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Introduction

This Tutorial . . .

. . . is about (narrow picture)
I higher-order modal logic (HOML)
I classical higher-order logic (HOL)
I embedding of HOML in HOL
I mechanisation and automation with HOL ATPs
I various applications, including metaphysics

. . . is about (wider picture)
I a quite universal approach to automate reasoning for a wide range of

classical and non-classical logics
I a very broad range of possible applications
I including meta-reasoning about logical systems
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Introduction

Our primary interest . . .
I is in expressive logics:

quantification (first- and higher-order) and lambda-expressions
I propositional fragments are trivially covered
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Introduction: Outline of Tutorial

Lecture 1 & 2
I Motivation, Logic Embedding Approach – Advantages
I Introduction to HOL

I Syntax, Henkin and Standard Semantics, Calculi (and more)
I Automated Theorem Provers for HOL, TPTP THF Infrastructure

Lecture 3
I Introduction to HOML

I Syntax, Henkin and Standard Semantics
I Embedding in HOL
I Automation with HOL-ATPs
I Flexibility

Lecture 4
I Automating the Ontological Argument for the Existence of God

Lecture 5
I Interacting with Modal Logics in the Coq Proof Assistant
I ?(Embedding Quantified Conditional Logics)
I ?(Cut-Elimination and Cut-Simulation in HOL and HOML)
I ?(SUMO Ontology and HOML)
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Introduction: Expressivity Matters — Cantor’s Theorem

Cantor’s theorem: The set of all subsets of A, that is, the power set of A, has
a strictly greater cardinality than A itself.

In HOL Cantor’s theorem (surjective version) can be encoded as

¬∃fι�(ι�o)∀gι�o∃xι.fx = g

HO ATPs can solve this problem very efficiently.

Their solution includes the detection and application of the diagonalisation
argument.

Today: basic test example for new higher-order theorem provers.

Further reading: [AndrewsEtAl., Automating higher-order logic, 1984]

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 6



Introduction: Expressivity Matters — Cantor’s Theorem

Cantor’s theorem: The set of all subsets of A, that is, the power set of A, has
a strictly greater cardinality than A itself.

In HOL Cantor’s theorem (surjective version) can be encoded as

¬∃fι�(ι�o)∀gι�o∃xι.fx = g

HO ATPs can solve this problem very efficiently.

Their solution includes the detection and application of the diagonalisation
argument.

Today: basic test example for new higher-order theorem provers.

Further reading: [AndrewsEtAl., Automating higher-order logic, 1984]

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 6



Introduction: Expressivity Matters — Boolos’ Example

[George Boolos, A curious inference, J. Philosophical Logic, 16:1-12, 1987]

1. ∀n f (n, 1) = s(1)

2. ∀x f (1, s(x)) = s(s(f (1, x)))

3. ∀n∀x f (s(n), s(x)) = f (n, f (s(n), x))

4. D(1)

5. ∀x D(x)→ D(s(x)))
...

6. D(f (s(s(s(s(1)))), s(s(s(s(1))))))

Induction proof: from (4) and (5), we get ∀x D(x), hence
D(f (s(s(s(s(1)))), s(s(s(s(1)))))) by ∀-elimination.

But induction is not given, hence the first order proof consists of brute force
modus ponens applications: infeasible number of single steps (2(2 · · ·2) with
64K ‘2s’)
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Introduction: Expressivity Matters — Boolos’ Example

[Boolos, A curious inference, J. Philosophical Logic, 16:1-12, 1987]

Comprehension axioms ∃Nαn→β ∀zn N(z1, . . . , zn) = Bβ
Can be avoided: use λ-binding construct to denote N

Instances of comprehension axioms in Boolos’ proof:

∃N∀z N(z) = (∀X X(1) ∧ ∀y (X(y)→ X(s(y)))→ X(z))

∃E∀z E(z) = (N(z) ∧D(z))

Central idea: “assume the induction principle holds for number z –
corresponding to N(z) – then we can show for any predicate X a property
X(z) by induction.”
The proof employs the following lemmata:
Lemma 1: N(1), ∀y (N(y)→ N(s(y))), N(s(s(s(s(1))))), E(1), ∀y (E(y)→ E(s(y))),
E(s(1))

Lemma 2: ∀n N(n)→ ∀x (N(x)→ E(f (n, x)))

The theorem itself is then an easy application of the two lemmata.
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Introduction: Expressivity Matters — Boolos’ Example

Formalization in OMEGA and Mizar: see [BenzmüllerBrown, The curious
inference of Boolos in MIZAR and OMEGA, Studies in Logic, Grammar, and Rhetoric,
volume 10(23), pp. 299-388, 2007.]
Earlier paper: [BenzmüllerKerber, A Lost Proof, 2001].
Earlier poster: http://christoph-benzmueller.de/papers/poster-tphols01.pdf
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Inroduction: Higher-Order Modal Logics

2P: P is necessary, P is obligatory, P is known, P is believed, always P . . .

3P: P is possible, P is permissible, P is epistemically possible, P is
doxastically possible, eventually P . . .

2 and 3 are not truth-functional

HOL can be extended by 2 and 3 to obtain HOML

There are many interesting applications of such logics, e.g. in Metaphysics
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Introduction: HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

Logic L
Syntax

Logic L
Semantics

Examples for L we have already studied:
Modal Logics, Conditional Logics, Intuitionistic Logics, Access Control Logics, Nominal
Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood Semantics,
(Mathematical) Fuzzy Logics, Paraconsistent Logics, . . .

Works also for (first-order & higher-order) quantifiers
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Introduction: Embedding Approach — Idea

HOL (meta-logic) ϕ ::=

Your-logic (object-logic) ψ ::=

Embedding of in

=

=

=

=

Embedding of meta-logical notions on in

valid =

satisfiable =

... =

Pass this set of equations to a higher-order automated theorem prover
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Introduction: Embedding Approach — HOML in HOL

HOML ϕ,ψ ::= . . . | ¬ϕ | ϕ ∧ ψ | ϕ→ ψ | 2ϕ | 3ϕ | ∀xγ ϕ | ∃xγ ϕ

HOL s, t ::= Cα | xα | (λxαsβ)α�β | (sα�β tα)β | ¬so | so ∨ to | ∀xα to

HOML in HOL: HOML formulas ϕ are mapped to HOL predicates ϕι�o
(explicit representation of labelled formulas)

¬ = λϕι�oλwι¬ϕw
∧ = λϕι�oλψι�oλwι(ϕw ∧ ψw)
→ = λϕι�oλψι�oλwι(¬ϕw ∨ ψw)

∀ = λhγ�(ι�o)λwι∀dγ hdw
∃ = λhγ�(ι�o)λwι∃dγ hdw

2 = λϕι�oλwι∀uι (¬Rwu ∨ ϕu)
3 = λϕι�oλwι∃uι (Rwu ∧ ϕu)

valid = λϕι�o∀wι ϕw

Ax (polymorphic over γ)

The equations in Ax are given as axioms to the HOL provers!
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Advantages of the Embedding Approach

1. Pragmatics and convenience:
I implementing new provers made simple (even for not yet automated logics)

2. Availability:
I simply reuse and adapt our existing encodings (THF, Isabelle/HOL, Coq)

3. Flexibility:
I rapid experimentation with logic variations and logic combinations

4. Relation to labelled deductive systems:
I extra-logical labels vs. intra-logical labels (here)

5. Relation to standard translation:
I extra-logical translation vs. extended intra-logical translation (here)

6. Meta-logical reasoning:
I various examples already exist, e.g. verification of modal logic cube

7. Direct calculi and user intuition:
I possible: tactics on top of embedding, hiding of embedding

8. Soundness and completeness:
I already proven for many non-classical logics (wrt Henkin semantics)

9. Cut-elimination:
I generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 14



Advantage: 1. Pragmatics and convenience
implementing new provers made simple (even for not yet automated logics)

A very “Lean” Prover for HOML KB
1 %----The base type $i (already built-in) stands here for worlds and
2 %----mu for individuals; $o (also built-in) is the type of Booleans
3 thf(mu_type,type,(mu:$tType)).
4 %----Reserved constant r for accessibility relation
5 thf(r,type,(r:$i>$i>$o)).
6 %----Modal logic operators not, or, and, implies, box, diamond
7 thf(mnot_type,type,(mnot:($i>$o)>$i>$o)).
8 thf(mnot,definition,(mnot = (^[A:$i>$o,W:$i]:~(A@W)))).
9 thf(mor_type,type,(mor:($i>$o)>($i>$o)>$i>$o)).

10 thf(mor,definition,(mor = (^[A:$i>$o,Psi:$i>$o,W:$i]:((A@W)|(Psi@W))))).
11 thf(mand_type,type,(mand:($i>$o)>($i>$o)>$i>$o)).
12 thf(mand,definition,(mand = (^[A:$i>$o,Psi:$i>$o,W:$i]:((A@W)&(Psi@W))))).
13 thf(mimplies_type,type,(mimplies:($i>$o)>($i>$o)>$i>$o)).
14 thf(mimplies,definition,(mimplies = (^[A:$i>$o,Psi:$i>$o,W:$i]:((A@W)&(Psi@W))))).
15 thf(mbox_type,type,(mbox:($i>$o)>$i>$o)).
16 thf(mbox,definition,(mbox = (^[A:$i>$o,W:$i]:![V:$i]:(~(r@W@V)|(A@V))))).
17 thf(mdia_type,type,(mdia:($i>$o)>$i>$o)).
18 thf(mdia,definition,(mdia = (^[A:$i>$o,W:$i]:?[V:$i]:((r@W@V)&(A@V))))).
19 %----Quantifiers (constant domains) for individuals and propositions
20 thf(mforall_ind_type,type,(mforall_ind:(mu>$i>$o)>$i>$o)).
21 thf(mforall_ind,definition,(mforall_ind = (^[A:mu>$i>$o,W:$i]:![X:mu]:(A@X@W)))).
22 thf(mforall_indset_type,type,(mforall_indset:((mu>$i>$o)>$i>$o)>$i>$o)).
23 thf(mforall_indset,definition,(mforall_indset = (^[A:(mu>$i>$o)>$i>$o,W:$i]:![X:mu>$i>$o]:(A@X@W)))).
24 thf(mexists_ind_type,type,(mexists_ind:(mu>$i>$o)>$i>$o)).
25 thf(mexists_ind,definition,(mexists_ind = (^[A:mu>$i>$o,W:$i]:?[X:mu]:(A@X@W)))).
26 thf(mexists_indset_type,type,(mexists_indset:((mu>$i>$o)>$i>$o)>$i>$o)).
27 thf(mexists_indset,definition,(mexists_indset = (^[A:(mu>$i>$o)>$i>$o,W:$i]:?[X:mu>$i>$o]:(A@X@W)))).
28 %----Definition of validity (grounding of lifted modal formulas)
29 thf(v_type,type,(v:($i>$o)>$o)).
30 thf(mvalid,definition,(v = (^[A:$i>$o]:![W:$i]:(A@W)))).
31 %----Properties of accessibility relations: symmetry
32 thf(msymmetric_type,type,(msymmetric:($i>$i>$o)>$o)).
33 thf(msymmetric,definition,(msymmetric = (^[R:$i>$i>$o]:![S:$i,T:$i]:((R@S@T)=>(R@T@S))))).
34 %----Here we work with logic KB, i.e., we postulate symmetry for r
35 thf(sym,axiom,(msymmetric@r)).

TPTP THF0 syntax: [SutcliffeBenzmüller, J.Formalized Reasoning, 2010]
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Advantage: 1. Pragmatics and convenience
implementing new provers made simple (even for not yet automated logics)

Approach is competitive

I First-order modal logic: see experiments in
[BenzmüllerOttenRaths, ECAI, 2012]

[BenzmüllerRaths, LPAR, 2013]
[Benzmüller, ARQNL, 2014]

I Higher-order modal logics:

There are no other systems yet!
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Advantage: 2. Availability
simply reuse and adapt our existing encodings (THF, Isabelle/HOL, Coq)

HOML in Isabelle/HOL

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 16



Advantage: 3. Flexibility
rapid experimentation with logic variations and logic combinations

Postulating modal axioms or semantical constraints

HOL

Sahlqvist axioms Semantical constraints
M: valid ∀ϕ(2Rϕ→ ϕ) ↔ ∀x(Rxx) (reflexivity)
B: valid ∀ϕ(ϕ→ 2R3Rϕ) ↔ ∀x∀y(Rxy→ Ryx) (symmetry)
D: valid ∀ϕ(2Rϕ→ 3Rϕ) ↔ ∀x∃y(Rxy) (serial)
4: valid ∀ϕ(2Rϕ→ 2R2Rϕ) ↔ ∀x∀y∀z(Rxy ∧ Ryz→ Rxz) (transitivity)
5: valid ∀ϕ(3Rϕ→ 2R3Rϕ) ↔ ∀x∀y∀z(Rxy ∧ Rxz→ Ryz) (euclidean)
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Advantage: 3. Flexibility
rapid experimentation with logic variations and logic combinations

Possibilist vs. Actualist Quantification

∀ = λhγ�(ι�o)λwι∀dγ hdw (constant domains)
becomes
∀va = λhγ�(ι�o)λwι∀dγ (ExInW dw→ hdw) (varying domains)

where ExInW is an existence predicate
(additional axioms: non-empty domains, denotation of constants & functions)
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Advantage: 4. Relation to labelled deductive systems
extra-logical labels vs. intra-logical labels (here)

3∃xG(x) worldlabel −→ ((3∃xG(x))ι�o worldlabelµ)
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmüllerPaulson, LogicaUniversalis, 2013]
[BenzmüllerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation

(2ϕ) a

−→ ((2ϕ)ι�o a)
−→ (((λϕι�oλwι∀uι (¬Rwu ∨ ϕu))ϕ)ι�o a)
−→ (∀uι (¬Rau ∨ ϕι�o u)

We have extended this also for first-order and higher-order quantifiers!

(∀xϕ(x)) a

−→ ((∀xϕ(x))ι�o a)
−→ ((∀(λxϕ(x)))ι�o a)
−→ (((λhγ�(ι�o)λwι∀dγ hdw)(λxϕ(x)))ι�o a)
−→ ∀d (ϕ(d)ι�o a)
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Advantage: 6. Meta-logical reasoning
various examples already exist, e.g. verification of modal logic cube

[Benzmüller, FestschriftWalther, 2010]
[BenzmüllerClausSultana, PxTP, 2015]

K

K4

K5

KB

K45 KB5

D

D4

D5

DB

D45

M

S4

BB

S5 ≡ M5 ≡ MB5 ≡ M4B5
≡ M45 ≡ M4B ≡ D4B
≡ D4B5 ≡ DB5

M: 2P→ P
B: P→ 23P
D: 2P→ 3P
4: 2P→ 22P
5: 3P→ 23P

K

M

4
5

B

≡ K4B5 ≡ K4B

Verification of cube in less than 1 minute in Isabelle/HOL
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Advantage: 7. Direct calculi and user intuition
abstract level tactics (here in Coq) on top of embedding, hiding of embedding

[BenzmüllerWoltzenlogelPaleo, CSR’2015]
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Advantage: 8. Soundness and completeness
already proven for many non-classical logics (wrt Henkin semantics)

Soundness and Completeness
|=L ϕ iff Ax |=HOL

Henkin validϕι�o

Logic L:
I Higher-order Modal Logics [BenzmüllerWoltzenlogelPaleo, ECAI, 2014]
I First-order Multimodal Logics [BenzmüllerPaulson, LogicaUniversalis, 2013]
I Propositional Multimodal Logics [BenzmüllerPaulson, Log.J.IGPL, 2010]
I Quantified Conditional Logics [Benzmüller, IJCAI, 2013]
I Propositional Conditional Logics [BenzmüllerEtAl., AMAI, 2012]
I Intuitionistic Logics [BenzmüllerPaulson, Log.J.IGPL, 2010]
I Access Control Logics [Benzmüller, IFIP SEC, 2009]
I Logic Combinations [Benzmüller, AMAI, 2011]
I . . . more is on the way . . . including:

I Description Logics
I Nominal Logics
I Multivalued Logics (SIXTEEN)
I Logics based on Neighborhood Semantics
I (Mathematical) Fuzzy Logics
I Paraconsistent Logics
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Advantage: 9. Cut-elimination
generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)
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Higher-order Logic (HOL)
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Classical Higher-Order Logic (HOL)

Expressivity FOL HOL Example

Quantification over
- Individuals X X ∀x p(f (x))
- Functions - X ∀f p(f (a))
- Predicates/Sets/Rels - X ∀p p(f (a))

Unnamed
- Functions - X (λx x)
- Predicates/Sets/Rels - X (λx x , a)

Statements about
- Functions - X continuous(λx x)
- Predicates/Sets/Rels - X reflexive(= )

Powerful abbreviations - X reflexive =λr∀x r(x, x)
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Classical Higher-Order Logic (HOL)

Expressivity FOL HOL Example

Quantification over
- Individuals X X ∀xι pι�o(f ι�ι(xι))
- Functions - X ∀f ι�ι pι�o(f ι�o(aι))
- Predicates/Sets/Rels - X ∀pι�o pι�o(f ι�ι(aι))

Unnamed
- Functions - X (λxι xι)
- Predicates/Sets/Rels - X (λxι�ι xι�ι , ι�ι�p a)ι)

Statements about
- Functions - X continuous(ι�ι)�o(λxι xι)
- Predicates/Sets/Rels - X reflexive(ι�ι�o)�o(= ι�ι�o)

Powerful abbreviations - X reflexive(ι�ι�o)�o =
λr(ι�ι�o) ∀xι r(x, x)

Simple Types: Prevent Some Paradoxes and Inconsistencies
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HOL: Syntax

Simple Types: α, β ::= ι | o | (α � β)
(we may add further base types, e.g. µ)

HOL Language:

s, t ::= Pα | xα | (λxα sβ)α→β | (sα→β tα)β |
(¬o→o so) | ((∨o→o→o so) to) | ∀(α→o)→o(λxα so)

constant symbols
variable symbols
lambda abstraction
application
negation
disjunction
universal quantification

Terms of type o: formulas

Other logical connectives can be defined, e.g. ∃xs stands for ¬∀x¬s

Equality may also be defined: s � t stands for ∀P(Ps⇒ Pt)
(but it is stongly recommended to add primitive equality!)
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HOL: Syntax

α-conversion
is considered implicitly, e.g. (λx Px) is identified with (λy Py).

Substitution ([s/x]t)
of a term sα for xα in tβ is denoted by [s/x]t. We assume the bound variables
of t avoid variable capture: [y/x](λy .Ryx) returns (λz .Rzy) and not (λy .Ryy)

β-reduction and η-reduction
β-redex has the form (λx s)t and β-reduces to [t/x]s.

(λx s)t −→β [t/x]s

η-redex has the form (λx sx) where x is not free in s; it η-reduces to s.

(λx sx) −→η s (x is not free in s)

s≡βt means s can be converted to t by β-reductions and expansions.
s≡βηt means s can be converted to t using both β and η.

Unique normalforms exist
For each sα ∈ HOL there is a unique β-normal form and a unique βη-normal
form.
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HOL: Semantics

Semantics of HOL is (meanwhile) well understood

I Origin [Church, J.Symb.Log., 1940]

I Henkin-Semantics [Henkin, J.Symb.Log., 1950]
[Andrews, J.Symb.Log., 1971, 1972]

I Extensionality/Intensionality [BenzmüllerEtAl., J.Symb.Log., 2004]

[Muskens, J.Symb.Log., 2007]

HOL with Henkin-Semantics:
semi-decidable & compact & existence of countable models (like FOL)

Recommended Reading: [BenzmüllerMiller, HandbookHistoryOfLogic, Vol.9, 2014]
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HOL: Semantics

A Frame D
is a collection {Dα}α∈T of nonempty sets Dα, such that
I Dι can be chosen freely
I Do = {T,F} (for truth and falsehood), and
I Dα→β are collections of functions mapping Dα into Dβ

A Model M
for HOL is a tuple M = 〈D, I〉, where
I D is a frame;
I I is a family of typed interpretation functions mapping constant symbols

pα to appropriate elements of Dα, called the denotation of pα;
I the logical connectives ¬, ∨, and ∀ are always given the standard

denotations;
I moreover, we assume that the domains Dα→α→o contain the respective

identity relations.
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HOL: Semantics

Standard and Henkin Models

In a standard model M = 〈D, I〉 we have
I Dα→β = {f | f : Dα −→ Dβ} (for all types α, β)

In a Henkin model M = 〈D, I〉 we only require
I Dα→β ⊆ {f | f : Dα −→ Dβ} (for all types α, β)
I the valuation function ‖ · ‖M,g from above is total (every term denotes)

Any standard model is obviously also a Henkin model.
We consider Henkin models in the remainder (for Henkin semantics we have
semi-decidability, compactness and existence of countable models).

A Remark on Equality
Primitive equality is not needed in HOL, since equality can be defined:

� := λxαλyα∀pα→o.px→ py (Leibniz)

+ := λxαλyα∀qα→α→o.∀zα(qzz)→ qxy (Andrews)

For theoretical and pragmatic reasons the use of primitive equality is
nevertheless highly recommended.
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semi-decidability, compactness and existence of countable models).

A Remark on Equality
Primitive equality is not needed in HOL, since equality can be defined:

� := λxαλyα∀pα→o.px→ py (Leibniz)

+ := λxαλyα∀qα→α→o.∀zα(qzz)→ qxy (Andrews)

For theoretical and pragmatic reasons the use of primitive equality is
nevertheless highly recommended.
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HOL: Semantics

Variable Assignment
A variable assignment g maps variables xα to elements in Dα.
g[d/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

Interpretation/Value of a HOL term
The value ‖sα‖M,g of a HOL term sα on a model M = 〈D, I〉 under assignment
g is an element d ∈ Dα defined in the following way:

1. ‖Pα‖M,g = I(Pα)

2. ‖xα‖M,g = g(xα)

3. ‖(sα→β tα)β‖M,g = ‖sα→β‖M,g(‖tα‖M,g)

4. ‖(λxα sβ)α→β‖M,g = the function f from Dα to Dβ such that
f (d) = ‖sβ‖M,g[d/xα] for all d ∈ Dα

5. ‖(¬o→o so)o‖M,g = T iff ‖so‖M,g = F

6. ‖((∨o→o→o so) to)o‖M,g = T iff ‖so‖M,g = T or ‖to‖M,g = T

7. ‖(∀(α→o)→o(λxα so))o‖M,g = T iff for all d ∈ Dα we have ‖so‖M,g[d/xα] = T
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C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 31



HOL: Semantics

Truth in model / Validity

A formula so is true in model M under assignment g if and only if ‖so‖M,g = T;
this is also denoted as M, g |= so.

A formula so is called valid in M if and only if M, g |= so for all assignments g;
this is also denoted as M |= so.

A formula so is called valid, which we denote by |= so, if and only if M |= so for
all M.

We define |= ϕ, where ϕ is a set of HOL formulas, if and only if |= s for all
s ∈ ϕ.

Logical Consequence
Let ϕ and ψ be set of HOL formulas. We define

ϕ |= ψ (logical consequence)

if and only if for each model M we have:

M |= ϕ implies M |= ψ
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HOL: Semantics
(see [BenzmüllerBrownKohlhase, J.Symb.Log., 2004] and [BenzmüllerBrownKohlhase, LMCS, 2009]
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HOL: ND Calculi
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HOL: Sequent Calculi

Soundness, Completeness and Cut-elimination
iff Ax |=HOL

Henkin ϕι�o iff Ax `HOL
cut-free ϕι�o
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Higher-Order Automated Theorem Provers (HOL-ATPs)
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HOL-ATPs

EU FP7 Project THFTPTP

I Collaboration with Geoff Sutcliffe and others (Chad Brown, Florian Rabe,
Nik Sultana, Jasmin Blanchette, Frank Theiss, . . . )

I Results
I THF0 syntax for HOL (with Choice; Henkin Semantics)
I library with example problems (e.g. entire TPS library) and results
I international CASC competition for HOL-ATP
I online access to provers
I various tools

More information: [SutcliffeBenzmüller, J.FormalizedReasoning, 2010]
http://cordis.europa.eu/result/report/rcn/45614_en.html
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Automated Theorem Provers and Model Finders for HOL
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HOL-ATPs

I TPS: mating method, schedules many different modes (sets of flag
settings)

I LEO-I/II: resolution based, cooperation with FOL-ATP (E), very few
modes

I Isabelle: schedules various tactics and external provers
I Satallax: instantiation and tableaux based, cooperation with SAT solver

(MiniSat) and FOL-ATP (E), schedules many different modes
I Nitpick: (counter-)model finder, cooperation with FOL constraint solver
I agsyHOL: generic lazy narrowing search algorithm with backtracking
I coqATP: implements (non-inductive) part of Coq’s logic (calculus of

constructions), adds axioms like excluded middle and extensionality

Interactive Proof Assistants: Isabelle/HOL, HOL, HOL-light, PVS, OMEGA,
. . . , Automath, Nuprl, LEGO, Coq, Coq, Agda, . . .

Logical Frameworks: Elf, Twelf, Beluga, . . .

Other HOL-ATPs: OMEGA, λClam, Otter-λ, Watson, . . .
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Demo: TPTP THF, SystemOnTPTP and HOL-ATPs

TPTP THF library

I TPTP library: http://www.tptp.org –> Problems
I THF problems have a ’ˆ’ in the problem name
I Example: Cantor’s Theorem (SET557ˆ1.p)

¬∃Fι�(ι�o)∀Gι�o∃Xι.FX = G

SystemOnTPTP and HOL-ATPs

I SystemOnTPTP: http://www.tptp.org –> SystemOnTPTP
I Example:

∃Pι�o∀Xι.PX
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Short Demo in Isabelle/HOL: Cantor’s Theorem

See demo file SET557.thy
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Some Applications: Mathematics

ATPs as external reasoners in Interactive Proof Assistants
[KaliszykUrban, Learning-Assisted Automated Reasoning with Flyspeck, JAR, 2014]

I Flyspeck project: formal proof (in HOL-light) of Kepler’s Conjecture
I automation of 14185 theorems studied by Kaliszyk and Urban
I they developed AI architecture employing various external ATPs in which

39 % of the theorems could be proved in a push-button mode in 30
seconds of real time on a fourteen-CPU workstation

I subset of 1419 theorems extracted from Flyspeck theorems

I next slide: performance of THF0 provers on these 1419 problems
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Some Applications: Mathematics
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Some Applications: Philosophy

Theoretical Philosophy and Metaphysics
[Benzmüller&Woltzenlogel-Paleo, AutomatingGödel’sOntologicalProof, ECAI, 2014]

I First-time verification/automation of a modern ontological argument

Gödel’s/Scott’s proof of the existence of God

I Remember Leibniz: Two debating philosophers . . . Calculemus!
I Gödel’s argument employs Higher-Order Modal Logic
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Gödel’s God in TPTP THF

Provers can be called remotely in Miami — no local installation needed!

Download our experiments from
https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF
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Gödel’s God in Isabelle/HOL

See verifiable Isabelle/HOL document (Archive of Formal Proofs) at:
http://afp.sourceforge.net/entries/GoedelGod.shtml
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Gödel’s God in Coq

See verifiable Coq document at:
https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations/Coq
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Higher-Order Modal Logics (Lectures 3)

Christoph Benzmüller1 and Bruno Woltzenlogel-Paleo
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HOML: Motivation

2P

P is necessary, P is obligatory, P is known,
P is believed, always P . . .

3P

P is possible, P is permissible, P is epistemically possible,
P is doxastically possible, eventually P . . .

2 and 3 are not truth-functional

HOL can be extended by 2P and 3P to obtain HOML
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HOML: Motivation
Kripke Semantics - Possible Worlds
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HOML: Syntax

Simple Types: α, β ::= ι | o | (α � β)

HOML Language:

s, t ::= Pα | xα | (λxα sβ)α→β | (sα→β tα)β |
(¬o→o so) | ((∨o→o→o so) to) | ∀(α→o)→o(λxα so)

(2o→o so)

constant symbols
variable symbols
lambda abstraction
application
negation
disjunction
universal quantification
modal box operator

Terms of type o: formulas

Other logical connectives can be defined, e.g. 3s stands for ¬2¬s
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HOML: Syntax

α-conversion
. . . as before . . .

Substitution
. . . as before . . .

β-reduction and η-reduction
. . . as before . . .
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HOML: Semantics

Semantics of HOML investigated in

I [D. Gallin, Instensional and Higher-Order Modal Logic, North Holland, 1975]

I [R. Muskens, Higher Order Modal Logic, Handbook of Modal Logic, 2006]

I [Benzmüller and Woltzenlogel Paleo, Automating Gödel’s Ontological Proof . . . ,
ECAI, 2014]

I our interest: combination of Kripke style models and Henkin semantics
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HOML: Semantics

A Frame D
. . . as before . . .

A Model M
for HOML is a quadruple M = 〈W,R,D, {Iw}w∈W〉, where

I W is a set of worlds (or states);
I R is an accessibility relation between the worlds in W;
I D is a frame;
I for each w ∈ W, {Iw}w∈W is a family of typed interpretation functions

mapping constant symbols pα to appropriate elements of Dα, called the
denotation of pα in world w;

I the logical connectives ¬, ∨, ∀, and 2 are always given the standard
denotations;

I moreover, it is assumed that the domains Dα→α→o contain the
respective identity relations on objects of type α.
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HOML: Semantics

Variable Assignment
. . . as before . . .

Interpretation/Value of a HOML term
The value ‖sα‖M,g,w of a HOML term sα on a model M = 〈W,R,D, {Iw}w∈W〉 in
a world w ∈ W under variable assignment g is an element d ∈ Dα defined in
the following way:

1. ‖Pα‖M,g,w = Iw(Pα)

2. ‖xα‖M,g,w = g(xα)

3. ‖(sα→β tα)β‖M,g,w = ‖sα→β‖M,g,w(‖tα‖M,g,w)

4. ‖(λxα sβ)α→β‖M,g,w = the function f from Dα to Dβ such that
f (d) = ‖sβ‖M,g[d/xα],w for all d ∈ Dα

5. ‖(¬o→o so)o‖M,g,w = T iff ‖so‖M,g,w = F
6. ‖((∨o→o→o so) to)o‖M,g,w = T iff ‖so‖M,g,w = T or ‖to‖M,g,w = T
7. ‖(∀(α→o)→o(λxα so))o‖M,g,w = T iff for all d ∈ Dα we have

‖so‖M,g[d/xα],w = T
8. ‖(2o→o so)o‖M,g,w = T iff for all v ∈ W with wRv we have ‖so‖M,g,v = T
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Another form of presenting the semantics of HOML

HOML ϕ,ψ ::= . . . | ¬ϕ | ϕ ∧ ψ | ϕ→ ψ | 2ϕ | 3ϕ | ∀xγ ϕ | ∃xγ ϕ

I Possible world semantics via satisfaction/forcing relation
M, g, s 
 ¬ϕ iff not M, g, s 
 ϕ
M, g, s 
 ϕ ∧ ψ iff M, g, s 
 ϕ and M, g, s 
 ψ
. . .
M, g, s 
 2ϕ iff M, g, u 
 ϕ for all u with r(s, u)
. . .
M, g, s 
 ∀xγ ϕ iff M, [d/x]g, s 
 ϕ for all d ∈ Dγ

. . .
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HOML: Semantics

Truth in a Model / Validity

A formula so is true in model M for world w under assignment g if and only if
‖so‖M,g,w = T; this is also denoted as M, g,w |= so.

A formula so is called valid in M if and only if M, g,w |= so for all w ∈ W and all
assignments g; this is also denoted as M |= so.

A formula so is called valid, which we denote by |= so, if and only if M |= so for
all M.

Finally, we define |= ϕ, where ϕ is a set of HOML formulas, if and only if |= s
for all s ∈ ϕ.
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HOML: Local and Global Consequence

Local Consequence
Let ϕ and ψ be set of HOML formulas. We define

ϕ |=l ψ (local consequence)

if and only if for each model M and world w we have:

M,w |= ϕ implies M,w |= ψ

∀w(M,w |= ϕ implies M,w |= ψ)

Global Consequence
Let ϕ and ψ be set of HOML formulas. We define

ϕ |=g ψ (global consequence)

if and only if for each model M we have:

M |= ϕ implies M |= ψ

∀w(M,w |= ϕ) implies ∀w(M,w |= ψ)

Note the difference in the scope of quantification over worlds!
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HOML: Semantics

Standard and Henkin Models (as before)

In a standard model M = 〈W,R,D, {Iw}w∈W〉 we have
I Dα→β = {f | f : Dα −→ Dβ} (for all types α, β)

In a Henkin model M = 〈W,R,D, {Iw}w∈W〉 we only require
I Dα→β ⊆ {f | f : Dα −→ Dβ} (for all types α, β)
I the valuation function ‖ · ‖M,g,w from above is total (every term denotes)

Any standard model is obviously also a Henkin model.
We consider Henkin models in the remainder.
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HOML: The Modal Logic Cube
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How to automate HOML?
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Embedding HOML in HOL

Challenge: No provers for Higher-order Modal Logic (HOML)

Our solution: Embedding in
Church’s Simple Type Theory

Higher-order Classical Logic (HOL)
Then use existing HOL theorem provers for reasoning in HOML

[BenzmüllerPaulson, Logica Universalis, 2013]

Assumption: Henkin semantics for both HOML and HOL

Previous empirical findings:

Embedding of First-order Modal Logic in HOL works well
[BenzmüllerOttenRaths, ECAI, 2012]

[Benzmüller, LPAR, 2013]
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Remember: Standard Translation to FOL for Propositional ML

Standard Translation
STx(p) = P(x) (p atomic formula; P(x) is true when p holds for world x)

STx(>) = >
STx(⊥) = ⊥

STx(¬ϕ) = ¬STx(ϕ)

STx(ϕ ∨ ψ) = STx(ϕ) ∨ STx(ψ)

STx(ϕ ∧ ψ) = STx(ϕ) ∧ STx(ψ)

STx(ϕ→ ψ) = STx(ϕ)→ STx(ψ)

STx(3mϕ) = ∃y(Rm(x, y) ∧ STy(ϕ))

STx(2mϕ) = ∀y(Rm(x, y)→ STy(ϕ))

Standard Translation Example

23p translates to ∀y(R(x, y)→ (∃z(R(y, z) ∧ P(z))))

Standard Translation Initialisation
ϕ translates to ∀x STx(ϕ)
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Embedding HOML in HOL

HOML ϕ,ψ ::= . . . | ¬ϕ | ϕ ∧ ψ | ϕ→ ψ | 2ϕ | 3ϕ | ∀xµ ϕ | ∃xµ ϕ

HOL s, t ::= Cα | xα | (λxαsβ)α�β | (sα�β tα)β | ¬so | so ∨ to | ∀xα to

HOML in HOL: HOML formulas ϕ are mapped to HOL predicates ϕι�o

µ is an additional base type for individuals

¬ = λϕι�oλwι¬ϕw
∧ = λϕι�oλψι�oλwι(ϕw ∧ ψw)
→ = λϕι�oλψι�oλwι(¬ϕw ∨ ψw)

∀ = λhµ�(ι�o)λwι∀dµ hdw
∃ = λhµ�(ι�o)λwι∃dµ hdw

2 = λϕι�oλwι∀uι (¬Rwu ∨ ϕu)
3 = λϕι�oλwι∃uι (Rwu ∧ ϕu)

valid = λϕι�o∀wι ϕw

Ax (polymorphic over µ)

The equations in Ax are given as axioms to the HOL provers!

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 17



Embedding HOML in HOL

HOML ϕ,ψ ::= . . . | ¬ϕ | ϕ ∧ ψ | ϕ→ ψ | 2ϕ | 3ϕ | ∀xµ ϕ | ∃xµ ϕ

HOL s, t ::= Cα | xα | (λxαsβ)α�β | (sα�β tα)β | ¬so | so ∨ to | ∀xα to

HOML in HOL: HOML formulas ϕ are mapped to HOL predicates ϕι�o

µ is an additional base type for individuals

¬ = λϕι�oλwι¬ϕw
∧ = λϕι�oλψι�oλwι(ϕw ∧ ψw)
→ = λϕι�oλψι�oλwι(¬ϕw ∨ ψw)

∀ = λhµ�(ι�o)λwι∀dµ hdw
∃ = λhµ�(ι�o)λwι∃dµ hdw

2 = λϕι�oλwι∀uι (¬Rwu ∨ ϕu)
3 = λϕι�oλwι∃uι (Rwu ∧ ϕu)

valid = λϕι�o∀wι ϕw

Ax (polymorphic over µ)

The equations in Ax are given as axioms to the HOL provers!

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 17



Embedding HOML in HOL

HOML ϕ,ψ ::= . . . | ¬ϕ | ϕ ∧ ψ | ϕ→ ψ | 2ϕ | 3ϕ | ∀xµ ϕ | ∃xµ ϕ

HOL s, t ::= Cα | xα | (λxαsβ)α�β | (sα�β tα)β | ¬so | so ∨ to | ∀xα to

HOML in HOL: HOML formulas ϕ are mapped to HOL predicates ϕι�o

µ is an additional base type for individuals

¬ = λϕι�oλwι¬ϕw
∧ = λϕι�oλψι�oλwι(ϕw ∧ ψw)
→ = λϕι�oλψι�oλwι(¬ϕw ∨ ψw)

∀ = λhµ�(ι�o)λwι∀dµ hdw
∃ = λhµ�(ι�o)λwι∃dµ hdw

2 = λϕι�oλwι∀uι (¬Rwu ∨ ϕu)
3 = λϕι�oλwι∃uι (Rwu ∧ ϕu)

valid = λϕι�o∀wι ϕw

Ax (polymorphic over µ)

The equations in Ax are given as axioms to the HOL provers!

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics 17



Embedding HOML in HOL

Example

HOML formula 3∃xG(x)
HOML formula in HOL valid (3∃xG(x))ι�o

expansion (λϕ∀wιϕw)(3∃xG(x))ι�o

βη-normalisation ∀wι((3∃xG(x))ι�o w)
expansion ∀wι(((λϕι�oλwι∃uι (Rwu ∧ ϕu))∃xG(x))ι�o w)
βη-normalisation ∀wι∃uι(Rwu ∧ (∃xG(x))ι�ou)
syntactic sugar ∀wι∃uι(Rwu ∧ (∃(λxG(x)))ι�ou)
expansion ∀wι∃uι(Rwu ∧ ((λhµ�(ι�o)λwι∃dµ hdw)(λxG(x)))ι�ou)
βη-normalisation ∀wι∃uι(Rwu ∧ ∃xGxu)

Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that ϕ is valid in HOML,
–> we instead prove that validϕι�o can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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Embedding HOML in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)
|=HOML

Henkin so iff Ax |=HOL
Henkin valid sι�o (iff Ax `HOL

cut-free validϕι�o)
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Embedding HOML in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)
|=HOML

Henkin so iff Ax |=HOL
Henkin valid sι�o (iff Ax `HOL

cut-free validϕι�o)

Proof sketch (adapts [Benzmüller and Paulson, Logica Universalis, 2013]):
By contraposition it is sufficient to show

6|=HOML
Henkin so iff Ax 6|=HOL

Henkin valid sι�o

One easily gets the proof by choosing the obvious correspondences between
D and D, W and Dι, I and I, g and g, R and rι→ι→o, and w and w. 2

Remark: So far we have addressed only base logic K — more soon!
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Embedding of Other Logics in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)
|=L so iff Ax |=HOL

Henkin valid sι�o (iff Ax `HOL
cut-free validϕι�o)

Logic L:
I Higher-order Modal Logics
I First-order Multimodal Logics
I Propositional Multimodal Logics
I Quantified Conditional Logics
I Propositional Conditional Logics
I Intuitionistic Logics
I Access Control Logics
I Logic Combinations
I . . . more is on the way . . . including:

I Description Logics
I Nominal Logics
I Multivalued Logics (SIXTEEN)
I Logics based on Neighborhood Semantics
I (Mathematical) Fuzzy Logics
I Paraconsistent Logics
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Flexibility in HOML
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Embedding HOML in HOL: Logics beyond K

Postulating modal axioms or semantical constraints

HOL

Sahlqvist axioms Semantical constraints
M: valid ∀ϕ(2Rϕ→ ϕ) ↔ ∀x(Rxx) (reflexivity)
B: valid ∀ϕ(ϕ→ 2R3Rϕ) ↔ ∀x∀y(Rxy→ Ryx) (symmetry)
D: valid ∀ϕ(2Rϕ→ 3Rϕ) ↔ ∀x∃y(Rxy) (serial)
4: valid ∀ϕ(2Rϕ→ 2R2Rϕ) ↔ ∀x∀y∀z(Rxy ∧ Ryz→ Rxz) (transitivity)
5: valid ∀ϕ(3Rϕ→ 2R3Rϕ) ↔ ∀x∀y∀z(Rxy ∧ Rxz→ Ryz) (euclidean)
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Embedding HOML in HOL: Logics beyond K

(3∃xPfx ∧ 2∀y(3Py→ Qy))→ 3∃zQz
valid (3∃xPfx ∧ 2∀y(3Py→ Qy))→ 3∃zQz
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2 = λpλw∀v(¬(Rwv) ∨ (pv))
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¬Pyu) ∨ Qyv))) ∨ ¬∀v(¬Rwv ∨ ¬¬∀z¬Qzv))

Axiomatization of properties of accessibility relation R
Logic K: no axioms
Logic T: (reflexive R) — which expands into∀x Rxx
Logic S5: (reflexive R) ∧ (symmetric R) ∧ (transitive R)
Logic . . . . . .
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Axiomatization of properties of accessibility relation R
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Logic T: (reflexive R) — which expands into∀x Rxx
Logic S5: (reflexive R) ∧ (symmetric R) ∧ (transitive R)
Logic . . . . . .

This automates HOML (here FOML) with constant domain semantics in HOL
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Short Demo in Isabelle/HOL: Embedding of HOML in HOL

See demo file EmbeddingBaseExamples1.thy
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Embedding HOML in HOL: Multimodal Logics

Instead of

2 = λϕι�oλwι∀uι (¬Rwu ∨ ϕu)

consider

2 = λrι�ι�oλϕι�oλwι∀uι (¬rwu ∨ ϕu)

Multiple box operators: 2knowledgeBen,2knowledgePeter,2commonKnowledge, . . .

Bridge rules (quantification over propositional variables)

∀p(2commonKnowledgep → 2knowledgeBenp)
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

∀ = λhγ�(ι�o)λwι∀dγ hdw (possibilist / constant dom.)
becomes
∀va = λhγ�(ι�o)λwι∀dγ (ExInWdw→ hdw) (actualist / varying dom.)

where ExInW is an existence pRedicate.

Additional axioms (optional):

I domains are non-empty ∀wι∃xµexInWxw

I denotation (constants & functions) ∀wιexInWcw
∀wι(exInWt1w ∧ . . . ∧ exInWtnw ⊃ exInW(f t1 . . . tn)w)

Cumulative domains: ∀x∀v∀w(exInWxv ∧ rvw ⊃ exInWxw)
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Short Demo in Isabelle/HOL on Barcan Formulas?

See demo files BarcanFormulas.thy and BarcanFormulasVar.thy
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Embedding HOML in HOL: TPTP THF
1 %----The base type $i (already built-in) stands here for worlds and
2 %----mu for individuals; $o (also built-in) is the type of Booleans
3 thf(mu_type,type,(mu:$tType)).
4 %----Reserved constant r for accessibility relation
5 thf(r,type,(r:$i>$i>$o)).
6 %----Modal logic operators not, or, and, implies, box, diamond
7 thf(mnot_type,type,(mnot:($i>$o)>$i>$o)).
8 thf(mnot,definition,(mnot = (^[A:$i>$o,W:$i]:~(A@W)))).
9 thf(mor_type,type,(mor:($i>$o)>($i>$o)>$i>$o)).

10 thf(mor,definition,(mor = (^[A:$i>$o,Psi:$i>$o,W:$i]:((A@W)|(Psi@W))))).
11 thf(mand_type,type,(mand:($i>$o)>($i>$o)>$i>$o)).
12 thf(mand,definition,(mand = (^[A:$i>$o,Psi:$i>$o,W:$i]:((A@W)&(Psi@W))))).
13 thf(mimplies_type,type,(mimplies:($i>$o)>($i>$o)>$i>$o)).
14 thf(mimplies,definition,(mimplies = (^[A:$i>$o,Psi:$i>$o,W:$i]:((A@W)&(Psi@W))))).
15 thf(mbox_type,type,(mbox:($i>$o)>$i>$o)).
16 thf(mbox,definition,(mbox = (^[A:$i>$o,W:$i]:![V:$i]:(~(r@W@V)|(A@V))))).
17 thf(mdia_type,type,(mdia:($i>$o)>$i>$o)).
18 thf(mdia,definition,(mdia = (^[A:$i>$o,W:$i]:?[V:$i]:((r@W@V)&(A@V))))).
19 %----Quantifiers (constant domains) for individuals and propositions
20 thf(mforall_ind_type,type,(mforall_ind:(mu>$i>$o)>$i>$o)).
21 thf(mforall_ind,definition,(mforall_ind = (^[A:mu>$i>$o,W:$i]:![X:mu]:(A@X@W)))).
22 thf(mforall_indset_type,type,(mforall_indset:((mu>$i>$o)>$i>$o)>$i>$o)).
23 thf(mforall_indset,definition,(mforall_indset = (^[A:(mu>$i>$o)>$i>$o,W:$i]:![X:mu>$i>$o]:(A@X@W)))).
24 thf(mexists_ind_type,type,(mexists_ind:(mu>$i>$o)>$i>$o)).
25 thf(mexists_ind,definition,(mexists_ind = (^[A:mu>$i>$o,W:$i]:?[X:mu]:(A@X@W)))).
26 thf(mexists_indset_type,type,(mexists_indset:((mu>$i>$o)>$i>$o)>$i>$o)).
27 thf(mexists_indset,definition,(mexists_indset = (^[A:(mu>$i>$o)>$i>$o,W:$i]:?[X:mu>$i>$o]:(A@X@W)))).
28 %----Definition of validity (grounding of lifted modal formulas)
29 thf(v_type,type,(v:($i>$o)>$o)).
30 thf(mvalid,definition,(v = (^[A:$i>$o]:![W:$i]:(A@W)))).
31 %----Properties of accessibility relations: symmetry
32 thf(msymmetric_type,type,(msymmetric:($i>$i>$o)>$o)).
33 thf(msymmetric,definition,(msymmetric = (^[R:$i>$i>$o]:![S:$i,T:$i]:((R@S@T)=>(R@T@S))))).
34 %----Here we work with logic KB, i.e., we postulate symmetry for r
35 thf(sym,axiom,(msymmetric@r)).

Reading on THF0 syntax: [SutcliffeBenzmüller, J.Formalized Reasoning, 2010]
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Proof Automation with LEO-II

Provers can be called remotely in Miami — no local installation needed!

Download our experiments from
https:

//github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF
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Evaluation — How good is the embedding approach?

I There are no other provers for HOML
I There are some provers for first-order modal logic (FML)
I Comparative evaluation done in 2014 for the proof problems in the

QMLTP (v1.1) library [Otten and Raths, http://www.iltp.de/qmltp/]

I This library contains 580 FML problems (in fact, 5 x 3 x 580 = 8700
problems).

I Metaprover HOL-P: sequentially schedules LEO-II—1.6.2, Satallax—2.7,
Isabelle—2013, Nitrox—2013, agsyHOl—1.0

I Timeout for each HOL prover 120sec of CPU time (HOL-P: 600sec)
I Timeout for competitor systems: 600sec
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Evaluation — How good is the embedding approach?
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Evaluation — FML’s (D — constant/varying/cumulative)

No. of solved problems in the QMLTP library

MleanSeP MleanTAP f2p-MSPASS MleanCoP HOL-P
labelled labelled instant. & labelled

sequents tableaux transform. connections

Logic D, constant domains
Theorem 135 134 76 217 208
Non-Theorem 1 4 107 209 250
Solved 136 138 183 426 458

Logic D, cumulative domains
Theorem 130 120 79 200 184
Non-Theorem 4 4 108 224 269
Solved 134 124 187 424 453

Logic D, varying domains
Theorem - 100 - 170 163
Non-Theorem - 4 - 243 295
Solved - 104 - 413 458
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Evaluation — FML’s (S4 — constant/varying/cumulative)

No. of solved problems in the QMLTP library

MleanSeP MleanTAP f2p-MSPASS MleanCoP HOL-P
labelled labelled instant. & labelled

sequents tableaux transform. connections

Logic S4, constant domains
Theorem 197 220 111 352 300
Non-Theorem 1 4 36 82 132
Solved 198 224 147 434 432

Logic S4, cumulative domains
Theorem 197 205 121 338 278
Non-Theorem 4 4 41 94 146
Solved 201 209 162 432 424

Logic S4, varying domains
Theorem - 169 - 274 245
Non-Theorem - 4 - 119 184
Solved - 173 - 393 429
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More Flexibility in HOML
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Many Variations of Higher-Order Modal Logics

I (Meta-)Axioms for the accessibility relation
(e.g. reflexivity, transitivity, symmetry)

I Axioms (e.g. 2A→ A, 2A→ 22A, A→ 23A)
I Multimodal logics, bridge rules
I Combination with other (non-)classical logics
I Constant domains vs. varying domains vs. cumulative domains
I Rigidity vs. Flexibility
I Simple types vs. dependent types (e.g. µ vs. µ(w))
I . . .
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Flexibility
A Funny Example

2Blue(sky)
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Flexibility
A Funny Example

2Blue(sky)
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Flexibility
A Funny Example

2Blue(sky)

Human: “Earth’s sky is blue”

Martian: “Mars’ sky is blue”
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Flexibility

2Blue(sky)

I Rigid embedding:

dµe = µ doe = ι→ o dα→ βe = dαe → dβe

dskyµe = skyµ
dBlueµ→oe = Blueµ→(ι→o)

I Flexible embedding:

dµe = ι→ µ doe = ι→ o dα→ βe = ι→ dαe → dβe

dskyµe = skyι→µ

dBlueµ→oe = Blueι→(ι→µ)→(ι→o)
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Flexibility
Flexible Embedding is Ambiguous

[2Blue(sky)]

∀w.∀w′. Blue w (sky w) w′

∀w.∀w′. Blue w′ (sky w′) w′

∀w.∀w′. Blue w′ (sky w) w′

∀w.∀w′. Blue w (sky w′) w′
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Some References (selection; see also the references therein)

I Quantified Modal Logic
I Montaque’s and Bressan’s work
I Intensional and Higher-Order Modal Logic (D. Gallin), North-Holland, 1975.
I Types, Tableaus, and Gödels God, (M. Fitting), Kluwer, 2002.
I Interpolation for First Order S5 (M. Fitting), JSL, 67(2):621-634, 2002.
I Higher-Order Modal Logic (R. Muskens), Handbook of Modal Logic, 2007.

I Relevance for Metaphysics (recent monographs; see references therein)
I Modal Logic as Metaphysics (T. Williamson), Oxford University Press, 2013,
I Mere Possibilities: Metaphysical Foundations of Modal Semantics (R.

Stalnaker), Princeton University Press, 2011.
I . . .

I Embedding in HOL (joint work with colleagues)
I Higher-Order Modal Logics: Automation and Applications, Reasoning Web,

2015.
I Quantified Multimodal Logics in Simple Type Theory, Logica Universalis,

2013.
I Automating Gödel’s Ontological Proof of God’s Existence with Higher-order

Automated Theorem Provers, ECAI, 2014.
I Systematic Verification of the Modal Logic Cube in Isabelle/HOL, EPTCS,

2015.
I HOL based First-order Modal Logic Provers, LPAR, 2013.
I Implementing and Evaluating Provers for First-order Modal Logics, ECAI,

2012.
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Higher-Order Modal Logics (Lecture 4 - Part 1):
Ontological Argument

Christoph Benzmüller and Bruno Woltzenlogel Paleo
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Germany
- Telepolis & Heise
- Spiegel Online
- FAZ
- Die Welt
- Berliner Morgenpost
- Hamburger Abendpost
- . . .

Austria
- Die Presse
- Wiener Zeitung
- ORF
- . . .

Italy
- Repubblica
- Ilsussidario
- . . .

India
- DNA India
- Delhi Daily News
- India Today
- . . .

US
- ABC News
- . . .

International
- Spiegel International
- Yahoo Finance
- United Press Intl.
- . . .

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics (Lecture 4) 4



See more serious and funny news links at
github.com/FormalTheology/GoedelGod/tree/master/Press

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics (Lecture 4) 5



A Long History of Ontological Arguments
pros and cons
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Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

Gödel’s notion of God:
“A God-like being possesses all ‘positive’ properties.”

To show by logical, deductive reasoning:
“God exists.”

∃xG(x)
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A Long History of Ontological Arguments
pros and cons
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. . .

Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

Gödel’s notion of God:
“A God-like being possesses all ‘positive’ properties.”

To show by logical, deductive reasoning:
“Necessarily, God exists.”

2∃xG(x)
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The Ontological Proof Today

See also our collection of recent papers:
https:

//github.com/FormalTheology/GoedelGod/tree/master/Literature
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Various Different Interests in Ontological Arguments

I Theistic: persuasion of atheists of God’s existence

I Philosophical: development of metaphysical theories
I Meta-issues: metaphysical necessity vs. modal logical necessity

I Our Goals: can computers (theorem provers) be used to . . .

. . . formalize the definitions, axioms and theorems?

. . . verify/falsify the arguments step-by-step?

. . . automate (sub-)arguments?

. . . discover new philosophical knowledge?
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Vision of Leibniz (1646–1716): Calculemus!

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than
between two accountants. For it
would suffice to take their pencils
in their hands, to sit down to their
slates, and to say to each other . . . :
Let us calculate.

(Translation by Russell)

Quo facto, quando orientur controversiae, non magis dis-
putatione opus erit inter duos philosophos, quam inter
duos Computistas. Sufficiet enim calamos in manus
sumere sedereque ad abacos, et sibi mutuo . . . dicere:
calculemus. (Leibniz, 1684)

Required:
characteristica universalis and calculus ratiocinator
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Gödel’s Manuscript: 1930’s, 1941, 1946-1955, 1970
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Proof Overview

T3: 2∃x.G(x)
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Proof Overview

C1: 3∃z.G(z)
T3: 2∃x.G(x)
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Proof Overview

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

3∃z.G(z)→ 32∃x.G(x)
S5

∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D3*: E(x) ≡ 2∃y.G(y)

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D3*: E(x) ≡ 2∃y.G(y) (cheating!)

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

T2: ∀y .[G(y)→ G ess y] P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

T2: ∀y .[G(y)→ G ess y]
A5

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

T2: ∀y .[G(y)→ G ess y]
A5

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics (Lecture 4) 22



Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D2: ϕ ess x ≡ ϕ(x) ∧ ∀ψ .(ψ(x)→ 2∀x .(ϕ(x)→ ψ(x)))

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

A1b
∀ϕ .[¬P(ϕ)→ P(¬ϕ)]

A4
∀ϕ .[P(ϕ) −→ 2 P(ϕ)]

T2: ∀y .[G(y)→ G ess y]
A5

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D2: ϕ ess x ≡ ϕ(x) ∧ ∀ψ .(ψ(x)→ 2∀x .(ϕ(x)→ ψ(x)))

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

C1: 3∃z.G(z)

A1b
∀ϕ .[¬P(ϕ)→ P(¬ϕ)]

A4
∀ϕ .[P(ϕ) −→ 2 P(ϕ)]

T2: ∀y .[G(y)→ G ess y]
A5

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics (Lecture 4) 24



Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D2: ϕ ess x ≡ ϕ(x) ∧ ∀ψ .(ψ(x)→ 2∀x .(ϕ(x)→ ψ(x)))

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

P(G)

C1: 3∃z.G(z)

A1b
∀ϕ .[¬P(ϕ)→ P(¬ϕ)]

A4
∀ϕ .[P(ϕ) −→ 2 P(ϕ)]

T2: ∀y .[G(y)→ G ess y]
A5

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D2: ϕ ess x ≡ ϕ(x) ∧ ∀ψ .(ψ(x)→ 2∀x .(ϕ(x)→ ψ(x)))

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

A3
P(G)

C1: 3∃z.G(z)

A1b
∀ϕ .[¬P(ϕ)→ P(¬ϕ)]

A4
∀ϕ .[P(ϕ) −→ 2 P(ϕ)]

T2: ∀y .[G(y)→ G ess y]
A5

P(E)
L1: ∃z.G(z)→ 2∃x.G(x)
3∃z.G(z)→ 32∃x.G(x)

S5
∀ξ .[32ξ → 2ξ]

L2: 3∃z.G(z)→ 2∃x.G(x)

C1: 3∃z.G(z) L2: 3∃z.G(z)→ 2∃x.G(x)
T3: 2∃x.G(x)
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Proof Overview

D1: G(x) ≡ ∀ϕ.[P(ϕ) −→ ϕ(x)]

D2: ϕ ess x ≡ ϕ(x) ∧ ∀ψ .(ψ(x)→ 2∀x .(ϕ(x)→ ψ(x)))

D3*: E(x) ≡ 2∃y.G(y) D3: E(x) ≡ ∀ϕ .[ϕ ess x→ 2∃y.ϕ(y)]

A3
P(G) T1: ∀ϕ .[P(ϕ)→ 3∃x.ϕ(x)]

C1: 3∃z.G(z)

A1b
∀ϕ .[¬P(ϕ)→ P(¬ϕ)]
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Scott’s Version of Gödel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both: ∀ϕ[P(¬ϕ)↔ ¬P(ϕ)]

Axiom A2 A property necessarily implied by a positive property is positive:
∀ϕ∀ψ[(P(ϕ) ∧ 2∀x[ϕ(x)→ ψ(x)])→ P(ψ)]

Thm. T1 Positive properties are possibly exemplified: ∀ϕ[P(ϕ)→ 3∃xϕ(x)]

Def. D1 A God-like being possesses all positive properties: G(x)↔ ∀ϕ[P(ϕ)→ ϕ(x)]

Axiom A3 The property of being God-like is positive: P(G)

Cor. C Possibly, God exists: 3∃xG(x)

Axiom A4 Positive properties are necessarily positive: ∀ϕ[P(ϕ)→ 2P(ϕ)]

Def. D2 An essence of an individual is a property possessed by it and necessarily
implying any of its properties: ϕ ess x↔ ϕ(x) ∧ ∀ψ(ψ(x)→ 2∀y(ϕ(y)→ ψ(y)))

Thm. T2 Being God-like is an essence of any God-like being: ∀x[G(x)→ G ess x]

Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀ϕ[ϕ ess x→ 2∃yϕ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: 2∃xG(x)
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Scott’s Version of Gödel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both: ∀ϕ[P(¬ϕ)↔ ¬P(ϕ)]
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Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: 2∃xG(x)

Difference to Gödel (who omits this conjunct)
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Scott’s Version of Gödel’s Axioms, Definitions and Theorems
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Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: 2∃xG(x)

Modal operators are used
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Scott’s Version of Gödel’s Axioms, Definitions and Theorems
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Thm. T3 Necessarily, God exists: 2∃xG(x)

second-order quantifiers
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The Ontological Argument in TPTP THF0

1 %------------------------------------------------------------------------------
2 %----Axioms for Quantified Modal Logic KB.
3 include(’Quantified_KB.ax’).
4 %------------------------------------------------------------------------------
5 %----constant symbol for positive (p), God-like (g), essence (ess), necessary existence (ne)
6 thf(p_tp,type,(p:(mu>$i>$o)>$i>$o)).
7 thf(g_tp,type,(g:mu>$i>$o)).
8 thf(ess_tp,type,(ess:(mu>$i>$o)>mu>$i>$o)).
9 thf(ne_tp,type,(ne:mu>$i>$o)).

10 %----D1:A God-like being possesses all positive properties.
11 thf(defD1,definition,(g = (^[X:mu]:(mforall_indset@^[Phi:mu>$i>$o]:(mimplies@(p@Phi)@(Phi@X)))))).
12 %----C: Possibly, God exists. (Proved in C.p)
13 thf(corC,axiom,(v@(mdia@(mexists_ind@^[X:mu]:(g@X))))).
14 %----T2: Being God-like is an essence of any God-like being. (Proved in T2.p)
15 thf(thmT2,axiom,(v@(mforall_ind@^[X:mu]:(mimplies@(g@X)@(ess@g@X))))).
16 %----D3: Necessary existence of an individual is the necessary exemplification of all its essences
17 thf(defD3,definition,(ne = (^[X:mu]:(mforall_indset@^[Phi:mu>$i>$o]:
18 (mimplies@(ess@Phi@X)@(mbox@(mexists_ind@^[Y:mu]:(Phi@Y)))))))).
19 %----A5:Necessary existence is positive.
20 thf(axA5,axiom,(v@(p@ne))).
21 %----T3: Necessarily God exists.
22 thf(thmT3,conjecture,(v@(mbox@(mexists_ind@^[X:mu]:(g@X))))).
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The Ontological Argument in Isabelle/HOL

See verifiable Isabelle/HOL document (Archive of Formal Proofs) at:
http://afp.sourceforge.net/entries/GoedelGod.shtml
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Experimental Results and Philosophical Discoveries
[BenzmüllerWoltzenlogelPaleo, ECAI, 2014]
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Main Findings
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Main Findings
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Main Findings

Automating Scott’s proof script

T1: "Positive properties are possibly exemplified"
proved by LEO-II and Satallax

I in logic: K
I from assumptions:

I A1 and A2
I A1(⊃) and A2

I notion of quantification
I possibilist quantifiers (constant dom.)
I actualist quantifiers for individuals (varying dom.)
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Main Findings

Automating Scott’s proof script

C: "Possibly, God exists”
proved by LEO-II and Satallax

I in logic: K
I from assumptions:

I T1, D1, A3
I for domain conditions:

I possibilist quantifiers (constant dom.)
I actualist quantifiers for individuals (varying dom.)
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Main Findings

Automating Scott’s proof script

T2: "Being God-like is an ess. of any God-like being”
proved by LEO-II and Satallax

I in logic: K
I from assumptions:

I A1, D1, A4, D2
I for domain conditions:

I possibilist quantifiers (constant dom.)
I actualist quantifiers for individuals (varying dom.)
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Main Findings

Automating Scott’s proof script

T3: "Necessarily, God exists”
proved by LEO-II and Satallax

I in logic: KB
I from assumptions:

I D1, C, T2, D3, A5
I for domain conditions:

I possibilist quantifiers (constant dom.)
I actualist quantifiers for individuals (varying dom.)

For logic K we got a countermodel by Nitpick
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Main Findings

Automating Scott’s proof script

Summary
I proof verified and automated
I KB is sufficient (criticized logic S5 not needed!)
I possibilist and actualist quantifiers (individuals)
I exact dependencies determined experimentally
I ATPs have found alternative proofs

e.g. self-identity λx(x = x) is not needed
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Main Findings

Consistency check: Gödel vs. Scott

I Scott’s assumptions are consistent;
shown by Nitpick

I Gödel’s assumptions are inconsistent;
shown by LEO-II (new philosophical result?)
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Main Findings

Further Results

I Monotheism holds
I God is flawless
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Main Findings
Modal Collapse (Sobel)

∀ϕ(ϕ ⊃ 2ϕ)

I proved by LEO-II and Satallax
I for possibilist and actualist quantification (ind.)

Main critique on Gödel’s ontological proof:
I there are no contingent truths
I everything is determined / no free will
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Main Findings

Observation

I good performance of ATPs
I excellent match between

argumentation granularity in
papers and the reasoning
strength of the ATPs
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Reconstruction of the Inconsistency of Gödel’s Axioms
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Inconsistency (Gödel): Proof by LEO-II in KB
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Inconsistency (Gödel): Informal Argument

Def. D2∗ ϕ ess x↔���XXXϕ(x) ∧ ∀ψ(ψ(x)→ 2∀y(ϕ(y)→ ψ(y)))

Lemma 1 The empty property is an essence of every entity. ∀x (∅ ess x)

Theorem 1 Positive Properties are possibly exemplified. ∀ϕ[P(ϕ)→ 3∃xϕ(x)]

Axiom A5 P(NE)
I by T1, A5: 3∃x[NE(x)]

Def. D3 NE(x)↔ ∀ϕ[ϕ ess x→ 2∃yϕ(y)]
I 3∃x[∀ϕ[ϕ ess x→ 2∃y[ϕ(y)]]]
I 3∃x[∅ ess x→ 2∃y[∅(y)]]
I by L1 3∃x[> → 2∃y[∅(y)]]
I by def. of ∅ 3∃x[> → 2⊥]

Inconsistency ⊥
by reflexivity

or by symmetry
or by nothing!
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I by L1 3∃x[> → 2∃y[∅(y)]]
I by def. of ∅ 3∃x[> → 2⊥]

Inconsistency ⊥
by reflexivity

or by symmetry
or by nothing!
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Inconsistency (Gödel): Verification in Isabelle/HOL (KB)
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Inconsistency (Gödel): Verification in Isabelle/HOL (K)
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Summary: Results of Experiments

Gödel’s version K KB S5
constant varying constant varying constant varying

Consistency × × × × × ×
T1 obsolete obsolete obsolete obsolete obsolete obsolete

C obsolete obsolete obsolete obsolete obsolete obsolete

T2 obsolete obsolete obsolete obsolete obsolete obsolete

T3 obsolete obsolete obsolete obsolete obsolete obsolete

Flawless God obsolete obsolete obsolete obsolete obsolete obsolete

Monotheism obsolete obsolete obsolete obsolete obsolete obsolete

Modal Collapse obsolete obsolete obsolete obsolete obsolete obsolete

Further logic details

I Henkin semantics
I full comprehension
I rigid constant symbols

Question: Has this inconsistency been reported before?

If not, then LEO-II deserves (part of) the credit!
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Summary: Results of Experiments

Scott’s version K KB S5
constant varying constant varying constant varying

Consistency X X X X X X
T1 X X X X X X
C X X X X X X

T2 X X X X X X
T3 × × X X X X

Flawless God X X X X X X
Monotheism X X X X X X

Modal Collapse X X X X X X

Further logic details

I Henkin semantics
I full comprehension
I rigid constant symbols
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Avoiding the Modal Collapse: Recent Variants

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics (Lecture 4) 55



Avoiding the Modal Collapse: Some Emendations

Computer-supported Clarification of Controversy
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Higher-Order Modal Logics (Lecture 5):
Interacting with Modal Logics

in the Coq Proof Assistant

Christoph Benzmüller and Bruno Woltzenlogel Paleo

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics (Lecture 5) 1



The Coq Proof Assistant
Winner of the ACM Software System Award in 2013
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Typical Natural Deduction Rules
Interactive proving using basic tactics in Coq feels roughly like constructing a natural deduction proof

A ∨ B

A....
C

B....
C

C
∨E

A B
A ∧ B

∧I

A h
....
B

A→ B →
h
I

A
A ∨ B

∨I1
A ∧ B

A
∧E1

B
A→ B

→I

B
A ∨ B

∨I2
A ∧ B

B
∧E2

A A→ B
B

→E

A[α]

∀x.A[x]
∀I

∀x.A[x]

A[t]
∀E

A[t]
∃x.A[x]

∃I
∃x.A[x]

A[β]
∃E

¬A ≡ A→ ⊥
¬¬A

A
¬¬E
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Correspondence between Coq’s tactics and ND’s inference rules
Interactive proving using basic tactics in Coq feels roughly like constructing a natural deduction proof

Rule Tactic
discharge assumption exact H. assumption.

→e cut. apply H.
→i intro H.
∀e apply H.
∀i intro H.
¬e apply H.
¬i intro H.
efq exfalso.
∧e destruct H as [H1 H2].
∧i split.
∨e destruct H as [H1 | H2].
∨i left. right. classical_left. classical_right.
∃e destruct H as [a H1].
∃i exists t.

Automatic Tactics: auto, tauto, intuition, firstorder, . . .

Your Own Tactics: implementable with Ltac
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The Proof/Type System behind Coq

I Calculus of Inductive Constructions (CIC)
I Related to CoC (Calculus of Constructions) and λC
I Minimalistic higher-order natural deduction calculi. . .
I . . . based on the Curry-Howard correspondence
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Curry-Howard Correspondence (1934, 1958; 1969, 1980)

Inference rules for minimal logic:

Γ,A ` A
Γ ` B Γ ` B→ C

Γ ` C
→e

Γ,B ` C
Γ ` B→ C

→n
i

Typing rules for simply typed lambda calculus:

Γ, x : A ` x : A
Γ ` M : (B→ C) Γ ` N : B

Γ ` (MN) : C
Γ, x : B ` M : C

Γ ` (λx : B.M) : (B→ C)
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Curry-Howard Correspondence (1934, 1958; 1969, 1980)

Formulas ∼ Types

Proofs ∼ Terms
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Curry-Howard Correspondence (1934, 1958; 1969, 1980)

Formulas ∼ Types

Proofs ∼ Terms

Normalization ∼ Beta-Reduction

Is T provable? ∼ Is T inhabited?
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Brouwer-Heyting-Kolmogorov “Interpretation” (1908, 1924; 1934; 1932)
Constructivism - Intuitionism

A proof of B ∧ C is given by presenting a proof of B and a proof of C.

A proof of B ∨ C is given by presenting either a proof of B or a proof of C.

A proof of B→ C is a construction that transforms
any proof of B into a proof of C.

...
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Two Completely Different Uses of Simply-Typed Lambda Calculus

I Languages used in previous lectures:
I lambda terms provide syntax for higher-order formulas.
I proof calculi have nothing to do with lambda calculus.

I Language of Minimal Logic seen in this lecture’s previous slides:
I simple types provide syntax for (implicational) propositional formulas.
I inference rules of the proof calculus are the typing rules.
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From Minimal to Higher-Order Logics, through Type Theory

I Languages used in previous lectures:
I lambda terms provide syntax for higher-order formulas.
I proof calculi have nothing to do with lambda calculus.

I Language of Minimal Logic seen in this lecture’s previous slides:
I simple types provide syntax for (implicational) propositional formulas.
I inference rules of the proof calculus are the typing rules.

How do we go from minimal logic to higher-order logics?
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I Language of Minimal Logic seen in this lecture’s previous slides:
I simple types provide syntax for (implicational) propositional formulas.
I inference rules of the proof calculus are the typing rules.

How do we go from minimal logic to higher-order logics?

We must generalize our types
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Polymorphism
terms may depend on types (System F or λ2)

Γ, x : A ` x : A

Γ ` N : B Γ ` M : B→ C
Γ ` (M N) : C

→e
Γ, x : B ` m : C

Γ ` (λx : B.m) : B→ C
→n

i
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Polymorphism
terms may depend on types (System F or λ2)

Γ, x : A ` x : A

Γ ` N : B Γ ` M : B→ C
Γ ` (M N) : C

→e
Γ, x : B ` m : C

Γ ` (λx : B.m) : B→ C
→n

i

Γ ` M : ∀X.A
Γ ` (M T) : A[X\T]

∀e
Γ ` M : A

Γ ` (ΛX.M) : ∀X.A
∀i
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Polymorphism
terms may depend on types

Γ, x : A ` x : A

Γ ` N : B Γ ` M : B→ C
Γ ` (M N) : C

→e
Γ, x : B ` m : C

Γ ` (λx : B.m) : B→ C
→n

i

Γ ` T : Type Γ ` M : (∀X : Type.A)

Γ ` (M T) : A[X\T]
∀e

Γ,X : Type ` M : A
Γ ` (ΛX : Type.M) : ∀X.A

∀i
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Polymorphism
terms may depend on types

Γ, x : A ` x : A

Γ ` N : B Γ ` M : B→ C
Γ ` (M N) : C

→e
Γ, x : B ` m : C

Γ ` (λx : B.m) : B→ C
→n

i

Γ ` T : Type Γ ` M : (∀X : Type.A)

Γ ` (M T) : A[X\T]
∀e

Γ,X : Type ` M : A
Γ ` (ΛX : Type.M) : ∀X.A

∀i

Simplification: replace the 4 rules above by the 2 more general rules below

Γ ` N : B Γ ` M : (∀x : B.C)

Γ ` (M N) : C[x\N]
App

Γ, x : B ` m : C Γ ` (∀x : B.C) : s
Γ ` (λx : B.m) : ∀x : B.C

Abs

B→ C ≡ ∀_ : B.C
But now we need a rule for judgements of the form: Γ ` (∀x : B.C) : s

Γ ` B : s Γ, x : B ` C : Type
Γ ` (∀x : B.C) : Type Prod
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terms may depend on types

Γ, x : A ` x : A

Γ ` N : B Γ ` M : B→ C
Γ ` (M N) : C

→e
Γ, x : B ` m : C

Γ ` (λx : B.m) : B→ C
→n

i

Γ ` T : Type Γ ` M : (∀X : Type.A)

Γ ` (M T) : A[X\T]
∀e

Γ,X : Type ` M : A
Γ ` (ΛX : Type.M) : ∀X.A

∀i

Simplification: replace the 4 rules above by the 2 more general rules below

Γ ` N : B Γ ` M : (∀x : B.C)

Γ ` (M N) : C[x\N]
App

Γ, x : B ` m : C Γ ` (∀x : B.C) : s
Γ ` (λx : B.m) : ∀x : B.C

Abs

B→ C ≡ ∀_ : B.C
But now we need a rule for judgements of the form: Γ ` (∀x : B.C) : s

Γ ` B : s Γ, x : B ` C : Type
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Dependent Types
types may depend on terms (λP)

...

Γ, x : A ` B : C Γ ` (∀x : A.C) : s
Γ ` (λx : A.B) : ∀x : A.C

Abs

Γ ` N : B Γ ` M : (∀x : B.C)

Γ ` (M N) : C[x\N]
App

Γ ` A : Type Γ, x : A ` B : s
Γ ` (∀x : A.B) : s

Prod
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Pure Type Systems

A Pure Type System is a triple (S,A,R), where:
S is a set of sorts; A ⊆ S × S (axioms); R ⊆ S × S × S (Prod rules).

(Ax) ` s1 : s2
(s1, s2) ∈ A

(Var)
Γ ` A : s

Γ, x : A ` x : A
x 6∈ dom(Γ)

(Prod)

Γ ` A : s1 Γ, x : A ` B : s2

Γ ` (∀x : A.B) : s3
(s1, s2, s3) ∈ R

(Abs)
Γ, x : A ` B : C Γ ` (∀x : A.C) : s

Γ ` (λx : A.B) : ∀x : A.C

(App)

Γ ` A : (∀x : B.C) Γ ` D : B
Γ ` (A D) : C[x := D]

(Weak)
Γ ` A : B Γ ` C : s

Γ, x : C ` A : B

(Conv)

Γ ` A : B Γ ` B′ : s
Γ ` A : B′ B =β B′
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Barendregt’s Cube

The various type systems in the cube have A = { (Type,Kind) } and differ
from each other w.r.t. the sorts allowed in the Prod rule:

(Prod)
Γ ` A : s1 Γ, x : A ` B : s2

Γ ` (∀x : A.B) : s3
(s1, s2, s3) ∈ R

I λ→: R = {(Type,Type,Type)}
I λP: R = {(Type,Type,Type), (Type,Kind,Kind)}
I λ2: R = {(Type,Type,Type), (Kind,Type,Type)}
I . . .
I λC: R =
{(Type,Type,Type), (Kind,Type,Type), (Type,Kind,Kind), (Kind,Kind,Kind)}
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Dialectica Interpretation
Not to be confused with the Curry-Howard Correspondence

Given a constructive proof π of a Π2 statement ∀x : T1.∃y : T2.P(x, y),
its dialectica interpretation D(π) is a function f : T1 → T2

such that ∀x : T1.P(x, f (x)) is valid.

I Curry-Howard Correspondence: Proof of T is a program of type T
I Dialectica: a program is extracted from a proof of ∀x .∃y.P(x, y).

C. Benzmüller and B. Woltzenlogel Paleo, 2015 —– Higher-Order Modal Logics (Lecture 5) 17



Intuitionism/Constructivism

Pure Coq can be considered intuitionistic/constructive, but . . .
There are different flavours of intuitionism/constructivism out there

Example: (∀x : A.P(x))→ (∃x : A.P(x))
Provable in Gentzen’s Intuitionistic Calculi but not in Coq!
Coq does not assume that A is non-empty/inhabited
Coq’s logic is a free logic
“Coq + Classical Library” is still a free logic
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Why Interactive Theorem Proving in addition to Automated Theorem Proving?

I Sometimes ATPs are just not powerful/expressive enough.
ITPs are less powerful; but are very expressive,
and designed to receive instructions from the user.

I ATPs are complex and highly optimized, and hence bug-prone.
ITPs rely on short and simple trusted code.
(Currently, lots of research go into the integration of ATPs and ITPs.)

I Even when ATPs are powerful enough, their proofs can be . . .
I . . . hard to read
I . . . not exactly the same as the proof we wanted to check
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Issues with Fully Automated Reasoning
Proofs are hard to read and do not necessarily correspond to the informal proofs being checked
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Embedding HOML in HOL

Example

HOML formula 3∃xG(x)
HOML formula in HOL valid (3∃xG(x))ι�o

expansion, βη-conversion ∀wι(3∃xG(x))ι�o w
expansion, βη-conversion ∀wι∃uι(rwu ∧ (∃xG(x))ι�ou)
expansion, βη-conversion ∀wι∃uι(rwu ∧ ∃xGxu)

Does this actually work in practice?

Is it efficient ??

Is it user-friendly ??
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Modal Logics in the Coq Proof Assistant

I Challenges:

I Can we hide the semantic embedding from the user?
I Can we provide an interaction experience to the user that

differs as little as possible from what he is already used to?
I Can we reconstruct, step-by-step in Coq, precisely Scott’s

formulation of Gödel’s argument?
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Modal Logics in the Coq Proof Assistant
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Natural Deduction Calculus
Rules for Modalities

α :

....
A

2A
2I

2A

t :

A....

2E

t :

....
A

3A
3I

3A

β :

A....

3E

eigen-box condition:
2I and 3E are strong modal rules:

α and β must be fresh names for the boxes they access
(in analogy to the eigen-variable condition for strong quantifier rules).
Every box must be accessed by exactly one strong modal inference.

boxed assumption condition:
assumptions should be discharged within

the box where they are created.
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Modal Logics in the Coq Proof Assistant
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Modal Logics in the Coq Proof Assistant
Part of Scott’s Formulation of Gödel’s Proof
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Natural Deduction Proofs for the Ontological Argument
T1 and C1

A2
∀ϕ.∀ψ.[(P(ϕ) ∧ 2∀x.[ϕ(x)→ ψ(x)])→ P(ψ)]

∀E∀ψ.[(P(ρ) ∧ 2∀x.[ρ(x)→ ψ(x)])→ P(ψ)]
∀E

(P(ρ) ∧ 2∀x.[ρ(x)→ ¬ρ(x)])→ P(¬ρ)

(P(ρ) ∧ 2∀x.[¬ρ(x)])→ P(¬ρ)

A1a
∀ϕ.[P(¬ϕ)→ ¬P(ϕ)]

∀EP(¬ρ)→ ¬P(ρ)

(P(ρ) ∧ 2∀x.[¬ρ(x)])→ ¬P(ρ)

P(ρ)→ 3∃x.ρ(x)
∀IT1: ∀ϕ.[P(ϕ)→ 3∃x.ϕ(x)]

A3
P(G)

T1
∀ϕ.[P(ϕ)→ 3∃x.ϕ(x)]

∀EP(G)→ 3∃x.G(x) →E
3∃x.G(x)
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Natural Deduction Proofs for the Ontological Argument
T2 (Partial)
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