat) and FOL-ATP (E), schedules many different modes

» Nitpick: (counter-)model finder, cooperation with FOL constraint solver
» agsyHOL: generic lazy narrowing search algorithm with backtracking

» COgATP: implements (non-inductive) part of Coq’s logic (calculus of
constructions), adds axioms like excluded middle and extensionality

Interactive Proof Assistants: Isabelle/HOL, HOL, HOL-light, PVS, OMEGA,
..., Automath, Nuprl, LEGO, Coq, Coq, Agda, ...

Logical Frameworks: Elf, Twelf, Beluga, . ..
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HOL-ATPs

v

TPS: mating method, schedules many different modes (sets of flag
settings)

» LEO-I/II: resolution based, cooperation with FOL-ATP (E), very few
modes

> Isabelle: schedules various tactics and external provers

» Satallax: instantiation and tableaux based, cooperation with SAT solver
(MiniSat) and FOL-ATP (E), schedules many different modes

» Nitpick: (counter-)model finder, cooperation with FOL constraint solver
» agsyHOL: generic lazy narrowing search algorithm with backtracking

» COgATP: implements (non-inductive) part of Coq’s logic (calculus of
constructions), adds axioms like excluded middle and extensionality

Interactive Proof Assistants: Isabelle/HOL, HOL, HOL-light, PVS, OMEGA,
..., Automath, Nuprl, LEGO, Coq, Coq, Agda, ...

Logical Frameworks: Elf, Twelf, Beluga, . ..

Other HOL-ATPs: OMEGA, AClam, Otter-A, Watson, ...
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Demo: TPTP THF, SystemOnTPTP and HOL-ATPs

TPTP THF library

» TPTP library: http://www.tptp.org —> Problems
» THF problems have a’” in the problem name
» Example: Cantor’'s Theorem (SET55771.p)

=3F (-G X FX = G

SystemOnTPTP and HOL-ATPs

» SystemONnTPTP: http://www.tptp.org —> SystemOnTPTP

» Example:
apP,_ VX, PX
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Short Demo in Isabelle’HOL: Cantor’s Theorem

IE®ME & 9 ¢ XDB Q@ S0 B & ©:|e»

B SET557.thy (~/GITHUBS/LSS2015/Formalizations /) 3

© |theory SET557 imports Main 8
{ begin 9
typedecl i -- "type for individuals" g
theorem SET557: "— (3F::i=(i=bool). VG. 3IX. F(X) = G)" §

T nitpickl] :
\ sledgehammer [ ] g
L sledgehammer [remote_leo2 remote_satallax] g
©lend | -
I

(v Auto update Update | Search: v 100% »

Nitpicking formula...
Nitpick found no counterexample.

B~ Output Query Sledgehammer Symbols
7,10 (148/219) (isabelle,isabelle,UTF-8-Isabelle) UG BEEJEEEMB 11:54 AM

See demo file SET557. thy
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Some Applications: Mathematics

ATPs as external reasoners in Interactive Proof Assistants
[KaliszykUrban, Learning-Assisted Automated Reasoning with Flyspeck, JAR, 2014]

» Flyspeck project: formal proof (in HOL-light) of Kepler’s Conjecture
» automation of 14185 theorems studied by Kaliszyk and Urban

» they developed Al architecture employing various external ATPs in which
39 % of the theorems could be proved in a push-button mode in 30
seconds of real time on a fourteen-CPU workstation

» subset of 1419 theorems extracted from Flyspeck theorems

> next slide: performance of THFO provers on these 1419 problems
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Some Applications: Mathematics
196 C. Kaliszyk, J. Urban

Table 7 All ATP re-proving with 30s time limit on 10 % of problems

Prover Theorem (%) Unique SOTAC 2-SOTAC CounterSat (%) Processed
Isabelle 587 (41.3) 39 0.201 118.09 0(0.0) 1419
Epar 545 (38.4) 9 0.131 71.18 0(0.0) 1419
Z3 513 (36.1) 17 0.149 76.49 0(0.0) 1419
E16 463 (32.6) 0 0.101 46.69 0(0.0) 1419
LEO2-pol 441 (31.0) 1 0.106 46.85 0(0.0) 1419
Vampire 434 (30.5) 3 0.107 46.44 0(0.0) 1419
3%/ 0x] 411 (28.9) 4 0.111 45.76 0(0.0) 1419
Satallax 383 (26.9) 7 0.130 49.69 1(0.0) 1419
Yices 360 (25.3) 0 0.097 35.06 0(0.0) 1419
iProver 348 (24.5) 0 0.088 30.50 9(0.6) 1419
Prover9 345 (24.3) 0 0.087 30.07 0(0.0) 1419
Metis 331 (23.3) 0 0.085 28.23 0(0.0) 1419
SPASS 326 (22.9) 0 0.081 26.46 0(0.0) 1419
leanCoP 305 (21.4) 1 0.092 27.96 0(0.0) 1419
AltErgo 281 (19.8) 1 0.100 28.14 0(0.0) 1419
LEO2-po2 53(3.7) 0 0.082 4.34 0(0.0) 1419
Paradox 1(0.0) 0 0.059 0.06 259 (18.2) 1419
any 712 (50.1) 259 (18.2) 1419
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Some Applications: Philosophy

Theoretical Philosophy and Metaphysics
[Benzmuller&Woltzenlogel-Paleo, AutomatingGédel’sOntologicalProof, ECAI, 2014]
» First-time verification/automation of a modern ontological argument

Godel's/Scott’s proof of the existence of God

» Remember Leibniz: Two debating philosophers ... Calculemus!
» Godel's argument employs Higher-Order Modal Logic
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Godel’s God in TPTP THF

>
>

> Beweise-mit-Leo2 Notwendigerweise-existiert-Gott.p

Leo-II tries to prove

Goedel's Theorem T3: "Necessarily, God exists"
thf(thmT3, conjecture,
(v
@ ( mbox
@ ( mexists_ind
@” [X: mu] :
(gex)))).

Assumptions: D1, C, T2, D3, A5
. searching for proof ..
ook ok oK
*  Proof found *
FoRRRRRRIRRKRRRRIK

% SZS status Theorem for Notwendigerweise-existiert-Gott.p

. generating proof object

Provers can be called remotely in Miami — no local installation needed!

Download our experiments from
https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF
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Godel’s God in Isabelle/HOL

2060 Isabelle
\T > | [ 4 [@ e/ isabele.in.um.de/index himi S (@ eabelic )
Home-FU  2012-Watson Homepage 2012-FOL SPIEGEL 2013-FOLHeme CMail GoogleMaps M&M SigmaOniine Kita Sigma Kalender Salisbtr CooglaMaps 3
i

Isabelle

B JavERsiry oF
CAMBRIDGE

RS

=
I e s e
Tl e e e e e S e e e e e e e

Wenzal). Soe the Izabelle overview for a bricf introdution.

Community

Site Mirrors: o
i 29 Mac 08 X
s
o)
Downlosd for Linux _ - Download for Windows
Some highiights:
Provor DE.

Advanced i e e
mansls: isaref, mplamertation, systom

b gt oot i oo
S s R R HOL-Cardinals.
« HOL: Now BNF basod (co)datatypo.

B e R e

See also the cumulative NEWS.

Installation
oocmenare | NOW aVaIIaBISE ISaBellS20T3 I —
prn—

IsabelleIs distrbutea for free under the BSD loense. It includes source and binr
collect and applications is it

the Wiki, and the following malling lists:

packages and documentation, see the detalled nstaliation instructions. A vast

Suppoﬁ is svm\ab\e by
* lsabslleusers@ol cam.ac.uk providss a forum for Issbells users (0 discuss problems, exchange information, and make announcements. Users of offcil
‘and Narkive).

cribe or sc0 tho archive (alco available via Google
SEETamesse

Isabollo rloasco shou

and administrative issuss conceming the

T e e e e e e

|

See verifiable Isabelle/HOL document (Archive of Formal Proofs) at

http://afp.sourceforge.net/entries/GoedelGod. shtml
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Godel’s God in Coa

800 Coalde
File Edit Navigation TryTactics Templates Queries Display Compile Windows Help | |
BXI22F20000 | |
@ scraten | @Motal | @vodaiciasscalv. [FcoedelGod-scotty
l(* Constant that positive *) B : ?“’i"?“ls
[Parameter Positive: (u -> o) -> o. b
HL : Positive
|(* Axiom Al: either a property or its negation is positive, but not both * [E2RRBox Y (g ("‘e"““ x :u px)
[ixion axiomla : V (mforall p, (Positive (fun x: u =>

iti (1/2)
~(p x))) m-> (m- (Positive p))). o =
[pxiom axiomlb : V (mforall p, (m~ (Positive p)) m-> (Positive (fun x: u => m~ (p x))) ). x (mforall x : u, m~ p X) W
|(* Axiom A2: a property necessarily implied by a positive property is positive *) lFat; (2/2)
[ixion axiom2: V (mforall p, mforall q, Positive p m/\ (box (mforall x, (p x) m-> (q x) )): |[21%¢

» Theoren T1: positive properties are possibly exemplifisd +)

[fheoren theoreml: V (mforall p, (Positive p) m-> dia (mexists X, p X) ).
lintro.

lintro

fintzo &

by cuntxnd.\.:tan 2.

intro wl Rl.

intTo x.

assert (H4: ((m~ (mexists x :u, px)) wl)).
box_elim H2 wl Rl G
exact G2.

lassert (nsx (Thox (nterrall X, WE(B7X))) W))% (* Lemma from Scott's motes *)
B

clear H2 Rl H1 w.
intro HS

exact H5.

as

box_intro wl R1.

sert (H6: ((box (mforall x, (p X) m-> m~ (x m= X))) w)). (* Lemma from Scott's notes *

See verifiable Coq document at:
https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations/Coq
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Some References (selection; see also the references therein)

> (Own) Lecture Courses
» Semantics of Higher-Order Logic, IT University of Copenhagen, 2007.
> Automated Theorem Proving in Higher-Order Logics, TU Darmstadt, 2006.
» Semantics of Higher-Order Logic (w. Chad Brown), ESSLLI, 2006.

» Lambda Calculus and Lambda Cube

> The Lambda Calculus (J. Alama), Stanford Encyclopedia of Philosophy,
2013.
» Lambda Calculus with Types (H. Barendregt, W. Dekkers, R. Statman),
Cambridge University Press, 2013.
> Henk: a typed intermediate language (S.P. Jones, E. Meijer), 1997.
» Classical Higher-Order Logic
> Church’s Type Theory (P. Andrews), The Stanford Encyclopedia of
Philosophy, Spring 2014 Edition
> An Introduction to Mathematical Logic and Type Theory: To Truth Through
Proof (P. Andrews), Kluwer, 2002.
> The Seven Virtues of Simple Type Theory (W. Farmer), Journal of Applied
Logic, 6:267-286.
> Higher-Order Semantics and Extensionality (C. Benzmidiller, C. Brown, M.
Kohlhase), JSL, 69(4):1027-1088, 2004.
Intensional models for the theory of types (R. Muskens), JSL 72(1): 98-118,
2007.
Cut-Simulation and Impredicativity (C. Benzmdiller, C. Brown, M. Kohlhase),
LMCS, 5(1:6):1-21, 2009.

v

v
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Some References (selection; see also the references therein)

» Automated Theorem Proving in Classical Higher-Order Logic
> Automation of Higher-Order Logic (C. Benzmiiller, D. Miller), Handbook of
the History of Logic, Volume 9, Elsevier, 2014.
> Higher-Order Automated Theorem Provers (C. Benzmdiller), All about
Proofs, Proof for All, 2015.
> Automated Reasoning in Higher-Order Logic using the TPTP THF
Infrastructure (G. Sutcliffe, C. Benzmdiller), Journal of Formalized
Reasoning, 3(1):1-27, 2010.
» Automated Theorem Provers and Model Finders for Classical
Higher-Order Logic
> The Higher-Order Prover LEO-II (C. Benzmliller, L. Paulson, N. Sultana, F.
TheiB), In Journal of Automated Reasoning, 2015.
» Satallax: An Automatic Higher-Order Prover (C. Brown), IJCAR, 2012.
> Nitpick: A Counterexample Generator for Higher-Order Logic Based on a
Relational Model Finder ( J. Blanchette, Tobias Nipkow), ITP, 2010.
> Isabelle/HOL proof assistant

> |Isabelle/HOL - A Proof Assistant for Higher-Order Logic (T. Nipkow, L.C.
Paulson, M.Wenzel), Springer, 2004

> Concrete Semantics - With Isabelle/HOL (T. Nipkow, G. Klein), Springer,
2014.

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

48



Higher-Order Modal Logics (Lectures 3)

Christoph Benzmiiller' and Bruno Woltzenlogel-Paleo

Supported by DFG Heisenberg Fellowship BE 2501/9-1/2
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HOML: Motivation

ap

P is necessary, P is obligatory, P is known,
P is believed, always P ...
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HOML: Motivation

aor
P is necessary, P is obligatory, P is known,
P is believed, always P ...
OP

P is possible, P is permissible, P is epistemically possible,
P is doxastically possible, eventually P ...
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HOML: Motivation

aor
P is necessary, P is obligatory, P is known,
P is believed, always P ...
OP

P is possible, P is permissible, P is epistemically possible,
P is doxastically possible, eventually P ...

O and < are not truth-functional
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HOML: Motivation

aor
P is necessary, P is obligatory, P is known,
P is believed, always P ...
OP

P is possible, P is permissible, P is epistemically possible,
P is doxastically possible, eventually P ...

O and < are not truth-functional

HOL can be extended by OP and ¢P to obtain HOML
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HOML: Motivation
Kripke Semantics - Possible Worlds

°Q
oP
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HOML: Syntax
Simple Types: a,f u= v]o|(a=p)

HOML Language:

st n= Pa|xa | (Masg)amsp | (Sampta)s |
(_‘o—m so) | ((\/o—m—m So) [a) | v(a%g)ﬁ)o()\xa so)
(Do—m S,;)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator
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HOML: Syntax
Simple Types: a,f = vlo|(a—pB)
HOML Language:

st n= Pa|Xa | (Masg)asp | (Sampta)s |
(_‘a—m so) | ((vo—>o—>0 So) zo) | V(a%o)%o()\xa SO)

(Do—m So)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator
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HOML: Syntax
Simple Types: a,f u= v]o|(a=p)

HOML Language:

st n= Pa|xa | (Masg)amsp | (Sampta)s |
(_‘o—m so) | ((\/o—m—m So) [a) | v(a%g)ﬁ)o()\xa so)
(Do—m so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator

Terms of type o: formulas
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HOML: Syntax

Simple Types: a,f u= v]o|(a=p)

HOML Language:

st n= Pa|xa | (Masg)amsp | (Sampta)s |
(_‘a—m so) | ((\/o—m—m So) [0) | V(a%o)ao()\xa So)
(Do—m S(})

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator

Terms of type o: formulas

Other logical connectives can be defined, e.g. <s stands for -O-s
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HOML: Syntax

a~-conversion
... as before ...

Substitution
... as before ...

SB-reduction and r-reduction
... as before ...
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HOML: Semantics

Semantics of HOML investigated in

» [D. Gallin, Instensional and Higher-Order Modal Logic, North Holland, 1975]
» [R. Muskens, Higher Order Modal Logic, Handbook of Modal Logic, 2006]

» [Benzmliller and Woltzenlogel Paleo, Automating Gddel’s Ontological Proof ...,
ECAI, 2014]
» our interest: combination of Kripke style models and Henkin semantics
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HOML: Semantics

A Frame D
... as before ...

A Model M
for HOML is a quadruple M = (W, R, D, {I,,}.cw), Where

» W is a set of worlds (or states);
» R is an accessibility relation between the worlds in W;
» Dis aframe;

» for each w € W, {I,,}wcw is a family of typed interpretation functions
mapping constant symbols p, to appropriate elements of D, called the
denotation of p, in world w;

» the logical connectives —, Vv, V, and O are always given the standard
denotations;

» moreover, it is assumed that the domains D, .—,, contain the
respective identity relations on objects of type a.
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HOML: Semantics

Variable Assignment
... as before ...

Interpretation/Value of a HOML term

The value ||s. |[**" of a HOML term s,, on a model M = (W, R, D, {I, }wew) in
a world w € W under variable assignment g is an element d € D, defined in
the following way:

1. [|Pal|#" = L(Pa)

2. [l = g(xa)

3. H(sozaﬁ ta)EHM,g,w — ||so¢~>B||M,g’w(||tDt|‘M7g7W)

4. ||(Axa s5)as|™*" = the function f from D,, to Ds such that
£(d) = |s|/"<1/*)> for all d € Da

5. || (om0 So)o||M#" = T iff ||s, || = F

6. [|((Vomsomso So) to)o || = T iff ||s,||™*" =T or ||t, || ™ =T

7. ” (v(a—m)—m(Axa Sg)),,HM’g’w = T iff for alld € D, we have

||sa||M’g[d/"°‘]’w -7

8. [|(Tusso 50)o||" 5™ = T iff for all v € W with wRv we have ||s,||**" =T
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HOML: Semantics

Variable Assignment
... as before ...

Interpretation/Value of a HOML term

The value ||sq ||"**" of a HOML term s, on a model M = (W, R, D, {I,,}ew) in
a world w € W under variable assignment g is an element d € D, defined in
the following way:

1. [Pal/*" = 1,(Pa)

2. a5 = g(xa)

3. I(samp ta)al*™ = llsamspl™ ¥ ([|zal*"*")

4. ||(Axa $8)as||™ " = the function f from D, to D such that

£(d) = ||sg|/"<1/*]> for all d € Da
. I(—o—o) = not € Dy_;, such that: not(F) = T and not(T) = F
. I(Vo—y0—s0) = OF € Dy—sp—, such that: or(a,b) = Tiffa=Torb=T

. I(Y(a—0)—0) = All € D(o—ss)—s, such that: for p € Do_,, we have
All(p) = Tiff p(d) = T for all d € Do,

8. [[(Dosso80)o||™ " = T iff for all v € W with wRv we have ||s,|

N O o

Mgy _ T
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Another form of presenting the semantics of HOML

HOML e, n= el AY e =P 0| Cp |V, | Fxy e
» Possible world semantics via satisfaction/forcing relation
M,g, sk —p iff notM,g slko
M,g,slFpN iff M,g,slk-pandM, g, sl
M,g, s Op iff M, g,ul- o forall uwith (s, u)

M, g, sIFVx, ¢ iff  M,[d/x]g, sl foralld € D,
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HOML: Semantics

Truth in a Model / Validity

A formula s, is true in model M for world w under assignment g if and only if
lIso]|*#" = T; this is also denoted as M, g, w = s,.
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HOML: Semantics

Truth in a Model / Validity

A formula s, is true in model M for world w under assignment g if and only if
lIso]|*#" = T; this is also denoted as M, g, w = s,.

A formula s, is called valid in M if and only if M, g,w |= s, for allw € W and all
assignments g; this is also denoted as M = s,.
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HOML: Semantics

Truth in a Model / Validity

A formula s, is true in model M for world w under assignment g if and only if
lIso]|*#" = T; this is also denoted as M, g, w = s,.

A formula s, is called valid in M if and only if M, g,w |= s, for allw € W and all
assignments g; this is also denoted as M = s,.

A formula s, is called valid, which we denote by  s,, if and only if M = s, for
all M.
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HOML: Semantics

Truth in a Model / Validity

A formula s, is true in model M for world w under assignment g if and only if
lIso]|*#" = T; this is also denoted as M, g, w = s,.

A formula s, is called valid in M if and only if M, g,w |= s, for allw € W and all
assignments g; this is also denoted as M = s,.

A formula s, is called valid, which we denote by  s,, if and only if M = s, for
all M.

Finally, we define = ¢, where ¢ is a set of HOML formulas, if and only if = s
forall s € ¢.
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HOML: Local and Global Consequence

Local Consequence
Let ¢ and ¢ be set of HOML formulas. We define

pEY (local consequence)
if and only if for each model M and world w we have:
M,wl=¢ implies M,wkE=1

Vw(M,w = ¢ implies M,w =)
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HOML: Local and Global Consequence

Local Consequence
Let ¢ and ¢ be set of HOML formulas. We define

wEY (local consequence)

if and only if for each model M and world w we have:
M,wl=¢ implies M,wkE=1

Vw(M,w = ¢ implies M,w =)
Global Consequence
Let ¢ and 1 be set of HOML formulas. We define

pE (global consequence)
if and only if for each model M we have:

ME ¢ implies ME4y
Yw(M,w = ) implies Yw(M,w = 1)

Note the difference in the scope of quantification over worlds!
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HOML: Semantics

Standard and Henkin Models (as before)
In a standard model M = (W, R, D, {I,,}wew) We have
» Dosg =A{f|f:Da —> Dg} (for all types «, 5)

In a Henkin model M = (W, R, D, {I,,}wew) We only require
» Dog CA{f|f:Da — Dg} (for all types «, )
» the valuation function || - ||*¢" from above is total (every term denotes)

Any standard model is obviously also a Henkin model.
We consider Henkin models in the remainder.
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HOML: The Modal Logic Cube

s4] (S5] = M5 = MB5 = M4B5
= M45 = M4B = D4B
= D4B5 = DB5

opP—pP
P— 0OOP
OP — OP
op —4Odp
OP — OOP

D45

=)
|_.h_|
2 wETEE

D5
4

2,

K4B5 = K4B

5

=

K4| [K45] KB5 |
K5

=
&

K]
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QL
YOU WANT PROOF?
I'LL 6IVE YOU PROOF!

How to automate HOML?
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Embedding HOML in HOL

Challenge: No provers for Higher-order Modal Logic (HOML)

Church’s Simple Type Theory
Our solution: Embedding in Higher-order Classical Logic (HOL)

Then use existing HOL theorem provers for reasoning in HOML

[BenzmullerPaulson, Logica Universalis, 2013]

Assumption: Henkin semantics for both HOML and HOL

Previous empirical findings:

Embedding of First-order Modal Logic in HOL works well
[BenzmlillerOttenRaths, ECAI, 2012]
[Benzmdiller, LPAR, 2013]
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Remember: Standard Translation to FOL for Propositional ML

Standard Translation
ST(p) = (x) (p atomic formula; P(x) is true when p holds for world x)

T.(T) =
T.(1L)=1
( p) = ~STx(p)
STi(p V) = ST:(p) V ST (¥)
STe(p A ) = ST(p) A ST(¥)
ST(@—>¢)—ST(¢)—>ST( )
T:(Omp) = Fy(Ru(x,y) A STy(p))
ST (Omp) = Vy(Ru(x,y) = STy ()

Standard Translation Example
O¢p translates to Vy(R(x,y) — (Fz(R(y,z) A P(2))))

Standard Translation Initialisation
o translates to Vx ST:(p)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics 16



Embedding HOML in HOL
HOML o, u= el eAY =Y ]| D | Cp | Vx| Ix, e

HOL 5,0 u= ColXa | (MaS8)asp | (Sampta)s | 780 | 8o Vi, | Vxat,
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Embedding HOML in HOL
HOML o, = e |leAY e =9 | 0p| Q| Vx,e | 3x, e

HOL 5,0 u= ColXa | (MaS8)asp | (Sampta)s | 780 | 8o Vi, | Vxat,

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢, -,
1 is an additional base type for individuals

= AP0 AW, oW

= AQo Mo AW, (W A Pw)
= AP oMo AW, (1w V hw)
/\/’l“_,(,/_,u)/\WLVdH hdw

— Ah;L—»(La(;))\WLHdM hdw Ax (polymorphic over )

= M@0, Yu, (Rwu V ou)
= Apsodw, Ju, (Rwu A pu)

oo W< | >
I

valid = Ap,_oYw, ow
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Embedding HOML in HOL
HOML o, = e |leAY e =9 | 0p| Q| Vx,e | 3x, e

HOL 5,0 u= ColXa | (MaS8)asp | (Sampta)s | 780 | 8o Vi, | Vxat,

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢, -,
1 is an additional base type for individuals

= AP0 AW, oW

= AQo Mo AW, (W A Pw)
= AP oMo AW, (1w V hw)
/\/’l“_,(,/_,u)/\WLVdH hdw

— Ah;L—»(La(z))\WLHdM hdw Ax (polymorphic over )

= M@0, Yu, (Rwu V ou)
= /\991/—>0>\W1,E|1/l,/ (RWM A (pu)

oo W< | >
I

valid = Ap,_oYw, ow

The equations in Ax are given as axioms to the HOL provers!
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Embedding HOML in HOL

Example
HOML formula
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Embedding HOML in HOL

Example

HOML formula
HOML formula in HOL

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

<&IG(x)
valid (O3xG(x)),-o



Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (¢3xG(x)) -0
expansion Ap¥w, o w)(CIG(X)) -0
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion
Bn-normalisation

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

<&IG(x)

valid (¢3xG(x)) -0
Ap¥w, o w)(CIG(X)) -0
Yw, ((OIxG (X)) 1m0 W)



Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (3G (x ))H,
expansion Ap¥w, o w)(CIG(X)) -0
Bn-normalisation Yw, ((OIxG (X)) 1m0 W)
expansion Yw, (Ao, Tu, (Rwu A ou))IxG(x)) 0 w)
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Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (3G (x ))HO
expansion Ap¥w, o w)(CIG(X)) -0
Bn-normalisation Yw, ((OIxG (X)) 1m0 W)
expansion Yw, (Ao, Tu, (Rwu A ou))IxG(x)) 0 w)
Bn-normalisation Vw,Ju, (Rwu A (3xG(x)),-ou)
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion
Bn-normalisation
expansion
Bn-normalisation
syntactic sugar
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<&IG(x)

valid (036G (x ))HO
Ap¥w, o w)(OIG
i, (OG(x)) o )

Y, ((Api—oAw, Fu, (Rwu A pu)) IxG(x

Yw,Ju, (Rwu A (3xG(
Vw,Ju, (Rwu A (3(AxG(x

)
)

(x))
)
)
)
)

)
)

L—=0

—o W
1—oll

L*)OM

)
)
)



Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (3G (x ))H,
expansion Ap¥w, o w)(CIG(X)) -0
Bn-normalisation Yw, ((OIxG (X)) 1m0 W)
expansion Yw, (Ao, Tu, (Rwu A ou))IxG(x)) 0 w)
Bn-normalisation Vw,Ju, (Rwu A (3xG(x)),-ou)
syntactic sugar Vw, 3u, (Rwu A (F(AxG(x))),-out)
expansion Vw, Ju, (Rwu A (M, -0y A, 3d, hdw)(AxG(x))) ,—ott)
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Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (3G (x ))HO
expansion Ap¥w, o w)(CIG(X)) -0
Bn-normalisation Yw, ((OIxG (X)) 1m0 W)
expansion Yw, (Ao, Tu, (Rwu A ou))IxG(x)) 0 w)
Bn-normalisation Vw,Ju, (Rwu A (3xG(x)),-ou)
syntactic sugar Vw, 3u, (Rwu A (F(AxG(x))),-out)
expansion Vw, Ju, (Rwu A (M, -0y A, 3d, hdw)(AxG(x))) ,—ott)
Bn-normalisation Vw,3u, (Rwu A IxGxu)
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Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (3G (x ))HO
expansion Ap¥w, o w)(CIG(X)) -0
Bn-normalisation Yw, ((OIxG (X)) 1m0 W)
expansion Yw, (Ao, Tu, (Rwu A ou))IxG(x)) 0 w)
Bn-normalisation Vw,Ju, (Rwu A (3xG(x)),-ou)
syntactic sugar Vw, 3u, (Rwu A (F(AxG(x))),-out)
expansion Vw, Ju, (Rwu A (M, -0y A, 3d, hdw)(AxG(x))) ,—ott)
Bn-normalisation Vw,3u, (Rwu A IxGxu)

Expansion: user or prover may flexibly choose expansion depth
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Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (¢3xG(x)) -0
expansion Ap¥w, o w)(CIG(X)) -0
Bn-normalisation Yw, ((O3xG(x)),50 W)
expansion Yw, (Ao, Tu, (Rwu A ou))IxG(x)) 0 w)
Bn-normalisation Vw,Ju, (Rwu A (3xG(x)),-ou)
syntactic sugar Vw,Ju, (Rwu A (3(AxG(x))),—olt)
expansion Vw, Ju, (Rwu A (M, -0y A, 3d, hdw)(AxG(x))) ,—ott)
Bn-normalisation Yw, Ju, (Rwu A IxGxu)

Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that ¢ is valid in HOML,
—> we instead prove that valid ¢, ., can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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Embedding HOML in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)
HOML s, iff  Ax =H19% valids,—., (iff AxHHOL

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Embedding HOML in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)

HOML : HOL . : HOL .
Honkin S0 ff AX Eienin valid s, (iff  AX Foee valid ioo)

Proof sketch (adapts [Benzmiiller and Paulson, Logica Universalis, 2013]):
By contraposition it is sufficient to show

HOML HOL .
Henkin o iff Ax %Henkin valid Si—o0

One easily gets the proof by choosing the obvious correspondences between
DandD,WandD,,IandI,gandg, Rand r,_,,,, and w and w. ]

Remark: So far we have addressed only base logic K— more soon!

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics



Embedding of Other Logics in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)

Els, iff Ax EROL valids,., (iff Ax FHQL o valid ¢,-.,)

Logic L:

>

>

>

Higher-order Modal Logics
First-order Multimodal Logics
Propositional Multimodal Logics
Quantified Conditional Logics
Propositional Conditional Logics
Intuitionistic Logics

Access Control Logics

» Logic Combinations

v

...more is on the way ... including:

Description Logics

Nominal Logics

Multivalued Logics (SIXTEEN)

Logics based on Neighborhood Semantics
(Mathematical) Fuzzy Logics
Paraconsistent Logics

YyYVYyVYVYYVYY
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Flexibility in HOML
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Embedding HOML in HOL: Logics beyond K

Postulating modal axioms or semantical constraints

HOL

Sahlqvist axioms

M:  valid Ve (ORp — @) VES
B: valid Vp(p — ORORy) YRS
D: valid V(O p — ORp) “
4:  valid Vo(ORp — OfORy) &
5 valid Vo (ORp — ORORp)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

Semantical constraints

Vax(Rxx)

VaVy(Rxy — Ryx)
wady(Ryy)

VxVyWz(Rxy A Ryz — Rxz)
VaVyVz(Rxy A Rxz — Ryz)

(reflexivity)
(symmetry)
(serial)

(transitivity)
(euclidean)

22



Embedding HOML in HOL: Logics beyond K
(OIxPfx A OVy(OPy — Qy)) — 320z

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

23



Embedding HOML in HOL: Logics beyond K

(OIxPfx A OVy(OPy — Qy)) — 320z
valid (O3xPfx A OVy(OPy — Qy)) — <©3z0z
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Embedding HOML in HOL: Logics beyond K

(OIxPfx A OVy(OPy — Qy)) — 320z
(OAxPfx A OVy(OPy — Qy)) — <320z

O = A\p AwWY(=(Rwv) V (pv))
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Embedding HOML in HOL: Logics beyond K

(OIxPfx A OVy(OPy — Qy)) — 320z

valid (©3xPfx A OVy(OPy — Qy)) — <©3z0z
valid (O3xPfx A (AwVv(=(Rwv) V (Vy(OPy—Qy)v)))) — <320z

O = Ap AwVv(=(Rwv) V (pv))
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Embedding HOML in HOL: Logics beyond K

(OIxPfx A OVy(OPy — Qy)) — 320z
valid (O3xPfx A OVy(OPy — Qy)) — <©3z0z
valid (O3xPfx A (AwYv(=(Rwv) V (Vy(OPy—Qy)v)))) — <320z

Yw(==(==Vv(=Rwy V. ==Vx=P(fx)v) V =Vv(=Rwv V Vy(—==Vu(—Rvu V
=Pyu) V Qyv))) V =Vv(=Rwv V =—Vz-0zv))
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Embedding HOML in HOL: Logics beyond K

(OIxPfx A OVy(OPy — Qy)) — 320z
valid (O3xPfx A OVy(OPy — Qy)) — <©3z0z
valid (C3xPfx A (Aw Yv(=(Rwv) V (Vy(OPy—Qy)v)))) — <320z

Yw(==(==Vv(=Rwy V. ==Vx=P(fx)v) V =Vv(=Rwy V Vy(—==Vu(—-Rvu V
=Pyu) V Qyv))) V =Vv(=Rwv V ==Vz-0zv))
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Embedding HOML in HOL: Logics beyond K

(OIxPfx A OVy(OPy — Qy)) — 320z
valid (O3xPfx A OVy(OPy — Qy)) — <©3z0z
valid (O3xPfx A (AwVv(=(Rwv) V (Vy(OPy—Qy)v)))) — <320z

Yw(==(==Vv(=Rwy V. ==Vx=P(fx)v) V =Vv(=Rwy V Vy(—==Vu(—-Rvu V
=Pyu) V Qyv))) V =Vv(=Rwv V ==z 0zv))

Axiomatization of properties of accessibility relation »

Logic K: no axioms

Logic T: (reflexive R) — which expands intoVx Rxx
Logic S5: (reflexive R) A (symmetric R) A (transitive R)
Logic ... .
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Embedding HOML in HOL: Logics beyond K

(OIxPfx A OVy(OPy — Qy)) — 320z
valid (O3xPfx A OVy(OPy — Qy)) — 320z
valid (O3xPfx A (AwVv(=(Rwv) V (Vy(OPy—Qy)v)))) — <320z

Yw(==(==Vv(=Rwy V. ==Vx=P(fx)v) V =Vv(=Rwy V Vy(—==Vu(—-Rvu V
=Pyu) V Qyv))) V =Vv(=Rwv V ==Vz=Qzv))

Axiomatization of properties of accessibility relation »

Logic K: no axioms

Logic T: (reflexive R) — which expands intoVx Rxx
Logic S5: (reflexive R) A (symmetric R) A (transitive R)
Logic ...

This automates HOML (here FOML) with constant domain semantics in HOL
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Short Demo in Isabelle/HOL: Embedding of HOML in HOL

IEdE & 9¢ XD A@ TR B & © e

o L.thy (~/GITHUBS/LSS2015/Formalizations /) D
© |theory EmbeddingBaseExamplesl imports QML

L |begin

© theorem NecessitationInst: "[p] — [O pl"

L by simp -- {* does hold *}

© lemma ModalCollapseInst: "[p m— O p]"
L nitflick oops  -- {* does not hold *}
) theorem KAxiomInst: "[O (p m— q) m— (O p m— O q)]"

l by simp -- {* does hold *}

L by simp -- {* does hold *}

(v Auto update Update | Search:

Nitpicking formula...
Nitpick found a counterexample for card i = 2:

)

|

|

© Free variable:

\ p = (Ax. _)(i, := False, i, := True)

B ~ Output Query Sledgehammer Symbols

8,6 (171/1254) (isabelle,isabelle,UTF-8-Isabelle)
See demo file EmbeddingBaseExamplesl.thy

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics

) theorem KAxiom: "[V(Ap. V(Aq. O (p m— ¢q) m— (O p m— O g)))1"

¥ 100% M

UG IEEOEEEYB 12:17 PM
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Embedding HOML in HOL: Multimodal Logics

Instead of
O = Ap,—0Aw, Vu, (mRwu V @u)
consider

O = Ao Ao AW, Yu, (—rwu V ou)

MUItIpIe box OperatorS: ka)wlalgeBena Dkn(}wledgePerera D(:ommrml(m)wledge7 tee

Bridge rules (quantification over propositional variables)

Vp ( Dcammon[(nowledgep — DknawledgeBenp )

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

Constant Domain

D(i>i>0): accessibility relations

@ accessibility
relation r °

D(i>0): predicates/sets of worlds
D(mu): individuals @

D(o): truth values

¢

D(i): worlds

M= AhAw, Vx, hxw

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

Constant Domain

v

D(mu): individuals

D(i): worlds

D(i>i>0): accessibility relations

@ accessibility
relation r
[ ]

D(i>0): predicates/sets of worlds

D(o): truth values

Varying and Cumulative Domain

D(i>i>0): accessibility refations.

@ accessibility
relation r °

D(i>0): predicates/sets of worlds

D(mu>i>0)

I)(mu) mdlvluua\s
\ '

D(): worlds

M= AhAw, Vx, hxw

" = Ah Aw, Vx, (—exInWxw V hxw)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

Constant Domain Varying and Cumulative Domain

(HEER) D(i>i>0): accessibility relations

D(i>i>0): accessibility relations
® accessibility @ accessiilt
ity

D(i>0): predicates/sets of worlds

S
mmu,

N

- D(o): truth values D(0): truth values
D(i): worlds

D(i): worlds

D(mu): individuals

M= XhAw, Vx, hxw M = Ah Aw, Vx,, (—exInWxw V hxw)

domains are non-empty ——— vy, 3x, exInWxw

. . Vw, exInWcecw
denotation (constants & functions) V/m(exl:thw AL AexinWiw
D exInW(ft!... t")w)

27
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

Constant Domain Varying and Cumulative Domain

(HEER) D(i>i>0): accessibility relations

D(i>i>0): accessibility relations
® accessibility @ accessiilt
ity

D(i>0): predicates/sets of worlds

S
mmu,

N

- D(o): truth values D(0): truth values
D(i): worlds

D(i): worlds

D(mu): individuals

M= XhAw, Vx, hxw M = Ah Aw, Vx,, (—exInWxw V hxw)

domains are non-empty ——— vy, 3x, exInWxw

. . Vw, exInWcecw
denotation (constants & functions) V/m(exl:thw AL AexinWiw
D exInW(ft!... t")w)

cumulative domains
T Vx, v, w(exInWxv A vw D exinWxw)

27
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

Vo = My ooy AW, Vdy hdw (possibilist / constant dom.)
becomes
V' = My ooy I Vdy (EXINWaw — hdw) (actualist / varying dom.)

where ExInW is an existence pRedicate.

Additional axioms (optional):

» domains are non-empty Yw, Jx, exinWxw

» denotation (constants & functions) Vw,.exlnWew
Vw, (exInWr'w A ... A exinWi'w D exInW(f ' ... 7")w)

Cumulative domains: VavvWw(exlnWxv A rvw D exlnWxw)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Short Demo in Isabelle’/HOL on Barcan Formulas?

I8 & 9e¢ XPDO BB T 00 B & © e

[ BarcanFormulas.thy (~/GITHUBS/LSS2015/Formalizations /) B

theory BarcanFormulas imports QML
begin
-n {*
We check whether (an instance of) the Barcan formula schema is true:
"If there could have been an object that met a given condition,
then there is an object that could have met the condition."
*}
theorem BF: "[o(3(Ax. P x)) m— F(Ax. o(P x))1"
by afflto

- {*
We check whether (an instance of) the converse Barcan formula schema is tru
"If there is an object that could have met the condition,
then there could have been an object that met the condition."
*}
°) theorem CBF: "[J(Ax. o(P x)) m— o(3(Ax. P x))]1"
° by auto

v Auto update Update | Search: ¥ 100% v

theorem BF: [Aw. ¢ (3 ?P) w — (Ix. ¢ (?P x) w)]

B ~ Output Query Sledgehammer Symbols

9,7 310/777) (isabelle,isabelle,UTF-8-Isabelle) uG 12:37PM

See demo files BarcanFormulas.thy and BarcanFormulasVar.thy

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 ——Higher-Order Modal Logics
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Embedding HOML in HOL: TPTP THF

BN AU R W

%——--The base type $i (already built-in) stands here for worlds and
%———-mu for individuals; $o (also built-in) is the type of Booleans
thf (mu_type, type, (mu:$tType)) .

%$————-Reserved constant r for accessibility relation

thf (r, type, (r:$i>$i>$0)) .

%----Modal logic operators not, or, and, implies, box, diamond

thf (mnot_type, type, (mnot: ($i>$0)>$i>$o0)) .

thf (mnot, definition, (mnot = (A[A:$i>$o,W:$i]:~(AQW)))).

thf (mor_type, type, (mor: ($i>$0)> ($i>$0)>$i>$0)) .

thf (mor,definition, (mor = (A[A:$i>$o,Psi:$i>$o,W:$il: ((AQW) | (Psi@W))))) .

thf (mand_type, type, (mand: ($i>$0) > ($i>$0)>$i>$0)) .

thf (mand, definition, (mand = (~[A:$i>$o,Psi:$i>$o,W:$i]: ((ARW)& (PSi@W))))) .

thf (mimplies_type, type, (mimplies: ($i>$0)> ($i>$0)>$i>$0)) .

thf (mimplies,definition, (mimplies = (~[A:$i>$0,Psi:$i>$o,W:$i]: ((AQW)& (Psi@W))))).
thf (mbox_type, type, (mbox: ($i>$0)>$i>$0)) .

thf (mbox,definition, (mbox = (A[A:$i>$o,W:$i]: ! [V:$i]: (~(x@QWRV) | (ARV))))) .

thf (mdia_type, type, (mdia: ($i>$0)>$i>$0)) .

thf (mdia,definition, (mdia = (A[A:$i>$o,W:$i]:?[V:$i]: ((r@QWEV)& (AQV))))) .
%$---—Quantifiers (constant domains) for individuals and propositions

thf (mforall ind_type,type, (mforall ind: (mu>$i>$o0)>$i>$0)) .

thf (mforall_ind,definition, (mforall_ind = (A[A:mu>$i>$o,W:$i]: ! [X:mu]: (ARXEW)))) .
thf (mforall indset_type,type, (mforall indset: ((mu>$i>$0)>$i>$0)>$i>$0)) .

thf (mforall indset,definition, (mforall indset = (*[A: (mu>$i>$o0)>$i>$o, W:$i]:! [X:mu>$i>$o]: (ARXEW)))) .

the (mexists_ind_type,type, (mexists_ind: (mu>$i>$0)>$i>$0)) .
the (mexists_ind,definition, (mexists_ind = (*[A:mu>$i>$o,W:$i]:?[X:mul: (AGXEW)))) .
the (mexists_indset_type,type, (mexists_indset: ((mu>$i>$0)>$i>$0)>$i>$0)) .

thf (mexists_indset,definition, (mexists_indset = (*[A: (mu>$i>$0)>$i>$o, W:$i]:?[X:mu>$i>$o] : (ARXEW)))) .

%$———-Definition of validity (grounding of lifted modal formulas)
thf (v_type, type, (v: ($i>$0)>$0)) .
thf (mvalid, definition, (v = (*[A:$i>$0]:![W:$i]: (AQW)))) .

perties of ibility relations: symmetry
thf (msymmetric_type, type, (msymmetric: ($i>$i>$o0)>$0)).
thf (msy ric,definition, ( ric = (A[R:$i>$i>$0]:![S:$i,T:$i]: ((RESET)=>(RATES))))) .
%--—-Here we work with logic KB, i.e., we postulate symmetry for r

thf (sym, axiom, (msymmetric@r)) .

Reading on THFO syntax: [SutcliffeBenzmuiller, J.Formalized Reasoning, 2010]

C. Benzmilller and B. Woltzenlogel Paleo, 2015—Higher-Order Modal Logics
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Proof Automation with LEO-II

>
>

> Beweise-mit-Leo2 Notwendigerweise-existiert-Gott.p

Leo-II tries to prove

Goedel's Theorem T3: "Necessarily, God exists"
thf(thmT3, conjecture,
(v

@ ( mbox
@ ( mexists_ind
@~ [X: mu] :
(gex)))).

Assumptions: D1, C, T2, D3, A5
. searching for proof ..
ook ook
*  Proof found *
FoRRRRRRIRRKRRRRIK
% SZS status Theorem for Notwendigerweise-existiert-Gott.p

. generating proof object

Provers can be called remotely in Miami — no local installation needed!

Download our experiments from
https:
//github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics

31



Evaluation — How good is the embedding approach?

» There are no other provers for HOML
» There are some provers for first-order modal logic (FML)
» Comparative evaluation done in 2014 for the proof problems in the

QMLTP (v1.1) library [Otten and Raths, http://www.iltp.de/qmltp/]
» This library contains 580 FML problems (in fact, 5 x 3 x 580 = 8700
problems).

» Metaprover HOL-P: sequentially schedules LEO-1I—1.6.2, Satallax—2.7,
Isabelle—2013, Nitrox—2013, agsyHOI—1.0

» Timeout for each HOL prover 120sec of CPU time (HOL-P: 600sec)
» Timeout for competitor systems: 600sec

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Evaluation — How good is the embedding approach?

FO Modal Logic example: (CIxPix A OVy(OPy = Qy)) = ©32Qz

%> ./FMLtoHOL-P example.thf -timeout 20 -logic s4 -domain varying
Calling HOL Resoners remotely in Miami ... thanks to Geoff Sutcliffe
— LEO-II says — CPU 0.08s

— Satallax says — CPU 0.03s

— Isabelle says Unknown — CPU 11.93s

— Nitpick says Unknown — CPU 10.62s

— agsyHOL says — CPU 0.55s

%> ./FMLtHOL-P example.thf -timeout 20 -logic k -domain constant

Calling HOL Resoners remotely in Miami ... thanks to Geoff Sutcliffe
— LEO-II says Unknown — CPU 11.93s

— Satallax says CounterSatisfiable — CPU 0.04s

— Isabelle says Unknown — CPU 16.19s

— Nitpick says CounterSatisfiable — CPU 8.19s

— agsyHOL says Unknown — CPU 10.82s
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Evaluation — FML's (D — constant/varying/cumulative)

No. of solved problems in the QMLTP library

MleanSeP| MleanTAP| f2p-MSPASS| MileanCoP| HOL-P
labelled labelled instant. & labelled
sequents tableaux transform. | connections
Logic D, constant domains
Theorem 135 134 76 217 208
Non-Theorem 1 4 107 209 250
Solved 136 138 183 426 458
Logic D, cumulative domains
Theorem 130 120 79 200 184
Non-Theorem 4 4 108 224 269
Solved 134 124 187 424 453
Logic D, varying domains
Theorem - 100 - 170 163
Non-Theorem - 4 - 243 295
Solved - 104 - 413 458
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Evaluation — FML’s (S4 — constant/varying/cumulative)

No. of solved problems in the QMLTP library

MleanSeP| MleanTAP| f2p-MSPASS| MileanCoP| HOL-P
labelled labelled instant. & labelled
sequents tableaux transform. | connections
Logic S4, constant domains
Theorem 197 220 111 352 300
Non-Theorem 1 4 36 82 132
Solved 198 224 147 434 432
Logic S4, cumulative domains
Theorem 197 205 121 338 278
Non-Theorem 4 4 41 94 146
Solved 201 209 162 432 424
Logic S4, varying domains
Theorem - 169 - 274 245
Non-Theorem - 4 - 119 184
Solved - 173 - 393 429
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More Flexibility in HOML

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Many Variations of Higher-Order Modal Logics

v

(Meta-)Axioms for the accessibility relation
(e.g. reflexivity, transitivity, symmetry)

Axioms (e.g. OA — A, OA — OOA, A — OCA)
Multimodal logics, bridge rules
Combination with other (non-)classical logics

v

v

v

v

Constant domains vs. varying domains vs. cumulative domains
Rigidity vs. Flexibility
Simple types vs. dependent types (e.g. u vs. pu(w))

v

v

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Flexibility
A Funny Example

OBlue(sky)
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Flexibility

A Funny Example

OBlue(sky)
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Flexibility
A Funny Example

OBlue(sky)

Human: “Earth’s sky is blue”

Martian: “Mars’ sky is blue”

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Flexibility

OBlue(sky)

» Rigid embedding:

Wl=n  fol=t=0 Ja=pl=[a] =[f]

[sky “] = sky,

[Blueu—m-‘ - Blue,u,%(Lﬁo)

» Flexible embedding:
[Wl=v—=pn Jol=t—o0

[sky, | = sky,,
[Bluelu—mw = Blueb*}(b*}ﬂ,)*}(L*)l))

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Flexibility
Flexible Embedding is Ambiguous

[OBlue(sky)]

Yw.Yw'. Blue w (sky w) w’
Yw.Yw'. Blue w' (sky w') w'
Yw.Yw'. Blue w' (sky w) w'

Yw.Yw'. Blue w (sky w') w'

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics
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Some References (selection; see also the references therein)

» Quantified Modal Logic

>
>
>
>
>

Montaque’s and Bressan’s work

Intensional and Higher-Order Modal Logic (D. Gallin), North-Holland, 1975.
Types, Tableaus, and Gddels God, (M. Fitting), Kluwer, 2002.

Interpolation for First Order S5 (M. Fitting), JSL, 67(2):621-634, 2002.
Higher-Order Modal Logic (R. Muskens), Handbook of Modal Logic, 2007.

» Relevance for Metaphysics (recent monographs; see references therein)

>
>

Modal Logic as Metaphysics (T. Williamson), Oxford University Press, 2013,
Mere Possibilities: Metaphysical Foundations of Modal Semantics (R.
Stalnaker), Princeton University Press, 2011.

> e

» Embedding in HOL (joint work with colleagues)

>

>

>

Higher-Order Modal Logics: Automation and Applications, Reasoning Web,
2015.

Quantified Multimodal Logics in Simple Type Theory, Logica Universalis,
2013.

Automating Goédel’s Ontological Proof of God’s Existence with Higher-order
Automated Theorem Provers, ECAI, 2014.

Systematic Verification of the Modal Logic Cube in Isabelle/HOL, EPTCS,
2015.

HOL based First-order Modal Logic Provers, LPAR, 2013.

Implementing and Evaluating Provers for First-order Modal Logics, ECAI,
2012.
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Higher-Order Modal Logics (Lecture 4 - Part 1):
Ontological Argument

Christoph Benzmiiller and Bruno Woltzenlogel Paleo

...BUT WOULDNT A GOD
WHO COULD FIND A FLAW IN
THE ONTOLOGICAL ARGUMENT
BE EVEN GREATER?

fr

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 4)




PIEGEL NE| WISSENSCHAFT

Politik 'Wirtschaft Pancrama |Sport Kultur |Netzwelt |Wissenschaft |Gesundheit einestages |Karriere Unl Schule Reise Auto

hrichter

nematik > Formel von Kurt Gadel: Mat

Formel von Kurt Gédel: Mathematiker bestitigen Gottesheweis

Ven Tobias Hiirter

:

Kurt Godel (um das Jahr 1935): Der Mathematiker hielt seinen Gottesbewels jahrzehntelang geheim

picture-alliance/ Imagno/ Wiener Stadt- und Landesbibliothek

Ein Wesen existiert, das alle positiven Eigenschaften in sich vereint. Das bewies der legendire
Mathematiker Kurt Godel mit einem ten For Zwei Wi
Gottesbeweis nun Uberpriift - und fir giltig befunden.

tler haben diesen

Jetzt sind die letzten Zweifel ausgerdumt: Gott existiert tatsdchlich. Ein
T Montag, 09.00.2013 - 12:03 Uhr Computer hat es mit kalter Logik bewiesen - das MacBook des
& Drucken [Versenden |Merken Computerwissenschaftlers Christoph Benzmiller von der Frelen
Universitét Berlin.
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= DIEEWELT &

FREITAG, 15, OKTORER 2013

Mindestlohn lockt SPD
dritte Ehe mit der Union

Mietwech scll Bber cine groic Koalithon verharsdelr worden.

Tever crkauftc
Harmanie
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Austria

Home | Video | Themen | Forum | English | DER SPIEGEL | SPIEGELTV | Abo | Shop RSS | Mobile | Newsletter - DIe Presse
Front Page Worig Europe Germany Business Zeltgelst Newsitter -ORF
Holy Logic: Computer Scientists 'Prove’' God Exists
By David Knight |ta|y
4 . - Repubblica
- llsussidario
India
- DNA India
- Delhi Daily News
- India Today
Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt
‘Gédel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of T e
how ke
us
Germany . - ABC News
- Telepolis & Heise -
- Spiegel Online
. E’.O‘ZW it International
- oie Ve - Spiegel International
- Berliner Morgenpost - Yahoo Finance
- Hamburger Abendpost _ United Press Intl.
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SCIENCE NEWS

HOME / SCIENCE NEWS / RESEARCHERS SAY THEY USED MACBOOK TO PROVE GOEDEL'S GOD THEOREM

Researchers say they used MacBook to prove
Goedel's God theorem

Oct. 23,2013 | 8:14PM | 1 comments

See more serious and funny news links at
github.com/FormalTheology/GoedelGod/tree/master/Press
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A Long History of Ontological Arguments
pros and cons

&) 2 o

. v (%) <

AN £ [ S O
so S & A °of O
25 ¥ £S5 & 3 & 25¢S?
<O : S O 3\ v () @ TP OO
<O, K QPRI . TY..L.¢. TS0

Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

To show by logical, deductive reasoning:
“God exists.”
IxG(x)
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A Long History of Ontological Arguments
pros and cons

&) 2 o

. @ 9 <
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Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

Godel’s notion of God:
“A God-like being possesses all ‘positive’ properties.”

To show by logical, deductive reasoning:
“Necessarily, God exists.”
O3xG(x)
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The Ontological Proof Today

(‘C‘D

THE
Types, Tableaus, MIRACLE
and Gédel’s God OF

RETHINKING

3
ONTOLOGICAL
ARGUMENT

See also our collection of recent papers:

https:
//github. com/FormalTheolog%/GoedelGod/tree/master/therature
C. Benzmiillet and B. Woltzenlogel Paleo, 2015 — Higher-Ordér Modal Logics (Lecture 4)




Various Different Interests in Ontological Arguments

» Theistic: persuasion of atheists of God’s existence

» Philosophical: development of metaphysical theories
> Meta-issues: metaphysical necessity vs. modal logical necessity

» Our Goals: can computers (theorem provers) be used to ...

...formalize the definitions, axioms and theorems?
... verify/falsify the arguments step-by-step?
...automate (sub-)arguments?

..discover new philosophical knowledge?
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Vision of Leibniz (1646—1716): Calculemus!

Quo facto, quando orientur controversiae, non magis dis-
putatione opus erit inter duos philosophos, quam inter
duos Computistas. Sufficiet enim calamos in manus
sumere sedereque ad abacos, et sibi mutuo . ..dicere:
calculemus. (Leibniz, 1684)

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than
between two accountants.  For it
would suffice to take their pencils
in their hands, to sit down to their
slates, and to say to each other ...: .
Let us calculate. Required: . . L
(Translation by Russell) characteristica universalis and calculus ratiocinator
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Godel’s Manuscript: 1930’s, 1941, 1946-1955, 1970
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Proof Overview

T3: 03x.G(x)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 4)



Proof Overview

C1: ¢32.G(z)

T3: 03x.G(x)
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Proof Overview

C1: 03z2.G(2) L2: $3z.G(z) — O03x.G(x)

T3: 03x.G(x)
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Proof Overview

L2: ¢3z2.G(z) — O3x.G(x)

C1: ©3z.G(2) L2: $3z.G(z) — O03x.G(x)
T3: 03x.G(x)
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Proof Overview

VE . [OOE — DOE]

L2: ¢3z.G(z) — 03x.G(x)

C1: ¢32.G(2) L2: ¢32.G(z) — D3x.G(x)
T3: 03x.G(x)
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Proof Overview

©3.G(z) — ©03r.G(x) vE.[oOE — O]

L2: ¢3z.G(z) — 03x.G(x)

C1: ¢32.G(2) L2: ¢32.G(z) — D3x.G(x)
T3: 03x.G(x)
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Proof Overview

L1: 3z2.G(z) — 03x.G(x) S5

©3.G(z) — ©03r.G(x) Ve [oD¢ — Og]

L2: ¢32.G(z) — D3x.G(x)

C1: ©32.G(z) L2: $3z.G(z) — 0O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Vo.[P(p) — ¢(x)]

L1: 32.G(z) — 03x.G(x) ___S8 ___

©32.6(z) — ©03x.G(x) Ve [0DE — 0¢]
L2: ¢32.G(z) — D3x.G(x)

C1: ©32.G(z) L2: $3z.G(z) — 0O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Vp.[P(9) — ()]

D3*: E(x) = 03y.G(y)

P(E)
L1: 32.G(z) —» 03x.G(x) S5

03z.G(z) — ©03x.G(x) Ve . [oOg — Of)

L2: ¢3z.G(z) — O3x.G(x)

C1: ¢32.G(z) L2: ¢3:.G(z) — 0O3r.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Vp.[P(9) — ()]

D3*: E(x) = 03y.G(y) (cheating!)

P(E)
L1: 32.G(z) —» 03x.G(x) S5

03z.G(z) — ©03x.G(x) Ve . [oOg — Of)

L2: ¢3z.G(z) — O3x.G(x)

C1: ¢32.G(z) L2: ¢3:.G(z) — 0O3r.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = VYe.[P(p) — ¢(x)]

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
T2: Vy.[G(y) — G ess y) P(E)
L1: 32.G(z) — O0x.G(x) S5
©32.G(z) — ©03x.G(x) Ve [oOE — Og]

L2: ¢3z.G(z) — O3x.G(x)

C1: ©3z.G(z) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = VYe.[P(p) — ¢(x)]

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
A5
T2: Vy.[G(y) — G ess y) P(E)
L1: 32.G(z) — 03x.G(x) S5
©32.G(z) — ©03x.G(x) Ve [oOE — Og]

L2: ¢3z.G(z) — O3x.G(x)

C1: ©3z.G(z) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = VYe.[P(p) — ¢(x)]

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
A5
T2: Vy.[G(y) — G ess y) P(E)
L1: 32.G(z) — 03x.G(x) S5
©32.G(z) — ©03x.G(x) Ve [oOE — Og]

L2: ¢3z.G(z) — O3x.G(x)

C1: ©3z.G(z) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P() — ()]

D2: ¢ ess x = o(x) AVY (P(x) = OVx.(p(x) = ¢¥(x)))

D3*: E(x) = O03y.G(y) D3: E(x) = Vo .[p ess x = O3y.(y)]
,,,,, Ab M
Vo .[2P(p) = P(—9)] Vo [P(p) — OP(p)] A5
T2: Vy.[G(y) — G ess y] P(E)
L1: 3z.G(z) — 0O3x.G(x) S5
©32.G(z) — ©03x.G(x) Ve [oDE — O]

L2: ¢32.G(z) — O3x.G(x)

C1: ¢32.G(2) L2: ©3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P() — ()]

D2: ¢ ess x = o(x) AVY (P(x) = OVx.(p(x) = ¢¥(x)))

D3*: E(x) = O03y.G(y) D3: E(x) = Vo .[p ess x = O3y.(y)]
C1: ©3z.G(2)
,,,,, Ab M
Vo .[2P(p) = P(—9)] Vo [P(p) — OP(p)] A5
T2: Vy.[G(y) = G ess y] P(E)
L1: 3z2.G(z) — 03x.G(x) S5
©32.G(z) — ©03x.G(x) Ve [oDE — O]

L2: ¢32.G(z) — O3x.G(x)

C1: ¢32.G(2) L2: ©3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Ve.[P(p) — ¢(x)]

D2: ¢ ess x = p(x) AVY .(P(x) = OVx.(p(x) = ¥(x)))

D3*: E(x) = 03y.G(y) D3: E(x) =V .[p ess x — O3y.o(y)]

P(G)
C1: 03z2.G(z)

,,,,, Ab M

Vo .[2P(p) = P(=p)] Vo [P(p) — OP(e)] A5

T2: Vy.[G(y) — G ess y) P(E)

L1: 32.G(z) — 0O3x.G(x) S5
©3z.G(z) — ©03.G(x) Ve [oDE — O]

L2: ¢32.G(z) — O3x.G(x)

C1: 032.G(2) L2: ¢32.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Ve.[P(p) — ¢(x)]

D2: ¢ ess x = p(x) AVY .(P(x) = OVx.(p(x) = ¥(x)))

D3*: E(x) = 03y.G(y) D3: E(x) =V .[p ess x — O3y.o(y)]
_A3_
P(G)
C1: 03z2.G(z)
,,,,, Ab M
Vo .[2P(p) = P(=p)] Vo [P(p) — OP(e)] A5
T2: Vy.[G(y) — G ess y) P(E)
L1: 32.G(z) — 0O3x.G(x) S5
©3z.G(z) — ©03.G(x) Ve [oDE — O]

L2: ¢32.G(z) — O3x.G(x)

C1: 032.G(2) L2: ¢32.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Ve.[P(p) — ¢(x)]

D2: ¢ ess x = p(x) AVY .(P(x) = OVx.(p(x) = ¥(x)))

D3*: E(x) = 03y.G(y) D3: E(x) =V .[p ess x — O3y.o(y)]
_A3_
P(G) T1: Vo . [P(p) = OTx.p(x)]
C1: 03z2.G(z)
,,,,, Ab M
Vo .[2P(p) = P(=p)] Vo [P(p) — OP(e)] A5
T2: Vy.[G(y) — G ess y) P(E)
L1: 32.G(z) — 0O3x.G(x) S5
©3z.G(z) — ©03.G(x) Ve [oDE — O]

L2: ¢32.G(z) — O3x.G(x)

C1: 032.G(2) L2: ¢32.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Vp.[P(p) — ¢(x)]

D2: o ess x = p(x) AV (p(x) = OVx . (p(x) = P(x)))

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.p(y)]
,,,,,,,,,,, A ________  ____AMa
A3 Ve VY [(P(p) AOVx [p(x) = P()]) = P(¥)] Ve [P(op) = ~P(p)]
P(G) T1: Vo [P(p) = OTxp(x)]
C1: ¢32.G(z)
,,,,, Ab M
Vo .[=P(p) = P(~p)] Vo.[P(p) — O P@)] A5
T2: Vy.[G(y) = G ess ] P(E)
L1: 32.G(z) —» O3x.G(x) S5
©32.G(z) = ©0.G(x) VE [0OE — O¢]

L2: $3z.G(z) — OIx.G(x)

C1: 03z2.G(2) L2: ¢3z.G(z) — O03x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — »(x)]

D2: ¢ ess x = p(x) AV ((x) = OVx.(p(x) = ¥(x)))

D3: NE(x) = Vo .[p ess x — O3y.p(y)]

,,,,,,,,,,, A2 ____  ____AMa_
A3 Voo Vi [(P(p) A DOVx [p(x) = ¢(x)]) = P(¢)] Vo .[P(=p) = =P(p)]
P(G) T1: Vo . [P(p) — OTx.p(x)]
C1: ©3z.G(2)
____AW A4
Vo .[2P(p) = P(-¢)] Vo [P(p) — O P(p)]
T2: Vy.[G(y) = G ess Y] P(NE)
L1: 3z2.G(z) — O3x.G(x) S5
$32.G(z) — ©O0Fx.G(x) Ve . [oO¢E — Og]

L2: ¢3z.G(z) — DO3x.G(x)

C1: ©3:2.G(2) L2: ¢3z.G(z) — O3x.G(x)
T3: D3x.G(x)
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Scott’s Version of Gédel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor.C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Yo[P(—p) « —P(p)]
A property necessarily implied by a positive property is positive:
YoVi[(P(e) A BVx[p(x) = ¢ (x)]) = P()

]
Positive properties are possibly exemplified: Vo P(p) — OTxp(x)]
A God-like being possesses all positive properties: G(x) <> Vo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: &IxG(x)
Positive properties are necessarily positive: YolP(¢) — OP(p)]

An essence of an individual is a property possessed by it and necessarily
implying any of its properties: ¢ ess x <> p(x) A V(¢ (x) — OVy(e(y) = ¥(y)))
Being God-like is an essence of any God-like being: Vx[G(x) = G ess x]
Necessary existence of an individual is the necessary exemplification of all its

essences: NE(x) <> Volp ess x — OFyp(y)]
Necessary existence is a positive property: P(NE)
Necessarily, God exists: 03xG(x)
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Scott’s Version of Gédel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both: Yo[P(—p) « —P(p)]

Axiom A2 A property necessarily implied by a positive property is positive:

Vv [(P(p) A BYx[p(x) = $(x)]) = P()

Thm. T1 Positive properties are possibly exemplified: Vo P(p) — OTxp(x)
Def. D1 A God-like being possesses all positive properties: G(x) <> Vo[P(p) — ¢(x)

Axiom A3 The property of being God-like is positive:
Cor. C Possibly, God exists:

OIxG(x
Axiom A4 Positive properties are necessarily positive: YolP(p) = OP(yp)

]
]
J
P(G)
‘)
]

Def. D2 An essence of an individual is a property passessed by it and necessarily
implying any of its properties: ¢ ess x V(1 (x) — OVy(e(y) = ¥(y)))
Thm. T2 Being God-like is an essence of any God-IIKe DRINg: Vx[G(x) = G ess x]

Def. D3 Necessary existence of an individual is the necg
essences:

Axiom A5 Necessary existence is a positive property,
Thm. T3 Necessarily, God exists:

ssary exemplification of all its
NE(x) <> Volp ess x — OFyp(y)]

P(NE)
03xG(x)

Difference to Godel (who omits this conjunct)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 4)
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Scott’s Version of Gédel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor.C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Yo[P(—p) « —P(p)]

A property necessarily implied by a positive property i
VeV [(P(¢)

Positive properties are possibly exemplified:

A God-like being possesses all positive properties:

The property of being God-like is positive:

Possibly, God exists:

Positive properties are necessarily positive:

positive:

[p(x) = ¥(x)]) = P(¢
Vo[P(p) — OIxp(x

G(x) < Vo[P(p) = o(x

N

Necessary existence of an individual is the flecessary efemplification of all its

essences: x) <> Volp ess x — OFyp(y)]
P(NE)

03xG(x)

Necessary existence is a positive propertyf
Necessarily, God exists:

Modal operators are used
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Scott’s Version of Gédel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor.C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—p) < =P(p)]
A property necessarily implied by a po ""ﬂ}perty is positive:

VoV [(P(e) A BVx[p(x) = ¢ (x)]) = P(¥)
Positive properties are possibly exefnplified: Vo P(p) — OTxp(x)
A God-like being possesses all positive properties: G(x) + )

The property of being God-like is pgsitive:
Possibly, God exists:
Positive properties are necessarily dositive:

An essence of an individual is a property possessed by it
implying any of its properties: ¢ esdx <> p(x) A Vi (Yfx) — OVy(p(y) — ¥ ()))
Being God-like is an essence of any Qod-like being; Vx[G(x) = G ess x]
Necessary existence of an individual i§the neceg€ary exemplification of all its

essences: NE(x) <> Volp ess x — OFyp(y)]
Necessary existence is a positive prope P(NE)
Necessarily, God exists: O03xG(x)

second-order quantifiers
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The Ontological Argument in TPTP THFO

%-——-Axioms for Quantified Modal Logic KB.
include (’'Quantified KB.ax’).

%————constant symbol for positive (p), God-like (g), essence (ess), necessary existence (ne)
thf (p_tp, type, (p: (mu>$i>$o0)>$i>$o)) .

thf (g_tp, type, (g:mu>$i>$o0)) .

thf (ess_tp, type, (ess: (mu>$i>$o)>mu>$i>$o)) .

thf (ne_tp, type, (ne:mu>$i>$o)) .

%--—-D1:A God-like being possesses all positive properties.
thf (defD1,definition, (g = (*[X:mu]: (mforall indset@"[Phi:mu>$i>$o]: (mimplies@ (p@Phi)@ (Phi@X)))))) .
$----C: Possibly, God exists. (Proved in C.p)
thf (corC, axiom, (v@ (mdia@ (mexists_ind@” [X:mu]: (g@€X))))) .
%--—-T2: Being God-like is an essence of any God-like being. (Proved in T2.p)
thf (thmT2, axiom, (v@ (mforall ind@”[X:mu]: (mimplies@ (g@X) @ (ess@g@X))))) .
%$———-D3: Necessary existence of an individual is the necessary exemplification of all its essences
thf (defD3,definition, (ne = (~[X:mu]: (mforall_ indset@”[Phi:mu>$i>$o]:
(mimplies@ (ess@Phi@X) @ (mbox@ (mexists_ind@*[Y:mu]: (Phi@Y)))))))).
%—--—-A5:Necessary existence is positive.
thf (axA5, axiom, (V@ (p@ne))) .
$----T3: Necessarily God exists.

thf (thmT3, conjecture, (V@ (mbox@ (mexists_ind@"[X:mu]: (g@X))))) .

C. Benzmilller and B. Woltzenlogel Paleo, 2015—Higher-Order Modal Logics (Lecture 4)
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The Ontological Argument in Isabelle/HOL

- |text {* The classical connectives $\neg, \wedge,

lifted to type $\sigma$. The lifted connectives are @{text
@{text "v"},

="} (Leibniz equality on individ
are introduced. Defin

Fi

@{text "m="}, and @{text
operators @{text "O"} and @{text "o"}
abbreviations. *}

"o = o" ("m-") where "mm o = (Aw. —

= o = o" (infixr "mA" 51) where
"o = o = o" (infixr "mv" 50) where ",

abbreviation mnot
abbreviation mand
abbreviation mor

abbreviation mimplies
abbreviation mequiv::
abbreviation mforall
abbreviation mexists
abbreviation mLeibeq
abbreviation mbox :

abbreviation mdia

=" 48) where
) where "V &
) where "3 @
ji = " (infixr *mL=" 52) wh,
("O") where "0 ¢ = (Aw. Wv.
) where "o = (Aw. 3Jv.

- |text {* For grounding lifted formulas,

(*<*) no_syntax "_list"
abbreviation valid "o = bool" ("[_1") where "[p] = ¥w

B ~ | Output | README Symbols

(over individuals and over sets of individuals) and $\exists$ (over individuals) are
"m-"}, @{text "mA"}, @{text "m—"},

and @{text "J"} (the latter two are modeled as constant symbols).
Other connectives can be introduced analogously. We exemplarily do this for e{text "mv"} ,

* (infixr "m—" 49) where

the meta-predicate @{text "valid"} is introduced. *}

“args = ‘a list" (“[(L)1%) (*=*)

[ GodeiGort thy (=} Varia/ Tk /701 Bl
text {* QML formulas are translated as HOL terms of type @{typ "i -> bool"}. a
This type is abbreviated as @{text "o"}. *} =

‘type_synonym o = "(i = bool)" H

: 2

\rightarrows, and $\foralls ¥

uals). Moreover, the modal
itions could be used instead of

oW
pmA Y = (. o ow AW
pPMV Y= (W pow VW)t

P m— = O oW — 1w
om= = (Aw. o w o %W

= Ow. Vx. & x w)"

= Ow. 3x. & x w)"

ere "x ml=y = V(Ap. (p x m— p y))*
Wrv oot

wrvAgv)"

Y ® o

[ update | [ Detach |

[100% "~ & Auto update

B4MB_ G:28 PM |

41.7 (1708/9125)

(isabelle.sidekick UTF-8-Isabelle)

See verifiable Isabelle/HOL document (Archive of Formal Proofs) at:
http://afp.sourceforge.net/entries/GoedelGod.shtml
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C. Benzmilller an

“God isdead.”

- Nietzsche, 1883

“Nietzsche is dead.”

- God, 1900

Experimental Results and Philosophical Discoveries
[BenzmiillerWoltzenlogelPaleo, ECAI, 2014]
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Main Findings

Al
A2
Tl
D1
A3

A4
D2

D3
AS

MC

FG

MT

co

D2
co’

HOL encoding dependencies

¥ 6u-.n Bu-s01-0 (X, 2(X)) = (p#)]
V8,0 VW= (Plgo® A VX, (X D §X)) S py]

V@, .om Pusorood > OTX e pX1 Al(D), A2
Al,A2
8uso = ANy Py S $X
P o) 8u—o
[63X, g0 X] T1,D1,A3
Al,A2,D1, A3
Y82 Pl ® > 191 ] ]
€SSy = Wrre AX o X AV (X S BVY,. (B¥ S PT))
VX, guo X D eSSy o8 X)] Al,D1,A4,D2

Al,A2,D1,A3,A4,D2
NE,_s = AX,. V.o (€55 ¢ X S (1Y .. §Y)

[p(l“‘V)A‘WNEM“ﬂ'

[O3X,. g0 X] D1,C,T2,D3,AS
Al1,A2,D1,A3,A4,D2,D3,AS
D1,C,T2,D3,A5
Al,A2,D1,A3,A4,D2,D3,A5

[s¢ D Os4] D2,T2,T3

) ) Al,A2,D1,A3, A4,D2,D3,A5

V0,0 VK (81 X D (H(Pl—sr -0 P) D H(@X))]  A1,D1

o Al,A2,D1,A3,A4,D2,D3,A5

VX, VY, (g0 X 5 (g, e ¥ 5X=Y))] DI,FG
Al1,A2,D1,A3,A4,D2,D3,A5

0 (no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3,A5

€851y = Ayrson A Vil e (PX S OVY 1 (BY SYT))

0 (no goal, check for consistency) Al(D),A2,D2’,D3,AS
Al,A2,D1, A3, A4,D2°,D3, AS

logic

lalal

KB
KB

KB
KB
KB
KB
KB
KB

KB

KB
KB

status

THM
THM

THM
THM

THM
THM

CSA
CSA
THM
THM

THM
THM
THM
THM
THM
THM

SAT

UNS
UNS

LEO-II
const/vary

0.1/0.1
0.1/0.1

0.0/0.0
0.0/0.0

19.1/18.3
12.9/14.0

—/—

_/_
0.0/0.1
_/‘_

17.9/—
_/‘_
16.5/—
12.8/15.1
_/_
_/_

—f—

7.5/7.8
—/—

Satallax
const/vary

0.0/0.0
0.0/5.2

0.0/0.0
5.2/313

0.0/0.0
0.0/0.0

_/_
_/_
0.1/53
_/_
3.3/32
_/_
0.0/0.0
0.0/5.4
0.0/33
_/_

——

——
—l—

Nitpick
const/vary

—)—
—f—

——
—f—

—)—
—f—
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
Al Voo o)oKy 5@ X)) = 5(ph)]
A2 Voo W Plunsy 2o A VX (BX 5 4X))  pif]
T1 Vé,—on Pl cy—o® D 03X e 0 X] Al(D),A2 K THM 0.1/0.1 0.0/0.0 —f—
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——
D1 8u—o = AKy Ny o Pyu—c)-op D $X
A3 P o) 8u—o
c [03X,. 840 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
A4 ¥y Py D PG ) )
D2 €8S4pruor = Wyoo- AKX AV, o (BX S BVY,. (BY S YY)
T2 VX gu-oX D (eSS o)-pycgX)] Al,D1,A4,D2 K THM 19.1/183 0.0/0.0 ——
Al,A2,D1,A3,A4,D2 K THM 12.9/14.0 0.0/0.0 ——
D3 NE,_, = AXpu V.o (e55 ¢ X 5 OV .. oY)
A5 [Plo-oNEye
T3  [B3X,.g,-..X] D1,C,T2,D3,AS K CSA  —/— —— 3.8/6.2
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —— 8.2/7.5
D1,C,T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 ——
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —/— ——
MC [s, D0Os4] D2,T2, T3 KB THM 17.9/— 33/3.2 ——
. . Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— —f—
FG  [V¢,.0- VX, (84 X D (M(Plumscr~oP) D ~(9X)))] Al1,D1 KB THM 165/— 0.0/0.0 ——
. . Al,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/15.1 0.0/5.4 ——
MT  [VX, V¥, (gyeX (g, Y 3X=Y))] D1,FG KB THM —/— 0.0/3.3 ——
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
CO  0(no goal, check for consistegcy) Al}, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 73/74
D2 eSSuomouon = Ay on Xy Vi (Y X S EVY e (Y S YY)
CO’ 0(no goal, check for consistency) Al(D),A2,D2’,D3,AS KB UNS 7.5/78 —— ——
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —l— —f
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Main Findings

HOL encoding

dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

MT

co
D2
co’

Al Ydyom D)o (X (@ X)) = 5(pg)]
M T R e T A A R e ey )

Tl NfuoPuworeod D 03X, 0X] Al(2), A2 K THM 01/01  00/00 —/—
ALAI K___THM 01/01 _ 00/52 )

DI gyo = AKysVyoon Py 0P D X

A3 - 0)-+0 8u—ar

C  [63X,.g,.0X] T1,D1,A3 K THM 00/00  00/00 —/—
Al,A2,DI1,A3 K THM 00/00  52/313 —/—

Ad [v¢p4»v" Piu—o)—o® D Opdl . .

D2 eSSyomiopnr = Ay A X AV, 0 (PX 5 VY, (Y 5 YY)

T2 VX gy X 5 (€85qmyoppro 8X)] Al1,D1,A4,D2 K THM 19.1/183 00/00 —/—
A1 A2 1Y A3 A4 YD) K THIA 12.0/14 0 nnmaon L

NE,_o¢ = X Vo (€
[P o1 oNE, -]
[B39X,. g, .- X]

VX, VY, (g e X 5 (g,

0 (no goal, check for con:

€8S )oposor = Mo
0 (no goal, check for con:

Automating Scott’s proof script

T1: "Positive properties are possibly exemplified"
proved by LEO-II and Satallax
> inlogic: K
» from assumptions:
> A1 and A2
> A1(D) and A2
» notion of quantification

> possibilist quantifiers (constant dom.)
» actualist quantifiers for individuals (varying dom.)
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Main Findings

MT

co
D2
co’

[P o1 oNE, -]
163X, g, X]

U

VX, VY, (g e X 5 (g,

0 (no goal, check for con:

€8S )oposor = Mo
0 (no goal, check for con:

Automating Scott’s proof script

C: "Possibly, God exists”
proved by LEO-II and Satallax
» in logic: K
» from assumptions:
» T1,D1, A3
» for domain conditions:

> possibilist quantifiers (constant dom.)
> actualist quantifiers for individuals (varying dom.)

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Y8y om Pluoso) o (AXpus (X)) = (pg)]
A2 Vo Wi Py o A EVX, (X 5 9X0) 5 py]
Tl VyoosPuoorood D $3X,udX] Al(2),A2 K THM 0.1/01  00/00  —/—
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——
Dl guo = AXuVu o Pu-o)-cd D ¢X
P!
c [03X,. 840 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al,A2,D1,A3 K THM 0.0/0.0 52/31.3 —/—
AT oo Puo® > OPOT - -
D2 eSnmros = s AX X AV 0 (X D BV, (BY 5 YY)
T2 VX gu-oX D (eSS o)-pycgX)] Al,D1,A4,D2 K THM 19.1/183 0.0/0.0 ——
Al,A2,D1,A3,A4,D2 K THM 12.9/14.0 0.0/0.0 ——
D3 NE,.; = AXpu Y@ .on(
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Main Findings

MT

co
D2
co’

VX, VY, (g e X 5 (g,

0 (no goal, check for con:

€8S )oposor = Mo
0 (no goal, check for con:

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

Al [V¢,HL, Piuso)o (A 2(B X)) = (pd)]

A2 Vo Wi Py o A EVX, (X 5 9X0) 5 py]

Tl VyoosPuoorood D $3X,udX] Al(2),A2 K THM 01/01  00/00  —/—
Al,A2 K THM 0.1/0.1 0.0/5.2 ——

Dl gu.r= uﬂ'v¢ﬂ4¢'pm4¢)ﬂd¢ S¢x

A3 P o) 8u—o

c [03X,. 840 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al,A2,D1,A3 K THM 0.0/0.0 52/313 —/—

A4 N¥@uor Pluso)-o® S Opgl

U (=)=~ — o y—o YA IUVE (@Y JPT])

T2 VX.go X :(essmg,wng)] Al,D1,A4,D2 K THM 19.1/183 00/0.0  —/—
Al A2. D1 .A3.A4.D2 K THM 129/14.0 0.0/0.0 —/—

D3 NE,., = AX, Y, .o ( - ; -

A5 [Py-o-oNE,-0] Automating Scott’s proof script

T3  [B3X,.g,-..X]

T2: "Being God-like is an ess. of any God-like being”
proved by LEO-II and Satallax
» in logic: K
» from assumptions:
> A1, D1, A4, D2
» for domain conditions:

> possibilist quantifiers (constant dom.)
> actualist quantifiers for individuals (varying dom.)
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Main Findings

LEO-II Satallax
const/vary  const/vary

0.1/0.1  0.0/0.0
0.1/0.1  0.0/52

0.0/00  0.0/0.0
0.0/00  52/313

19.1/183  0.0/0.0

PPN

Nitpick
const/vary

—)—
—f—

——
—f—

_/l_

FG

MT

co

D2
co’

5, D08,]

VX, VY, (g e X 5 (g,

0 (no goal, check for con:

€8S )oposor = Mo
0 (no goal, check for con:

HOL encoding dependencies logic status
Al [V¢,HL, Piuso)o (A 2(B X)) = (pd)]
A2 YoVl (Pluro® A VX, (BX SYX)) S py]
Tl Voo Pumormod D 03X, $X] Al(2),A2 K THM
Al,A2 K THM
D1 Bu-o = uﬂ'v¢ﬂao"p(#wr)~ur¢ S¢x
A3 P o) 8u—o
C  [$3X,.gu.oX] T1,D1,A3 K THM
Al,A2,D1,A3 K THM
A4 N@u-orPlsor-o® S Opgl . .
D2 €8S4pruor = Wyoo- AKX AV, o (BX S BVY,. (BY S YY)
T2 VX gymoX 3 (€85pc)opacgX)] ALDI, A4 D2 K THM
D3 NE,..=X.Vé...-(d Automating Scott’s proof script
T ”
T3  [B3X,.g,-..X]

T3: "Necessarily, God exists”
proved by LEO-II and Satallax
> in logic: KB
» from assumptions:
» D1, C, T2, D3, A5
» for domain conditions:

> possibilist quantifiers (constant dom.)
> actualist quantifiers for individuals (varying dom.)

For logic K we got a countermodel by Nitpick
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Main Findings

MC

FG

MT

co

D2
co’

[soN@so]
Vo VX o
VX, VY, (g e X 5 (g,

0 (no goal, check for con:

€8S )oposor = Mo
0 (no goal, check for con:

HOL encoding dependencies logic status LEO-II Satallax Nitpick
Al Voo o)oKy 5@ X)) = 5(ph)]
A2 Vo Vo (Pumsgyooh A EVE - (BX S ¢X)) S py]
Tl NV¢u o Plu—o)—cd D SAX,.0X] Al(D),A2 K THM 0.1/0.1 0.0/0.0 ——
. Al1,A2 K THM 0.1/0.1 0.0/5.2 ——
Dl guo = AXuVuoorPu-o)-cd D ¢X
A3 Dl 0y 8uurar
C 03X, 8,0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al1,A2,D1,A3 K THM  0.0/0.0 52/313 —/—
A4 Vo Pyuor-o® D Opg] ) .
D2 eSSyogypr = My Ay X AV o (X S VY, (BY S YY)
T2 VX gy X 3 (€55-0) o 8X)] Al,D1,A4,D2 K THM 19.1/183 0.0/0.0  —/—
A1,A2,D1,A3, A4,D2 K THM 12.9/140 0.0/0.0 —f—
D3 NE,., = AX,u Vg, .on (@ - - ; "
A5 [Py-o-oNEy—o] Automating Scott’s proof script
NT3 (08X, g,..X]
\ Summary
» proof verified and automated

» KB is sufficient (criticized logic S5 not needed!)
» possibilist and actualist quantifiers (individuals)
» exact dependencies determined experimentally

» ATPs have found alternative proofs
e.g. self-identity A\x(x = x) is not needed
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

Al Voo Pyuor-o (WX 5@ X)) £ =(pg))

A2 Vo Vi (pwwmnvx (#X59X)) 3 py]

TL  Vfpoe Py o> O Z g 000 o0 .

. nsisten heck: Godel vs.

DI g = kigp,] CONSiStency check: Godel vs. Scott

A3 Dl 0y 8uurar

C LE) P q 1

(03X g0 X1 » Scott’s assumptions are consistent;
A% V9o Pl -o DD shown by Nitpick
e-vore
FED (essyoy » Godel’s assumptions are inconsistent;
AX, V0, shown by LEO-II (new philosophical result?)

Al AZ DI, A3 A4, D2, D3, A5 K CSAT —/— —— 8.2[1.5
D1,C,T2,D3,A5 KB THM 00/01  01/53  —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

MC  [s, 50s,] D2,T2,T3 KB THM 17.9/— 33/32  —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

FG V@0 VX (8o X D (H(Plumse)a$) D 2(@X))]  Al,D1 KB THM 165/—  0.0/0.0 —
A1,A2,D1,A3,A4,D2,D3,A5 KB THM 128/151 00/54  —/—

MT VX VY (8o X D (g, Y 5X=Y))] DI1,FG KB THM —/— 0.0/3.3 —f—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

CO  0(no goal, check for consistegcy) Al,A2,D1,A3, A4,D2,D3,A5 KB SAT —/— —/— 7.3/74

D2 eSSuomouon = Ay on Xy Vi (Y X S EVY e (Y S YY)

CO’ 0(no goal, check for consistency) Al(D),A2,D2’,D3,AS KB UNS 7.5/78 —— —f—
ALA2DI A3 A4 DY DIAS KB __UNS _—/— —/— —/—
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al ¥dyomPumor—o (X (@ X)) = 5(pd)]
A2 Vo Wi Py o A EVX, (X 5 9X0) 5 py]
Tl VyoosPuoorood D $3X,udX] Al(2),A2 K THM 0.1/01  00/00 —/—
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——
Dl gu.o = AXpVyoaPy- T
A3 [PlyoroBu-o Further Results
C [$3X,. gy 0 X]
A% Woworuo gg20r . Monotheism holds
p—ore
" SX3esea » God is flawless
D3 oo = AX Vo (e
[P 1o NE, o]
[B3X,. g, - X] D1,C,T2,D3,AS K CSA  —/— —— 3.8/6.2
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —— 8.2/7.5
D1,C,T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 ——
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —/— ——
MC [s, D0Os4] D2,T2, T3 KB THM 17.9/— 33/3.2 ——
- - . " TR DD TP —r u "
FG  [V¢,.0- VX, (84 X D (M(Plumscr~oP) D ~(9X)))] Al1,D1 KB THM 165/— 0.0/0.0 ——
. . Al,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/15.1 0.0/5.4 ——
MT VX V¥, (g0 X 5 (g, o ¥ 5X=Y))] DI,FG KB THM —/— 00/33  ——
AL A9 DI A3 A4 DI DI AS KB THM __/__ ___ -
CO  0(no goal, check for consistegcy) Al, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —/— 7.3/74
D2 eSSuompe = Myon Ay Vil on (PX S EVY,a (Y S §T))
CO’ 0(no goal, check for consistency) Al(D),A2,D2’,D3,AS KB UNS 7.5/78 —— ——
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —l— —f
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Main Findings

HOL encoding

[?(ﬁpav" Pusoy-o(AXye s
Yy Vi (Pl
V.o Pluso)—o® D O3

8uso = AXpe Vnﬂ,‘w--pm,
P o) 8u—o

63X, g0 X]

(N ey = Ya
SE) g = MM—NT'A

Xy 8uo X (€SS0

NE,_o = AXu Vo (e
[p(#“l’)"WNEM"lT]

Modal Collapse (Sobel)

» proved by LEO-Il and Satallax
» for possibilist and actualist quantification (ind.)

Main critique on Goédel’s ontological proof:
» there are no contingent truths

B [0 gperk] » everything is determined / no free will

MC  [sy 50s4] D2,T2,T3 KB THM 179/— 33/32  —/—
Al A2.D1.A3. A4, D-2 D3. A5 KB THM — —

EG V6.0V X, (840 X D (5(Plu—cr-o®) 2 2(@X))] Al,D1 KB THM 165/—  0.0/0.0 ——

. . Al,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/15.1 0.0/5.4 ——

MT VXYY, (gyaeX (g, Y 3X=Y))] D1,FG KB THM —/— 0.0/3.3 ——
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

CO  0(no goal, check for consistegcy) Al, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —/— 7.3/74

D2 eSSuomouon = Ay on Xy Vi (Y X S EVY e (Y S YY)

CO’ 0(no goal, check for consistency) Al(D),A2,D2’,D3,AS KB UNS 7.5/78 —— —f—
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —l— —f
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Main Findings

HOL encoding dependencies

Al Yy o= Do) (AXy (8 X)) = =(pe)]

A2 Vo Vs Py oh A VX, (X 5 X)) S py)

TL Voo Pluoorob D GAX,. X1 Al(D), A2
Al,A2

Dl guo = AXuVuoorPu-o)-cd D ¢X

A3 [Py-o)-o8u-c

C  [03Xug.0X] T1,D1,A3
Al,A2,D1, A3

A4 NV@yo D)o D Opgl . .

D2 eSSguogyopmo = MWy AX e X A VY, o (X 3 AVY,. (Y SyYY))

T2 [VXu guoo X 5 (eSSpc)p—cgX)] Al,D1,A4,D2
Al,A2,D1,A3,A4,D2

D3 NE,.; = AXu Ve, .on(ess gX SOV,
A5 [Py-o)-oNEyo]
T3 [O3X.gu-0rX]

D1,C,T2,D3,AS

DI1,C,T2,D3, A5

Al A2 D A2 A4 T

Al,A2,D1,A3,A4,D2,D3,A5

3,A5

Observation

» good performance of ATPs

» excellent match between
argumentation granularity in
papers and the reasoning
strength of the ATPs

3,AS
3,A5
3,A5

3,AS5

D3, AS

logic

lalal

KB
KB

KB
KB
KB
KB
KB
KB

KB

KB
KB

status

THM
THM

THM
THM

THM
THM

CSA

THM

THM
THM
THM
THM
THM
THM

SAT

UNS
UNS

LEO-II Satallax Nitpick
const/vary const/vary const/vary
0.1/0.1 0.0/0.0 ——
0.1/0.1 0.0/5.2 ——
0.0/0.0 0.0/0.0 ——
0.0/0.0 52/313 —/—
19.1/18.3  0.0/0.0 ——
12.9/14.0 0.0/0.0 ——
—— —— 3.8/6.2
—— —— 8.2/7.5
0.0/0.1 0.1/5.3 ——
—— —— ——
17.9/— 33/3.2 ——
—— == =
16.5/— 0.0/0.0 ——
12.8/15.1 0.0/5.4 ——
—— 0.0/3.3 ——
—— == =
—— —— 7.3/74
7.5/1.8 —— ——
- = ==
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Reconstruction of the Inconsistency of Gédel’s Axioms
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Inconsistency (Goédel): Proof by LEO-II in KB

DemoMaterial — bash — 16652
@SVB)ESY3)=sfalse) | (((p@(*[SXB:mu,5X1:8i]: STalse])@SV3)=Strue)}), inferenceprim_subst, [status(tha)], [66: [bind(SV11,5th7 (*I5V23:mu, SV24:5il: Sfalse))1])).
the(B4,plain, (! [SV22: (nu=($i>50)) ,5¥3:61, 5VA: (muz($i>$0))): ((((SVB@(((sK2_SY33@SN3IG(~ [SXB:mu, SX1: i) (~ ((SV225XB)@5K1))))@Sw) @l ((sKL_SY3lal~[Ske:mu, SK1:81): (
~ ((SV22B5XB)@SX1) ) ) }@SVB)ESV3) )=strue) | (((pESVB)@S¥3)=sfalse) | (((p@(~(SXBznu,SX1:51]: (~ ((SV22ESXB)ESX1})))@SV3)=strue))), inference(prin_subst, [status(thm)], (66
: [bind(5V11,Sthe (~ [SV28:mu,5V21:Si): (~ ((SV2285V20)@5¥21)))111)).
thi(8S,plain, (! [SV4:$1,5¥0: (mu=(5i>80) )1z ((((p@(*(5¥27:mu,5Y28: 51
@SY28))))@Sv4) )=sfalse))), inference(fac_restr, [status(thm)], [56]))
thf(B6, plain, (! [SV4:51,5%9: (mu>(5i>S0))): ((((p@(~(SY29:mu,5Y30: i ((5v9@sY20)@5Y30)) ) )@SV4)=strue) | ((((p@SVO)@SV4) = ((p@(~[SY29:mu,5Y30:8i]: (~ ((SVOESY29)@
5Y3811) @SV4l J=salse))) , interence(ac_restr, [status (thmi], 57)1).
the(B7,plain, (! (SV4:51,5¥8: (mus(5i>50)) ]t ((((~ (((pESVI)ESVE) | ((p@(~([SY27:mu,5¥2B:$1l: (~ ((SVO@SY27)@s¥28))))@sva))) | (~ ((~ ((pesva)esva)) | (~ ((pai~[sv27:my,
SY28:51): (~ ((SV9@SY27)ESY28))))@SW4)))))=57alse) | (((p@(~[SY27:mu,SY28:5i): (~ ((SVOESY27)@SY28))))@SV4)=5False))), inferencelextent_equal neg, [status(thm)], (85])).
thf(B9,plain, (! [SV4:51,5¥0: (mu=(5i>50) )]s ((((~ (((p@SWO)@SV4) | ((p@(~[SY20:mu,5Y3B:$1): (~ ((SVI@SY20)@SY3A)))IESVA))) | (~ (i~ ((p@SVO)ESW4)) | (~ ((p@(~[SY29:mu,
SY30:5i]: [~ ((SV9SY29)ESY38))))@Sv4)))))=stalse) | (((pe([SY29:mu,SY30:51): (~ ((SV9@SY29)@SY38))))ESV4)=Strue))), inferance(extent_equal_neg, [status(tha)], [86]))

hF(82,plain, (1 [SVA: 51, 5¥0: (mu(5i>50))): (((~ [(~ ((pESVOIESYA)) | (~ [(p@(~[S¥27:mu,SY28:Sil: (~ ((SVBESY27)@SY28))))ESVe))))=57alse) | (((p@IISY2Timu, 5¥20:8i):
~ ((5¥9e5Y27)@5Y28) ) ) J@Sv4)=s7alse) )] , inferencelextent_or_neg, [status(thm)], [87])).

©n#(93,plain, (! (5V:51,5¥9: (u=(5i50))1: (((~ (((p@SVOESVE) | ((p@l~[S¥28:mu,5¥30:51): (~ ((SVIESY29)e5Y30))))@SVe)))=stalse) | (((p@(~(sv29:mu,5v30:51]:
5Y29)G5Y38) ) ) J@SW4)=Strue) ) ), inference(exten®_or_neq, [status(thm)], [89])).

hf(96, plain, (! [SV4:51,5V8: (mu>(5i>S0)) 1z ((((~ ((p@SYO)@SVA)) | (~ ((p@(~ISY27:mu,5¥28:81):
V@sY27)@5Y28) ) ) )@sv4)=sfalse) )], inferencelextcn?_not_neg, [status{thm)], (92])).
£n#(37,plain, (! [SV4:51,5¥9: (un(5i>50))1: (((((p@SVANESVA) | ((p@(~[SY29:mu,SV30:51]: (~ ((SVOESY29)ES¥38)1))Esva))=strue) | (((po(~[Sv29:mu,5v30:51]: (~ ((SVapsY29)
@5v39) ) ) )SVe)=strue) ) ), in‘erencelexten?_not_neg, Istatus(thall, (83111
thf(188,plain, (! [SV4:S1,5V8: (mu=($i=S0) )]z (((~ ((p@S¥a)@sV4))=strue) | ((~ ((p@(*[5Y27:mu,5Y28:81]
(~ ((S¥9E5Y27)E5Y28) ) ) )G5¥4)=Salse) |}, inference (exten?_or_pos, [status(thm)], [96]))

thil181,plain, (! [SV4:81,5V0: (mu>($i>S0))1: ((((p@SVO)ESVA)=Strue) | (((p@([SY29:

~ ((5VO@SY27)@5Y28)) ) )@sval=stalse) | ((((peSVII@SV4) = ((p@(~[SY27:mu,5¥28:51): (~ ((SVOESY2T)

(tsvem

(~ ((SYOESY27)@SY2E))))@SY4) ) )=strue) | (((p@(~[SY27:mu,5Y28:51): (~ ((S

+ (~ ((SVOESY27)@5Y28) ) ))@sva) )=strue) | (((p@i*(5Y27:mu,5¥28:81]:

imu,§Y30:51): (~ ((SVOESY29)@SY30))))@sva)=strue) | (((p@(*[SY29:mu,5Y38:51): (~ ((SV
965Y20)@5Y38))) )@SV4)=strue))) , inferenceiextent_or_pos, [status (tha)], (97])).

©n#(183, plain, (! [SVa:51,5v9: (um(si>$0))]: ((((p@Bva)Esve)=stalse) | ([~ ltu@( [5\’27 mu,5¥28: i) (~ ((SVO@SY27)@5v28))))@sva))=strue) | (((p@(~[S¥27:mu,5v28:5i): (
((SVBESY27)@5¥28) ) ))@SV4)=$falsel )), inference(extenf_not_pos, [status(thm)], [1

thi(185,plain, (! [5V4:S1,5V0: (mu=($i=S0))): ((((p@(~[5Y27:mu,5Y28:8i): (~ (ESVB@SYZ?)@SVZEJ)))@SWJ stalse) | (((peSvalesval=stalse) | (((p@(~[5Y27:mu,SY28:81): (~ ((
svsgst27)esv28) ) ) gsve)=salse) ), inverence (extens_not_pos, [status(thm)], (163]))

thi(187,plain, (! [SVB: (mu>($i>S0] ), 5¥3:81,5V22: (mu>(§i>S0) ) )z [ (((SV22@ ((sK2_: sv]]@sv!)@( [S¥@:mu, SX1:8d): (~ ((SV22@SX@)ESX1))))@SVE) )@l ( (sK1_SY31@(~[SXB:mu,SX1:81):
(~ ((5v2265X8)@SX1))))@SVBIESV3))=strue) | (((p@SVE)ESY3)=sfalse) | (((p@(~[SX@:mu,5X1:$i): (~ ((SV2265X8)@SX1))))ESV3)=strue))), inference extent_not_neg, [status(thm
), 178])).

thT(108,plain, (! [SV11: (mux(Si>50) ), 5V3:51, SW15: (mu=($i>50) )] ((((SVIS@(((sK2_SYIIESVI)@SV1L)@(~[SX@:mu,SX1:51] :

(~ ((SV1565XB)@SX1)))))@( ((SK1_SY31ESVI1 )@~ [SXB:mu,
SX1:8i): [~ ((SV15@SX@)@SKL)))I@SV3))=sFalse) | (((p@(~[SXB:mu,SX1:Sil: (~ ((SV1SESX@)@SK1))))@SV3)=Sfalse) | (((p@SV11)@SV3)=Strue))),inferencelextent_not_pes, [statu
stthm)], [811)).

thf(189, plain, (! [SV4:51,5¥0: (mu(SixS0) )] ((((p@(~[SY27:mu,5¥28:5i]: (~ ((SVO@SY27)@SY28))))@Sv4)=stalse) | (((p@SV9)@SVa)=sfalse))), inference(sim, [statusithm)], (18

s1).
thi(118,plain, (! [5V4:51,5%0: tmu=($i=S0) )] ((((p@SVa)@SVA)=Strue) | (((p@(*[5¥20:mu,5¥38:51): (~ ((5¥9@SY20)@SY3B))))@Sw4)=strue))) inference(sin, [status(thm)], [181]
n.

imu,SX1:81): Strue) J@SV3)=Strue))), inference(sin, [status(thm)], [76])).
thi(112,plain, (! [5V11: (mu>($izs0)),5V3:8i): ((((p@ $il: sfalse))@sV3)=sfalse) | (((p@SV11)@SV3)=Strue))),inferenceisim, [status(thm)], [88])).
£n#(113, pladn, (((stalse)=strue)), interence (fo_atp_e, [status(tnm]l [25,112,111,11#, 189, 188, 187,84,83,82,75,7,73,72,71,78, 69,68, 67, 66,65, 62,57,56,51,42,29] 1) .
£hF(114, plain, (§False), inferenceisolved_all_splits, [solved_sll_splitsijein, 1}, (11311).

% 575 output end CNFRefutation

thi(111,plain, (! [SV3:51,5VB: (mu>($i>S0))]: ((((p@SVE)ESV3 *Sfalse) | (((pBI~15X8:
1~ [SXi

S ENdl 0F dErivation protocol s
Spocex no. of clauses in derivation: 87 xeex
speems Clause counters 113

% SIS status Unsatisfiable for ConsistencywithoutFirstConjunctinD2.p : (rf:@,axiom:

extenf_conbined: true, expand_extuni:false, foatp:e,atp_timeout:25,atp_calls_frequenc
ation:Fot_full)

ontoleo:DemoHaterial chenzmuellers []

,p5:3,u:6, ude: false, rLeibEQ: true, rAndEQ: true, use_choice: true,use_extuni:true,use_
8,0rdering:none, proof_output:1,clause_count:113, loop_count:8, foatp_calls:2, transi

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 —Higher-Order Modal Logics (Lecture 4)

49



Inconsistency (Gédel): Informal Argument

Def. D2* © ess x > PV (Y(x) — OVy(p(y) — ¥(y)))
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Inconsistency (Gédel): Informal Argument

Def. D2* p ess x & PEFTUVP(h(x) — OVy(p(y) = $(y)))

Lemma 1 The empty property is an essence of every entity.
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Inconsistency (Gédel): Informal Argument

Def. D2* © ess x > PV (Y(x) — OVy(p(y) — ¥(y)))

Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. Vp[P(y) — <O3xp(x)]
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. Vp[P(y) — <O3xp(x)]
Axiom A5 P(NE)
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OI[Viplip ess x — O3ylp(y)]]
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OV ess x — O3y[p(y)]]

> O3x[D ess x — OFy[0(y)]]
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OVl ess x — DIy[p(y)]]]

> O3x[D ess x — OFy[0(y)]]

> by L1 O[T — OF[D()]]
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OV ess x — O3y[p(y)]]

> O3x[D ess x — OFy[0(y)]]

> by L1 O[T — OF[D()]]

» by def. of 0 O3x[T — O]
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OV ess x — O3y[p(y)]]

> O3x[D ess x — OFy[0(y)]]

> by L1 O[T — OF[D()]]

» by def. of 0 O3x[T — O]
Inconsistency L
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OV ess x — O3y[p(y)]]

> O3x[D ess x — OFy[0(y)]]

> by L1 O[T — OF[D()]]

» by def. of 0 O[T — O]
Inconsistency L

by reflexivity
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OV ess x — O3y[p(y)]]

> O3x[D ess x — OFy[0(y)]]

> by L1 O[T — OF[D()]]

» by def. of 0 O[T — O]
Inconsistency L
by reflexivity

or by symmetry
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Inconsistency (Gédel): Informal Argument

Def. D2 @ ess x <> Pl V(1 (x) — BOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)
Theorem 1 Positive Properties are possibly exemplified. V[P(¢) — O3xp(x)]
Axiom A5 P(NE)
» by T1, A5: OIX[NE(x)]

Def. D3 NE(x) <> Vo[p ess x — O3yp(y)]

> OV ess x — O3y[p(y)]]

> O3x[D ess x — OFy[0(y)]]

> by L1 O[T — OF[D()]]

» by def. of 0 O[T — O]
Inconsistency L

by reflexivity
or by symmetry
or by nothing!
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Inconsistency (Gddel): Verification in Isabelle/HOL (KB)

4 GoedelGodWithoutConjunctlnEss_KB.thy

OEd@®F & 9¢ ¥HE 6@ D= B & @ |

| O GoedelGodWithoutConjunctinEss_KB.thy (~/GoedelGod/Talks/2015/LogicAndReligion/DemoMaterial /)

¥ |theory GoedelGodWithoutConjunctInEss_KB imports QML
begin
consts P i: "(p = o) = o
axiomatization where Ala: "[V(A®. P (Ax. m~ (@ x)) m— m— (P ®))]"

and A2:  "[Y(ADR. V(AL. (P & mA O (¥(Ax. & x m— ¥ x))) m— P ¥))]"

-- {* Positive properties are possibly exemplified. *}
theorem T1: "[¥(AD. P & m— < (d ®))]" by (metis Ala AZ)

definition ess (infixr "ess" 85) where "® ess x = ¥(AU. ¥ x m— O (¥(Ay. ® y m— ¥ y)))"

{* The empty property is an essence of every individual. *}

- lemma Lemmal: "[(¥W(Ax.( (Ay.\w. False) ess x)))]" by (metis ess_def)

. definition NE where "NE x = ¥(A®. © ess x m— O (3 ®))"

hd axiomatization where sym: "x r y >y rox"

" -- {* Exemplification of necessary existence is not possible. *}
lemma LemmaZ: "[m— (o (3 NE))]" by (metis sym Lemmal NE_def)
axiomatization where A5: "[P NE]"

¥ |-- {* Now the inconsistency follows from A5, Tl and Lemma2 *}

@] lemma False by (metis A5 Tl Lemma2)

end

B+ Qutput Query Sledgehammer Symbols

L]

UONEIUBWNIO(

sauoayL PPPIS

[11,1 477/1095) (isabelle,sidekick,UTF-8-Isabelle)
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Inconsistency (Goédel): Verification in Isabelle/HOL (K)

¢ GoedelGodWithoutConjunctinEss_K.thy

e]»

LE®dE: & 9¢ APDE B NORE & @

\ [ GoedelGodWithoutConjunctinEss_K.thy (~/GoedelGod/Talks /2015 /LogicAndReligion /DemoMaterial /)

¥ |theory GoedelGodWithoutConjunctInEss K imports QML

begin
consts P 1t "(u = o) = o
definition ess (infixr "ess" 85) where "® ess x = ¥(AW. ¥ x m— O (¥(Ay. & y m— ¥ y)))"
definition NE where "NE x =Y(AM. & ess x m— O (I ¢))"

axiomatization where Ala: "[V(A®. P (Ax. m~ (¢ x)) m— m~ (P @©))]"
and AZ:  "[Y(AL. Y(AP. (P ¢ mA O (V{Ax. & x m— ¥ x))) m— P ¥))1"

-- {* Positive properties are possibly exemplified. *}

hd theorem T1: "[V(ADP. P & m— o (d ®))1" by (metis Ala AZ2)
. |-- {* The empty property is an essence of every individual. *}
lemma Lemmal: "[(¥W(Ax.(({Ay.Aw. False) ess x)))]" by (metis ess_def)
axiomatization where A5: "[P NE]"

-- {* Now the inconsistency follows from A5, Lemmal, NE_def and T1 *}
@| lemma False

-- {* sledgehammer [remote_leo2] *}
by (metis A5 Lemmal ME_def T1)

¥ |end I

B+ OQutput Query Sledgehammer Symbols

L]

uonEUAWNIOg

sBuORYL  HIBEPIS

[ 21,7 ©80/982) (isabelle,sidekick,UTF-8-Isabelle) uG
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Summary: Results of Experiments

Godel’s version K KB S5
constant varying | constant varying | constant varying

Consistency

T obsolete obsolete obsolete obsolete obsolete obsolete

C obsolete obsolete obsolete obsolete obsolete obsolete

T2 obsolete obsolete obsolete obsolete obsolete obsolete

T3 obsolete obsolete obsolete obsolete obsolete obsolete

Flawless God obsolete obsolete obsolete obsolete obsolete obsolete
Monotheism obsolete obsolete obsolete obsolete obsolete obsolete

Modal Collapse | obsolete obsolete obsolete obsolete obsolete obsolete

Further logic details

» Henkin semantics
» full comprehension
» rigid constant symbols

Question: Has this inconsistency been reported before?
If not, then LEO-II deserves (part of) the credit!
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Summary: Results of Experiments

Scott’s version

constant

K

varying

KB
constant

varying

S5
constant

varying

Consistency

T

C

T2

T3

Flawless God
Monotheism
Modal Collapse

v

SNENEN I ENENEN

Further logic details

» Henkin semantics
» full comprehension
» rigid constant symbols

ENENEN - ENENENEN

NN NN SNEN
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Avoiding the Modal Collapse: Recent Variants

SOME EMENDATIONS OF GODEL'S
ONTOLOGICAL PROOF

C. Anthony Anderson

Kurt Godel's version of the ontological argument was shown by J. Howard

in a version which is immune to Sobel’s objection. A definition is suggested
whi

ich permits the proof of some of Godel's axioms.

Der Mathematiker und die Frage der Existenz Gottes
(betreflend Godels ontologischen Bewels)
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 Acbeit entalt keinen ph..m.,‘n..n... et Wivee e e e habe oh it ile
n Profe

sor Ger Millr (Heldelber, Janes 1991, doch habe ichnicmals b:.lbal:hug,cm‘ Yttt

chung dber .
e, catschlad ich mich, schnell ine ,erweiterte Kurzfassung* | zu schreiben, ofne aus i einen

Godel’s Ontological Proof Revisited *

c. Am!mny Anderson and Michael Gettings

y of California, Santa Barbara
Deparimin of Phsoghy

Godel’s version of the modal ontological argument for the existence of
God has been criticized by J. Howard Sobel [5] and modified by C. Anthony
Anderson [1]. In the present paper we consider the extent to which Anderson’s
emendation is defeated by the type of objection first offered by the Monk
Gaunilo to St. Anselm’s original Ontological Argument. And we try to push
the analysis of this Godelian argument a bit further to bring it into closer
agreement with the details of Godel's own formulation. Finally, we indicate
what seems to be the main weakness of this emendation of Gédel's attempted
proof.

A New Small Emendation of
Gédel’s Ontological Proof

PETR HAJEK

Keywords: Oulological proof Giidel, modl logie, compreliension, posiive propertics.

1. Introduction

Gédel's ontological proof of necessary existence of a godlike being was finally
publishied in the third volume of Gédel's collecied works [T}
know. in 1970 when Godel showed the proof to Dana Scott and Seott

sented it (in fact a variant of i) at a seminar at, Princeton. Detailed history
is found in Adaws’ introductory remarks Lo the ontological proof in [7]. The
‘proof uses modal logic and its analysis is an exciting exercise in systems of
formal modal logic. Necdles to say, formal modal logic has found several
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Magari and others on Gddel’s ontological
proof

Petr Héjek
Institute of Computer Science, Academy of Sciences
182 07 Prague, Czech Republic
e-mail: hajek@uivt.cas.cz .

1 Introduction

Thiapper o & caioution of my peper (1] 0d concmtrnen st s
sively to mathematical properties of stems underlying Godel's on-
g e [ s e sl o A 4], it apk om0
Magas's criticism [M). Since [H] is written in German, we shall ty to summa-

s p c H] will be e

reading the present paper (even it remains advantageous). Here we describe

Understanding Godel’s
Ontological Argament

FRODE BJGRDAL *

T 1970 Rurt Gadel, in a hand-vritten note entitled “Ontologischer Beweis”,
put forwind an ontological argument for the exisiense of God, making use of
ond-order formala B(E)
gty e propety of

being God-like. Godel presupposes the following definiions:
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reading the present faper (even it remains advantageous). Here we describe

Understanding Godel’s
Ontological Argament

FRODE BJGRDAL *

T 1970 Rurt Gadel, in a hand-vritten note entitled “Ontologischer Beweis”,
put forward an ontological argument for the existence of God, making use of
second-order modal logical principlcs. Let the second-order formala P(F)
stand for “the property F is positive”, and let “God" signily the property of
being God-like. Gocel presapposes the following defini:ions:

Computer-supported Clarification of Controversy
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Higher-Order Modal Logics (Lecture 5):
Interacting with Modal Logics
in the Coq Proof Assistant

Christoph Benzmiiller and Bruno Woltzenlogel Paleo

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 5)



The Coq Proof Assistant
Winner of the ACM Software System Award in 2013

8006 Coglde

File Edit_Navigation TryTactics Templates Queries Display Compile Windows Help

X322 FEOL0

@rscratch

(OModal.v |6Mnd3\class\ﬂl.v [FIGoedelGod-Scott.v

(* Constant predicate that dxstlnquxshes positive properties *)
[Parameter Positive: (u —> o)

(* Axiom Al: either a property or its negation is positive, but not both *)

subgoals
s i

7
w
b :u->o0
5.
.

1 : Positive p w
2 : box (m~ (mexists x : u, p X)) W

s E — (1/2)
[pxiom axiomla : V (mforall p, (Positive (fun x: u => m—(p X))) m-> (m~ (Positive p))). - -
[pxiom axiomlb : V (mforall p, (m- (Positive p)) m-> (Positive (fun x: u => m~ (p X))) ). [ooxi(mcoralip=Rus TRz V)
(* Axiom A2: a property necessarily implied by a positive property is positive *) - (2/2)
|pxiom axiom2: V (mforall p, mforall g, Positive p m/\ (box (mforall x, (p x) m—> (q X) )) £
(* Theorem T1: positive properties are possibly exemplified *)
Theorem theoreml: V (mforall p, (Positive p) m-> dia (mexists x, p x) ).
[Proof .
intro.
intro p.
lintro H1.
[proof_by_contradiction H2.
apply not_dia box mot in H2. 4
assert (H3: ((box (mforall x, m~ (p X))) W))- (* Lemma from Scott's notes *)
box_intro wl RI.
intro x.
assert (H4: ((m~ (mexists x : u, p x)) wl)).
box_elim H2 wl R1 G2.
exact G2.
clear H2 Rl Hl w.
intro H5.
apply H4.
exists x.
exact H5.
assert (H6: ((box (mforall X, (P X) m-> m~ (x m= x))) w)). (* Lemma from Scott's notes *
box_intro wl R1.
intro x.
intro H7.
intro H8
box. eum H3 Wl RL G3.
2T Pen
Al i)
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Typical Natural Deduction Rules
Interactive proving using basic tactics in Coq feels roughly like constructing a natural deduction proof

iB Al
AVB C C A B B .
C VE ang M AB !
Ay, ANB ., B _,
AV B A A B
AAB A A—>B
b v, AANB . N
AVB "” g & B £
Ala] Vx.Alx] Alt] Ix.Alx]
it VE i Je
Vx.A[x] Alf] Ix.Afx] AlB]
oA L
A=A 1 A ‘

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 5)



Correspondence between Coq’s tactics and ND’s inference rules
Interactive proving using basic tactics in Coq feels roughly like constructing a natural deduction proof

Rule Tactic
discharge assumption | exact H. assumption.
—e cut. apply H.
—>i intro H.
Ve apply H.
A intro H.
e apply H.
—; intro H.
efq exfalso.
Ne destruct H as [H1 H2].
Ni split.
Ve destruct H as [H1 | H2].
Vi left. right. classical_left. classical_rigtl
e destruct H as [a H1].
3; exists t.
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Correspondence between Coq’s tactics and ND’s inference rules
Interactive proving using basic tactics in Coq feels roughly like constructing a natural deduction proof

Rule Tactic
discharge assumption | exact H. assumption.
—e cut. apply H.
—>i intro H.
Ve apply H.
A intro H.
e apply H.
—; intro H.
efq exfalso.
Ne destruct H as [H1 H2].
Ni split.
Ve destruct H as [H1 | H2].
Vi left. right. classical_left. classical_rigtl
e destruct H as [a H1].
3; exists t.

Automatic Tactics: auto, tauto, intuition, firstorder,...
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Correspondence between Coq’s tactics and ND’s inference rules
Interactive proving using basic tactics in Coq feels roughly like constructing a natural deduction proof

Rule Tactic
discharge assumption | exact H. assumption.
—e cut. apply H.
—>i intro H.
Ve apply H.
A intro H.
e apply H.
—; intro H.
efq exfalso.
Ne destruct H as [H1 H2].
Ni split.
Ve destruct H as [H1 | H2].
Vi left. right. classical_left. classical_rigtl
e destruct H as [a H1].
3; exists t.

Automatic Tactics: auto, tauto, intuition, firstorder,...

Your Own Tactics: implementable with Ltac

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 5) 4



The Proof/Type System behind Coq

» Calculus of Inductive Constructions (CIC)
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The Proof/Type System behind Coq

» Calculus of Inductive Constructions (CIC)
> Related to CoC (Calculus of Constructions) and AC
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The Proof/Type System behind Coq

» Calculus of Inductive Constructions (CIC)

> Related to CoC (Calculus of Constructions) and AC
» Minimalistic higher-order natural deduction calculi. ..
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The Proof/Type System behind Coq

» Calculus of Inductive Constructions (CIC)

> Related to CoC (Calculus of Constructions) and AC
» Minimalistic higher-order natural deduction calculi. ..
> ...based on the Curry-Howard correspondence
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Curry-Howard Correspondence (1934, 1958; 1969, 1980)

Inference rules for minimal logic:

B TFB—C
T,AFA T-C

e

Typing rules for simply typed lambda calculus:

'-M:B—C) TTEN:B

I,BFC

TFB>C

x:BFM:C

Ix:AFx:A 'k (MN):C

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 5)

'k (Ax:BM):(B—C)



Curry-Howard Correspondence (1934, 1958; 1969, 1980)

Formulas ~ Types

Proofs ~ Terms
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Curry-Howard Correspondence (1934, 1958; 1969, 1980)

Formulas ~ Types
Proofs ~ Terms
Normalization ~ Beta-Reduction

Is T provable? ~ Is T inhabited?
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Brouwer-Heyting-Kolmogorov “Interpretation” (1908, 1924; 1934; 1932)

Constructivism - Intuitionism

A proof of B A C is given by presenting a proof of B and a proof of C.
A proof of BV C is given by presenting either a proof of B or a proof of C.

A proof of B — C is a construction that transforms
any proof of B into a proof of C.
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Two Completely Different Uses of Simply-Typed Lambda Calculus

» Languages used in previous lectures:

> lambda terms provide syntax for higher-order formulas.
» proof calculi have nothing to do with lambda calculus.

» Language of Minimal Logic seen in this lecture’s previous slides:

> simple types provide syntax for (implicational) propositional formulas.
» inference rules of the proof calculus are the typing rules.
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From Minimal to Higher-Order Logics, through Type Theory

» Languages used in previous lectures:

» lambda terms provide syntax for higher-order formulas.
» proof calculi have nothing to do with lambda calculus.

» Language of Minimal Logic seen in this lecture’s previous slides:

» simple types provide syntax for (implicational) propositional formulas.
» inference rules of the proof calculus are the typing rules.

How do we go from minimal logic to higher-order logics?
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From Minimal to Higher-Order Logics, through Type Theory

» Languages used in previous lectures:

> lambda terms provide syntax for higher-order formulas.
» proof calculi have nothing to do with lambda calculus.

» Language of Minimal Logic seen in this lecture’s previous slides:

» simple types provide syntax for (implicational) propositional formulas.
» inference rules of the proof calculus are the typing rules.

How do we go from minimal logic to higher-order logics?

We must generalize our types
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Polymorphism
terms may depend on types

(System F or \;)

Tix:AbFx: A

I'-N:B I'tM:B—~C

'(MN):C

I'x:BFm:C

I'(Ax:Bm):B—C i
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Polymorphism
terms may depend on types (System F or \;)

T,x:AbFx:A
T'HN:B FI—M:B%C_% Ix:BFm:C o
'-MN):C P-(x:Bm):B—=C '
I'EM:VX.A v I'FM:A v;

THMT):AX\T] ° T+ (AX.M):VX.A
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Polymorphism
terms may depend on types

Tox:AbFx:A

I'FEN:B I'M:B—C

I'x:BFm:C

e

T (MN):C =

I'-T7T:Type T'FM: (VX : Type.A)

(M:Bm):B—C i

X :Type-M:A

e

T (MT):AX\T]
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T+ (AX : Type.M) : VX.A vi



Polymorphism
terms may depend on types

Tox:AbFx:A
I'N:B FI—M:B—>C_>6 Ix:BFm:C o
'F(MN):C '(x:Bm):B—C '
I'ET:Type I'HM: (VX : Type.A) I, X:Type-M: A v
' (MT):AX\T] Tk (AX:TypeM): VXA '

Simplification: replace the 4 rules above by the 2 more general rules below

'N:B T'EM: (Vx:B.C) Cox:BEm:C TH(Vx:B.C):s

A
TF (MN): Cx\N] P TF (w:Bm):vx:BC DS
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Polymorphism
terms may depend on types

Tox:AbFx:A
I'N:B FI—M:B—>C_>6 Ix:BFm:C o
'F(MN):C '(x:Bm):B—C '
I'ET:Type I'HM: (VX : Type.A) I, X:Type-M: A v
' (MT):AX\T] Tk (AX:TypeM): VXA '

Simplification: replace the 4 rules above by the 2 more general rules below

'N:B T'EM: (Vx:B.C) Cox:BEm:C TH(Vx:B.C):s

A
TF (MN): Cx\N] P TF (w:Bm):vx:BC DS

B—-C=V_:B.C
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Polymorphism
terms may depend on types

Tox:AbFx:A
I'N:B FI—M:B—>C_>6 Ix:BFm:C o
'F(MN):C '(x:Bm):B—C '
I'ET:Type I'HM: (VX : Type.A) I, X:Type-M: A v
' (MT):AX\T] Tk (AX:TypeM): VXA '

Simplification: replace the 4 rules above by the 2 more general rules below

'N:B T'EM: (Vx:B.C) Cox:BEm:C TH(Vx:B.C):s

A
TF (MN): Cx\N] P TF (w:Bm):vx:BC DS

B—-C=V_:B.C
But now we need a rule for judgements of the form: '+ (Vx: B.C) : s
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Polymorphism
terms may depend on types

Tox:AbFx:A
PEN:B TEM:BC Lox:BEm:C
'F(MN):C '(x:Bm):B—C '
I'ET:Type I'HM: (VX : Type.A) I, X:Type-M: A v
' (MT):AX\T] Tk (AX:TypeM): VXA '

Simplification: replace the 4 rules above by the 2 more general rules below

'N:B T'EM: (Vx:B.C) Cox:BEm:C TH(Vx:B.C):s

A
TF (MN): Cx\N] P TF (w:Bm):vx:BC DS

B—-C=V_:B.C
But now we need a rule for judgements of the form: '+ (Vx: B.C) : s

I'B:s T',x:BF C:Type
'k (Vx:B.C) : Type
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Prod



Dependent Types
types may depend on terms (A\P)

I'x:AFB:C TFH(WVx:AC):s

' (Ax:AB):Vx:A.C Abs

'N:B T'FM: (Vx:B.C)

TFMN):Clew] 7P

I'A:Type I''x:AFB:s
'k (Vx:AB):s

Prod
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Pure Type Systems

A Pure Type System is a triple (S, .4, R), where:

Sisasetofsorts; A C S xS (axioms); R C S xS x S (Prod rules).

(Abs)

(App)

(Weak)

(Conv)

Fs1:8

ix:AbFx:

(S],Sz) cA

I'FA:s p x & dom(T")

I'FA:s; I')x:AFB:s
' (Vx:AB):s3
Ix:AFB:C THMx:AC):s

(S] , 82, S3) cR

I (Ax:AB):Vx:A.C
'A:(Vx:B.C) T'HD:B

' (AD):Cx:=D]
I'FA:B T'HC:s

I''x:CHA:B
I'A:B TFHB :s
I'HA:B

BZ@B/

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 5)



Barendregt’s Cube

—— A\Pw

]

Ad—

The various type systems in the cube have A = { (Type, Kind) } and differ

vV v v VY

from each other w.r.t. the sorts allowed in the Prod rule:

I'FA:s; T')x:AFB:s

s1,82,83) €ER
(Prod) ' (Vx:AB):s3 (s1,52,53)
A—: R = {(Type, Type, Type)}
AP: R = {(Type, Type, Type), (Type, Kind, Kind) }
A2 = {(Type, Type, Type), (Kind, Type, Type)}
AC: R =

{(Type, Type, Type), (Kind, Type, Type), (Type, Kind, Kind), (Kind, Kind, Kind) }
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Dialectica Interpretation
Not to be confused with the Curry-Howard Correspondence

Given a constructive proof 7 of a II, statement Vx : T}.3y : T>.P(x,y),
its dialectica interpretation D(r) is a function f : Ty — T»
such that Vx : T1.P(x,f(x)) is valid.

» Curry-Howard Correspondence: Proof of T is a program of type T
» Dialectica: a program is extracted from a proof of Vx.3y.P(x,y).
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Intuitionism/Constructivism

Pure Coqg can be considered intuitionistic/constructive, but ...
There are different flavours of intuitionism/constructivism out there

Example: (Vx : A.P(x)) — (3x : A.P(x))
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Intuitionism/Constructivism

Pure Coqg can be considered intuitionistic/constructive, but ...
There are different flavours of intuitionism/constructivism out there

Example: (Vx : A.P(x)) — (3x : A.P(x))

Provable in Gentzen’s Intuitionistic Calculi but not in Coq!
Coq does not assume that A is non-empty/inhabited
Coqg'’s logic is a free logic

“Coq + Classical Library” is still a free logic
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics (Lecture 5)



Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
and designed to receive instructions from the user.
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
and designed to receive instructions from the user.

» ATPs are complex and highly optimized, and hence bug-prone.
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
and designed to receive instructions from the user.

» ATPs are complex and highly optimized, and hence bug-prone.
ITPs rely on short and simple trusted code.
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
and designed to receive instructions from the user.

» ATPs are complex and highly optimized, and hence bug-prone.
ITPs rely on short and simple trusted code.
(Currently, lots of research go into the integration of ATPs and ITPs.)
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
and designed to receive instructions from the user.

» ATPs are complex and highly optimized, and hence bug-prone.
ITPs rely on short and simple trusted code.
(Currently, lots of research go into the integration of ATPs and ITPs.)

» Even when ATPs are powerful enough, their proofs can be ...
> ...hard to read
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

» Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
and designed to receive instructions from the user.

» ATPs are complex and highly optimized, and hence bug-prone.
ITPs rely on short and simple trusted code.
(Currently, lots of research go into the integration of ATPs and ITPs.)

» Even when ATPs are powerful enough, their proofs can be ...
> ...hard to read
> ...not exactly the same as the proof we wanted to check
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Issues with Fully Automated Reasoning
Proofs are hard to read and do not necessarily correspond to the informal proofs being checked

DemoMaterial — bash — 166x52
@SvB)@Esv3)=sfalse) | (((p@(~[SX@:mu,5X1:51): Sfalse))@SV3)=Strue))),inference(prim subst, [status{thm)], [66: [bind(SV11,Sthf(~[SV23:mu,SV24:5i]
th7 (B4, plain, (! [SV22: (nu>($i>80)), 5V3: §1,5VB: (mu>($i>S0) )¢ ((((SVBaI ((sK2_SY3305V3)6(~[SKD:mu, SX1: 81 :

~ ((5V2265X8)@5X1) 1) )@SVR)@SV3) )=Strue) | (((p@SVBI@S¥3)=s7alse) | (((p@(*(SXB:mu,5K1:8il:
+ [bind (SV11, Sth7 (* [SV20:mu, SV21:81): (~ ((SV22E5V20)@SH211)1011)).
the(85,plain, (! [SV&:51,5v8: (mus(Si=So))]: ((((p@(~[SY27:mu,5¥28:5i
©5Y28))))@SV4] )=57alse]) ), inference(fac_restr, [status(thm)], [S6]))
th (86, plain, i ! [SVA:$1,5V0: (muz($i60)) s ((((p@(~S¥20:mu,5¥30:$1): (~ ((SVI@SY20)@5Y30))))@SVA)=strue) | ((((peSvoleswd) =
SY38))))@Sv4))=Stalse))), inference(fac_restr, [status(tnm)l,[ 1)

thF (7, plain, (| (5V4:55,5¥0: (nu>(5i>80)) 1 ((((~ (((pESVO)ESYA) \ "tpe(~[SY27:nu, 5T28: 5415
SY2B:sil: [~ ((SWOESY27)ESY28))))Esw4))))

sfalse)) 1)),

(~ (15V226548)e5X11)) ) €SV3)=Strue) ), inference(prin_subst,
~ ((5vo@sY27)@sv28)) ) )@Sve)=sfalse) | ((((p@sva)Esvd) =

(~ ((5V2265K8)€541))1)@SVE) )@l ((sK1_SY31a(~ [5XBimu,Sx1:Sil: (
Istatus(thn) ], 165

((p@(~[S¥27:mu,5¥28:51]: (~ ((Sw9@SY2T)

((p@(*[5¥29:mu,5Y38:81): (~ ((5¥9ESY29)@

(~ ((SVO@SY27)ESY28))))ESV4])) | [~ ((~ ((pBSVE)ESVA)) | (~ ((p@(~[SY27:mu,

Talse) | [((p8(25Y27:mu, 5Y2R:Si): (~ (1SV9GSY27)g5¥28))) 1@SV4)=s alse) ) ), inTerencelextent_equal_neg, [status(tha)], [B5))1.
th(B9,plain, (! [SV4:S$1,5Va: (mus(SixSo))]: ((((~ (((u@sva)@sm | Hp@("[SYEE mu,SY3B:$i): (~ ((SVI@SY29)@sy3))))@sva))) | (~ (I~ ((p@sva)@sva)) | (~ ((p@(~[SY29:mu,
SY30:5il: [~ ((SY9ESY23)ESY30))))GSVA)) ) 1=S7alse] | (((po(~[SY29:mu,SY30:il: (~ ((SVSESY29)05Y30])))ESV4]=Strue))) , inerencelexten? equal neg, |status(tha)l, (B61)1.
thi(92,plain, (! [SV4:81,5¥9: (mu(Si>80)) 1z (((~ ((~ ((pESVI)@SH4)) | (~ ((p@l*ISY2T:mu,5V28:81):

(= ([SVSESY27)5Y2B 1) 1eSvaN ) 1usalsel | TU{pG(~ (Y27 im, SY3B181 )5
~ ((SVB@SVNJ@SYZE)))J@5V4] $false))),inference(extent_or_neq, [status(thm)],[87])).
£nF193, plain, (| (5V4:53,5¥9: (nu>(5>80))1: (((~ (((pESYRIESVA) | [(pai~

[5¥29:mu, SY3:$il: (~ ((SVI@SY29)ESY30))))ESV4)))=sTalse) | (((pal*
§Y20)@5¥38) ) 1)@SV4)=strue) ) ), inferencelexten?_or_neg, [status (thn) ], 891)),
thf(96,plain, (! [SV:

[§Y29:mu, SY30:$1) 2

((svee

(T~ ((p@swa)@sval) | (~ ((p@(~[S¥27:mu,5¥28:51): (~ ((SWSESY27)@SY2B))))@sw4)))=strue) | (((p@(~[SY27:mu,5v28:51): (~ ({S
V9@SY27)@5V28) ) ) J@SV4)=57alse) ], inference(extent_not_neg, [status(thmi], (92])) .
thf(87,plain, (! [SV4: §1,5¥0: (mu>(5i>S0) )]s (((((p@SVI)ESVA) | ((p@(*[SY20:mu,5Y3@:5i): (~ ((SWOESY20)@SY3@))))EsV4))=true) | (((p@(~[SY29:mu,S5Y30:5i): (~ ((SVD@SY29)
@5Y38) ) ) )@Sv4)=strue))), inferencelextcn?_not_neg, (status(thall, [93])).
©nF (180, plain, (! [SV4:51, 50 (mus(5550) 715 T((~ ((pESVIIGSVE))=strue) | ((~ ((p@(~[Sv27:mu,5¥28:51]: (~ ((SVaESY27)@s¥28))))@sva))=strue) | (((p@(~[S¥27:mu, 528511
(~ ((SYBESY27)@5Y28) )] )@SW4)=S alse) ), inferencelextcn®_or_pos, [status(thm)], [96])).
the(181,plain, ! [SV4:81,5V0: (muz($i>$0))): ((((p@Sva)@sv4

true) | (((p@(~1SY29:mu,5Y30:51): [~ ((SVOESY20)@5YIR)))Ieswa)=strue) | ((ipal
9@5Y29)@SY3@)) ) )@SV4) =St rue) ) ), inferencelextent_or_pos, [status(thm)], [97])).

th?(103,plain, (! [SV4:51,50: (mu>(Si>S0))): ((((p@SVO)@SV4)=SFalse) | (I~ ((pal~ [sm-mu SY20:8i): (~ ((SVO@SY27)@5Y28))))@SV4))=strue) | (((p@(~(SY2T:mu,5Y28:8il:
((5VaE5Y27)@5¥28) ) ) )@SV4)=stalse) ) ), inference(exten?_not_pos, [statusithm)], [188])

thf(185,plain, (! [SV4:51,5¥0: (mus(Si>S0))]: ((((p@(~[S¥27:mu,5¥28:$i): (~ (csva@svm@svzam)@sm =sfalse) | (((p@SVe)@SVa)=sfalse) | (((p@(~[SY27:mu,SV2B:51):
SVeasT27)e528) ) ) @SVe)=salse) ) ), in‘erence (extcn?_not_pos, [status(thall, (183])

th?(187,plain, (! [SVB: (mu=($i»S0)) , 5¥3:81, 5K22: tmu($i250) )11 (((tsvu@(((sm S¥33esV3)al (S
(~ ((SVZE@SXEJ@SXU)JJ@SVE)@SV}JJ:stFUEJ | (((pgsve)@sv3)=sfalse) | (((p@(~[SX@:mu, SX1:51]:
1, 1781)).

thi(108,plain, (! [SV11: (mu>($i>S0) ), 5V3:84, SWLS: (mum($i>0) )] ((((SVIS@( ((sK2_SY3IIESVI)@SV1l)@(™[SXO:mu, SX1:51):
SX1:si): [~ ((S¥15@5K8)@5K1))))@sva))=sfalse) | (((p@(*[

(=~ ((SV15ESXBIESXL)))1)@( ( (sK1_SY31ESVI1 )@l [SXa:mu,
SXBrmu,SX1:¢il: (~ ((SVISESXBIESKI))))@SV3l=stalse] | (((p@SV11)@Sv3)=strue) )}, inferencelexten?_not_pos, [statu
s(thm)], [81]))
thf(lﬂg,plam (1[5V4:53,5V0: (mu>(5i>80) )]s ((((p@(~[SY27:mu,S¥20:8i): (~ ((SVOGSY27)@SY20))))@SV4)=sfalse) | (((peSVa)@SV4)=sfalse))), inference(sim, [status(thm)], (18
51))
thf(llﬂ,plam,(‘[5\/4:51,5\'5:tmu>($1>$n))l:

((((p@sva)@sva)=strue) | (((p@(~[SY29:mu,SY3@:51]:

n.
thi(111,plain, (! [5V3:51,5VB: tmu=($i>S0))]
th(112,plain, (1 [sV11:

: (({(p@sva)@sva)=stalse) | (((p@(~[SXB:mu,5X1:81]: Strue))@SV3)=strue))),inferencelsim, [status(thm)], [761)).
mu>($i>50) ), SV3:5i): ((((p@(~[Sx8:mu,5X1:$i): Sfalse))@sv3)=Sfalse) | (((p@SV1l)@sv3)=Strue))),inference(sim, [status(thm)], (88))).
thf(113,plain, ((($7alse)=Strue)), inference (fo_atp_e, [status(thm)], [25,112,111,110,189,108,187,84,83,62,75,74,73, 72,71, 78, 69, 68,67, 66,65,62,57,56,51,42,29]))

thi(114,plain, ($7alse), inference(solved_all_splits, [solved_all_splits(juin, 1111, [113)})
% 575 output end CNFRefutation

“pooes End 0f derivation protocol e
Sx N0, OF clauses in derivation: 97 sss
S ClaUSE COUNTEr: 113 sk

% 575 status Unsatisfiable for ConsistencywithoutFirstConjunctind2.p : (rf:8,axiom:

extent_combined: true, expand_extuni: false, foatp:e, atp_timeout:25,atp_calls_frequenc:
ation:fof_full)

ontolen:DemoHaterial cbenzmuellers []

,ps:3,u:6,ude: false, rLedbEQ: true, rAndEQ: true, use_choice: true,use_extuniztrue,use_
8,ordering:none, proof_output:1,clause_count:113, 1oop_count:@, foatp_calls:2, transt
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U, SXLi$i): (~ ((5V22@5XB)@SX1)) ) )@SWB) @i ( (sK1_SY31@(* [SXB:mu, 5X1:81):
(~ ((SV22ESX8)@SX1) ) ))@SV3)=strue))), inference (extenf_net_neg, [status(thm

t (~ ((SV9ESY29)@SY38))))@Swa)=strue) ) ) inference(sin, [status(thm)], [181]

~[5Y29:mu,5¥38:84) ¢ (~ ((5V
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Embedding HOML in HOL

Example
HOML formula OIG(x)
HOML formula in HOL valid (O3xG(x)),-0
expansion, Sn-conversion VYw, (OTxG(x)) o W
expansion, Sn-conversion Yw, Ju, (rwu A (IxG(x)),ou)
expansion, Sn-conversion VYw, Ju, (rwu A IxGxu)

Does this actually work in practice?

Is it efficient ??

Is it user-friendly ??
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Modal Logics in the Coq Proof Assistant

» Challenges:

» Can we hide the semantic embedding from the user?
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Modal Logics in the Coq Proof Assistant

» Challenges:

» Can we hide the semantic embedding from the user?

» Can we provide an interaction experience to the user that
differs as little as possible from what he is already used to?
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Modal Logics in the Coq Proof Assistant

» Challenges:

» Can we hide the semantic embedding from the user?

» Can we provide an interaction experience to the user that
differs as little as possible from what he is already used to?

» Can we reconstruct, step-by-step in Coq, precisely Scott’s
formulation of Gédel’'s argument?
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Modal Logics in the Coq Proof Assistant

Parameter i: Type.
Parameter u: Type.
Definition o := i -> Prop.

Parameter r: i -> i -> Prop.
Definition mnot (p: o)(w: i) := ~ (p w).

Notation "m™ p" := (mnot p) (at level 74, right associativity).

Definition mand (p q:o0)(w: i) := (p w) /\ (q w).
Notation "p m/\ q" := (mand p q) (at level 79, right associativity).

Definition mor (p qg:o)(w: i) := (p w) \/ (q w).
Notation "p m\/ q" := (mor p q) (at level 79, right associativity).

Definition mimplies (p q:0) (w:i) := (p w) -> (q w).

Notation "p m-> q" := (mimplies p q) (at level 99, right associativity).
Definition mequiv (p g:o) (w:i) := (p w) <-> (q ).
Notation "p m<-> q" := (mequiv p q) (at level 99, right associativity).
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Modal Logics in the Coq Proof Assistant

Definition A {t: Type}(p: t -> o)(w: i) := forall x, p x w.

Notation "’mforall’ x , p" := (A (fun x => p))
(at level 200, x ident, right associativity) : type_scope.
Notation "’mforall’ x : t , p" := (A (fun x:t => p))
(at level 200, x ident, right associativity,
format "’ [’ ’mforall’ °/ °> x : t , /7’ p’’1'")
! type_scope.

Definition E {t: Type}(p: t -> o) (w: i) := exists x, p x w.

Notation "’mexists’ x , p" := (E (fun x => p))
(at level 200, x ident, right associativity) : type_scope.
Notation "’mexists’ x : t , p" := (E (fun x:t => p))
(at level 200, x ident, right associativity,
format "’ [’ ’mexists’ ’/ ’ x : t , /7’ p’1’"
: type_scope.
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Modal Logics in the Coq Proof Assistant

Definition box (p: o) := fun w => forall wi, (r w wi) -> (p wil).
Definition dia (p: o) fun w => exists wil, (r w wi) /\ (p wil).
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Modal Logics in the Coq Proof Assistant

Lemma mp_dia:

[mforall p, mforall q, (dia p) m-> (box (p m-> q)) m—> (dia q)].
Proof. mv.
intros p q H1 H2. unfold dia. unfold dia in H1l. unfold box in H2.

destruct H1 as [wO [R1 H1]]. exists wO. split.
exact R1.

apply H2.
exact R1.
exact H1.
Qed.
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Modal Logics in the Coq Proof Assistant

Ltac box_i := let w := fresh "w" in let R := fresh "R"
in (intro w at top; intro R at top).

Ltac box_elim H wl H1 := match type of H with
((box ?p) 7w) => cut (p wl);
[intros H1 | (apply (H wl); try assumption)] end.

Ltac box_e H Hl:= match goal with | [ |- (_ ?w) ] => box_elim H w H1 end.

Ltac dia_e H := let w := fresh "w" in let R := fresh "R" in

(destruct H as [w [R H]]; move w at top; move R at top).

Ltac dia_i w := (exists w; split; [assumption | idtac]).
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Modal Logics in the Coq Proof Assistant

Lemma mp_dia:
[mforall p, mforall q, (dia p) m-> (box (p m-> q)) m-> (dia q)].
Proof. mv.
intros p q H1 H2. unfold dia. unfold dia in H1. unfold box in H2.
destruct H1 as [wO [R1 H1]]. exists wO. split.
exact R1.
apply H2.
exact R1.
exact H1.
Qed.

Lemma mp_dia:
[mforall p, mforall q, (dia p) m-> (box (p m-> q)) m-> (dia q)].

Proof. mv.
intros p q H1 H2. dia_e H1. dia_i wO. box_e H2 H3. apply H3. exact HI1.
Qed.
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Natural Deduction Calculus
Rules for Modalities

OA

Og
A
t:
LA o,

eigen-box condition:
O; and <g are strong modal rules:
« and g must be fresh names for the boxes they access

boxed assumption condition:
assumptions should be discharged within
the box where they are created.

(in analogy to the eigen-variable condition for strong quantifier rules).
Every box must be accessed by exactly one strong modal inference.
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Modal Logics in the Coq Proof Assistant

Lemma mp_dia:
[mforall p, mforall q, (dia p) m-> (box (p m—>
Proof. mv.

intros p q H1 H2. dia_e H1. dia_i wO. box_e H2 H3. apply H3. exact H1.

Qed.

qQ)) m-> (dia q)].

— 1 _— 9
O Op — q
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Modal Logics in the Coq Proof Assistant
Part of Scott’s Formulation of Gédel’s Proof

Theorem theoreml: [ mforall p, (Positive p) m—> dia (mexists x, p x) ].
Proof. mv.
intro p. intro H1. proof_by_contradiction H2. apply not_dia_box_not in H2.
assert (H3: ((box (mforall x, m~ (p x))) w)).
box_i. intro x. assert (H4: ((m~ (mexists x : u, p x)) w0)).
box_e H2 G2. exact G2.
clear H2 R H1 w. intro H5. apply H4. exists x. exact H5.
assert (H6: ((box (mforall x, (p x) m—> m~ (x m= x))) w)).
box_i. intro x. intros H7 H8. box_elim H3 w0 G3. eapply G3. exact H7.
assert (H9: ((Positive (fun x => m~ (x m= x))) w)).
apply (axiom2 w p (fun x => m~ (x m= x))). split.
exact Hi.
exact H6.
assert (H10: ((box (mforall x, (p x) m—> (x m= x))) w)).
box_i. intros x H1l. reflexivity.
assert (H11 : ((Positive (fun x => (x m= x))) w)).
apply (axiom2 w p (fun x => x m= x )). split.
exact H1.
exact H10.
apply axiomla in H9. contradictiom.
Qed.
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Natural Deduction Proofs for the Ontological Argument

T1 and C1
,,,,,,,,,,, A2
Ve [(P(9) A DV () 9 )]) 5 PO
VLR A Tlpl) > W) 2 PO Ata
(P(p) A BVx.[p(x) = =p(x)]) = P(—p) Vo.[P(—p) = —P(¢)] .
(P(p) A OVx.[2p(x)]) = P(=p) P(=p) = =P(p) "

(P(p) A OVx.[p0)]) — ~P(p)
P(p) — <Fx.p(x)

T1: V. [P(p) = <OTx.p(x)] K
SR b
A3 Yp[P(p) = Odxp(x)]
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Natural Deduction Proofs for the Ontological Argument
T2 (Partial)

] oP(y)’ o |oo- - n,
[P@) Y—— P(¥) - ¥x.(G(x) - ¢(x)) S
o YX(G(X) 2 Y(X))
¥(x)° () —»oP@E) | ovx.(G(x) - ¢(x)) 7
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ovx.(G(x) — y(x)) 6

Px) = oVx(GO) — p(x)) !
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