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Introduction

This Tutorial ...

. is about (narrow picture)

higher-order modal logic (HOML)

classical higher-order logic (HOL)

embedding of HOML in HOL

» mechanisation and automation with HOL ATPs

v

v

v

» various applications, including metaphysics

. is about (wider picture)

» a quite universal approach to automate reasoning for a wide range of
classical and non-classical logics

» a very broad range of possible applications
» including meta-reasoning about logical systems
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Introduction

Our primary interest .. .

> is in expressive logics:
quantification (first- and higher-order) and lambda-expressions;

» propositional fragments are trivially covered
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Introduction: Outline of Tutorial

Part |
» Intro (15 min) (motivating examples)
HOL (20 min)
HOML (10 min)
Automation of HOML with LEO-II and Isabelle (15 min)
Ontological Argument (30 min)

v

v

v

v

Part Il

» HOML in the Coq Proof Assistant (25 min)
SUMO Ontology and HOML (20 min)
Meta-Reasoning (10 min)
Flexibility and Rigidity (10 min)
» Paraconsistency (10 min)
Cut-Elimination (15 min)

v

v

v

v
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Introduction: Expressivity Matters — Cantor’s Theorem

Cantor’s theorem: The set of all subsets of A, that is, the power set of A, has
a strictly greater cardinality than A itself.

In HOL Cantor’s theorem (surjective version) can be encoded as

-3IFVGIX.FX =G

HO ATPs can solve this problem very efficiently.

Their solution includes the detection and application of the diagonalisation
argument

Today: basic test example for new higher-order theorem provers.
Further reading: [AndrewsEtAl., Automating higher-order logic, 1984]
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Introduction: Expressivity Matters — Boolos’ Example

[George Boolos, A curious inference, J. Philosophical Logic, 16:1-12, 1987]

. Vn f(n,1) =s(1)
- Vx f(1,5(x)) = s(s(£(1,x)))

- VnVx f(s(n),s(x)) = f(n,f(s(n),x))
D(1)

. Vx D(x) — D(s(x)))

6. D(f(s(s(s(s(1)))), s(s(s(s(1))))))

Induction proof from (4) and (5), we get Vx D(x), hence
D(f(s(s(s(s(1)))),s(s(s(s(1)))))) by V-elimination.

But induction is not given, hence the first order proof consists of brute force

modus ponens applications: infeasible number of single steps (2(2"'2) with
64K 2s’)
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Introduction: Expressivity Matters — Boolos’ Example

[Boolos, A curious inference, J. Philosophical Logic, 16:1-12, 1987]

Comprehension axioms NG 3 VI N(Z',...,7") =Bg
Can be avoided: use \-binding construct to denote N

Instances of comprehension axioms in Boolos’ proof:
INVzZN(z) < (VXX(1) Ay (X(y) = X(s(y))) = X(2))

3EVZE(z)  (N(z) AD(z))

Central idea: “assume the induction principle holds for number z —
corresponding to N(z) — then we can show for any predicate X a property X(z)
by induction.”

The proof employs the following lemmata:

Lemma 1: N(1), vy (N(y) — N(s(y))), N(s(s(s(s(1))))), E(1),
vy (E(y) = E(s(v))), £(s(1))

Lemma 2: VnN(n) — Vx (N(x) — E(f(n,x)))

The theorem itself is then an easy application of the two lemmata.
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Introduction: Expressivity Matters — Boolos’ Example

!By the comprehension principle of second order logic, 3INVz(Nz o
YX[X1&Vy(Xy — Xsy) — Xz]), “and then for some N, 3EVz(Ez « Nz2&Dsz).
ILemma 1: 2 N1; 22y (Ny — Nsy); 22 Nssssl; 24 E1; 22Vy(Ey — Esy); *Esl;
‘Lemma 2: Yn(Nn — (Vz(Nz — Efnz)))

Proof: !By comprehension, IMVn(Mn +« Vz(Nz = Efnz)). **We want
V¥n(Nn — Mn). %*Enough to show **\M1 and **2vn(Mn — Msn), for then if
14 Nn, 45 Mn.

A0 43 Want Yz (Nz — Eflz). *312By comprehension, 3QVz(Qx « Eflz).
4313Want ¥z(Nz — Qz). **14Enough to show *3141Q) and +3:143yz(Qzr —

Qsz).

13140Q); 43140 IWant Ef11. 43141280t £11 = a1 by (1) and 431413 Es) by
Lemma 1.

43142yz(Qr — Qsz): A31421Suppose Qz, 13142246, Eflx, 431423py (9)
/la:: = ullr 1314248,y Lemma 1 twice, Eflsr. 431425Thys Qsr and
”’Vn(Mn —  Msn): 4321Guppose Mn, 323e Yr(Nz — Efnz).
4323Want Msn, 43340 Vr(Nz — Efm). 43258y  comprehension,
3PVz(Pz « Efsnz). 4225%Want Vz(Nz — Pz). **2IEnough to show 13111p)
and m“ngPz — Psz).

13233 p). AA3TLan Efenl. 43220280 fenl = s1 by (1) and 2322138 by
Lemma 1.

13273yz(Pz — Paz): 32121Suppose Pz, 43312216, Efenz; 432123thug
Nfsnz. *32733Want Efsnsz. **412%Gince Nfsnz and Mn, Efnfsnz.
4327208yt by (3) fnfsnz = fsnsz; 422720thus Efsnsz.

*By Lemma 1, Nssssl. *By Lemma 2, Efsssslssssl. TThus, Dfsssslssssl, as
desired.

Formalization in OMEGA and Mizar: see [BenzmiillerBrown, The curious
inference of Boolos in MIZAR and OMEGA, Studies in Logic, Grammar, and Rhetoric,
volume 10(23), pp. 299-388, 2007.]

Earlier paper: [BenzmillerKerber, A Lost Proof, 2001].

Earlier poster: http://christoph-benzmueller.de/papers/poster-tphols0l.pdf
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Inroduction: Higher-Order Modal Logics

OP: P is necessary, P is obligatory, P is known, P is believed, always P ...

OP: P is possible, P is permissible, P is epistemically possible, P is
doxastically possible, eventually P ...

O and < are not truth-functional
HOL can be extended by O and < to obtain HOML

There are many interesting applications of such logics, e.g. the Ontological
Argument
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Introduction: Embedding Approach — Idea
Your-logic (object-logic) ¢ = ——
HOL (meta-logic) o == I
Embedding of Hll in Il

Embedding of meta-logical notions on il in

valid = NG
satisfiable = NG
.. = I

Pass this set of equations to a higher-order automated theorem prover
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Introduction: Embedding Approach — HOML in HOL
HOML e, u= e |eAY o=y [ Op | Op | Vay | Ixy 0
HOL 5,0 n= Co |l Xa | (Mas8)ansp | (Sampla)s | 7o | So Vi, | Vxat,

HOML in HOL: HOML formulas  are mapped to HOL predicates ¢, .,
(explicit representation of labelled formulas)

= )\SOLHO)\WL“SDW
= A@—o Ao AW, (oW A Ppw)
= )\SDL—N)AQ/}L—)UAWL(_‘QOW V 1/}\/\/)

)\hry_> (t—0) )\WLVd,Y hdw
— )\h’y—>(L—>0) )\WL Hdv hdw Ax (polymorphic over )

= )‘QDL—W/\WL\V/ML (_‘rWI/l V (,91/{)
= )\(JOL—N))\WLEML (VWM A QOM)

o0 W< | >
I

valid = A\p,_,Yw, pw

The equations in Ax are given as axioms to the HOL provers!
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Introduction: Embedding Approach — A “Lean” Prover for HOML KB

%--—-The base type $i (already built-in) stands here for worlds and
$----mu for individuals; $o (also built-in) is the type of Booleans
thf (mu_type, type, (mu:$tType)) .
%$-—-——Reserved constant r for accessibility relation
the (r, type, (r:$i>$i>$0)) .

dal logic op not, or, and, implies, box, diamond

thf (mnot_type, type, (mnot: ($i>$0)>$i>$o0)) .

thf (mnot,definition, (mnot = (*[A:$i>$o,W:$i]:~(AQRW)))).

thf (mor_type, type, (mor: ($i>$0)> ($i>$0)>$i>$0)) .

thf (mor, definition, (mor = (A[A:$i>$0,Psi:$i>$o,W:$il: ((AQW) | (PSi@W))))) .
11 thf (mand_type, type, (mand: ($i>$0) > ($i>$0)>$i>$0)) .

12 thf (mand, definition, (mand = (A[A:$i>$o0,Psi:$i>$o, W:$i]: ((AGW)& (PSi@W))))) .
13 thf (mimplies_type, type, (mimplies: ($i>$0)> ($i>$0)>$i>$0)) .

14 thf (mimplies,definition, (mimplies = (~[A:$i>$0,Psi:$i>$0,W:$i]: ((AQW)& (PSi@W))))).
15 thf (mbox_type, type, (mbox: ($i>$0)>$i>$0)) .

16 thf (mbox,definition, (mbox = (A[A:$i>$0, W:$i]:![V:$i]: (~(r@WRV) | (RQV))))) .
17 thf (mdia_type, type, (mdia: ($i>$0)>$i>$0)) .

18 thf (mdia,definition, (mdia = (A[A:$i>$o,W:$i]:?[V:$i]: ((r@QWEV)& (AQV))))) .

Sexuamewn -

19 %---—Quantifiers (constant domains) for individuals and propositions
20 thf (mforall ind_type,type, (mforall ind: (mu>$i>$0)>$i>$0)) .
21 thf (mforall_ind,definition, (mforall_ind = (A[A:mu>$i>$o,W:$i]:![X:mu]: (ARXEW)))) .

22 thf (mforall_indset_type,type, (mforall indset: ((mu>$i>$o0)>$i>$o0)>$i>$0)) .
23 thf (mforall_indset,definition, (mforall indset = (~[A: (mu>$i>$0)>$i>$o, W:$i]: ! [X:mu>$i>$o] : (AGXEW)))) .

24  thf (mexists_ind type,type, (mexists_ind: (mu>$i>$0)>$i>$0)) .
25  thf(mexists_ind,definition, (mexists_ind = (*[A:mu>$i>$o,W:$1i]:?[X:mu]: (AGXEW)))) .

26  thf(mexists_indset_type,type, (mexists_indset: ((mu>$i>$0)>$i>$0)>$i>$0)).

27 thf(mexists_indset,definition, (mexists_indset = (*[A: (mu>$i>$0)>$i>$o, W:$i]:? [X:mu>$i>$o]: (AGXEW)))) .

28 %$———-Definition of validity (grounding of lifted modal formulas)
29 thf (v_type, type, (v: ($§i>$0)>$0)) .
30 thf (mvalid,definition, (v = (*[A:$i>$0]:![W:$i]: (AQW)))).

31 %---—Properties of accessibility relations: symmetry
32 thf (msymmetric_type, type, (msymmetric: ($i>$i>$0)>$0)) .

33 thf(msymmetric,definition, (msymmetric = (*[R:$i>$i>§o]:![S:$i,T:$i]: ((R@SERT)=>(RETES))))) .
34 %----Here we work with logic KB, i.e., we postulate symmetry for r

35  thf(sym,axiom, (msymmetric@r)).

Reading on THFO syntax: [SutcliffeBenzmdiller, J.Formalized Reasoning, 2010]
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Advantages of the Approach

[BenzmuillerWoltzenlogelPaleo, CSR 2015]

[BenzmullerWoltzenlogelPaleo, ECAI 2014]

[BenzmullerPaulson, Logica Universalis 2013]

[BenzmullerWoltzenlogelPaleo, AFP 2013]

[Benzmdiller, IJCAI 2013]

Pragmatics and convenience.

*’Implementing’ a new theorem prover imade very simple
* even for very challenging quantified non-classical logics

Flexibility

* Rapid experimentations with logic variations: quantifiers for constant,
varying and cumulative domains; rigid or non-rigid terms; etc.

* Sahlgvist axioms may be postulated or (preferably) the corresponding
conditions of the accessibility relation

* prominent connections between logics can be verified and exploited

Availability

* Option 1: Reuse and adapt our TPTP THFO encodings

* Option 2: Reuse and adapt our Isabelle encodings

* Option 3: Reuse and adapt our Coq encodings

* Option X: Adapt our encodings for your preferred HO prover
* Options can be employed simultaneously.
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Advantages of the Approach

Relation to labelled deductive systems

* Labelled deductive systems: meta-level (world-)labelling techniques
* Embedding approach: labels are encoded directly in HOL logic

* No extra-logical annotations in embedding approach

Relation to the standard translation

* Intra-logical formalisation and implementation of the standard translation
* Extension: various other logics

* Extension: quantifiers (different domain conditions)

* Future work: functional translation as an alternative

Soundness and completeness
* Sound and complete (Henkin semantics)

Meta-reasoning

* Example: Verification of the modal logic cube in Isabelle (PxTP@CADE
talk)

* Example: Soundness of the usual ALC tableaux rules

* Example: Correspondence between ALC and base modal logic K

* Example: Some meta-level results for conditional logics

* Future work: Completeness results via abstract consistency
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Advantages of the Approach

Direct calculi and user intuition

* Implementation of ‘direct’ proof calculi on top of logic embeddings

* Example: ND calculus for HOML as tactics in Coq

* Human intuitive proofs enabled at the interaction layer

* Automation via embedding and ATPs for HOL

* Interesting perspective for mixed proof developments

* Future work: proof planning to automate the abstract-level direct proof
calculi; proof assistants in the style of mega could eventually be adapted for
this (support for 3-dimensional proof objects!)

In this Tutorial we will address and illustrate many of the above advantages!

Cut-elimination

* Very generic result: combine soundness and completeness of the
embedding with the fact that HOL already enjoys cut-elimination for Henkin
semantics
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Higher-order Logic (HOL)
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Expressivity

Quantification over

- Individuals

- Functions

- Predicates/Sets/Rels

Unnamed
- Functions
- Predicates/Sets/Rels

Statements about
- Functions
- Predicates/Sets/Rels

Powerful abbreviations

Classical Higher-Order Logic (HOL)

FOL

HOL

SNENEN

Example

VX p(f (X))
VEp(F(a))
VP P(f(a))

(AXX)
(AXX # a)

continuous(AX X)
reflexive(=)

reflexive =ARVXR(X, X)
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Classical Higher-Order Logic (HOL)

Expressivity

Quantification over

- Individuals

- Functions

- Predicates/Sets/Rels

Unnamed
- Functions
- Predicates/Sets/Rels

Statements about
- Functions
- Predicates/Sets/Rels

Powerful abbreviations

FOL HOL
v v
- v
- v
- v
- v
- v
- v
- v

Example

v)(l, Pi—o (f/,—w, (X/))
VE o piso(Fioo(a.))
VP/ —0 P/,—m (f/,—»/, (a/,))

(AX, X,)
(AXL—H, Xt 7é L=L—p tl),{)

CONtinUous (,—,)—o(AX, X.)
r({ﬂexive(ﬁﬁ,,)w,(: HHH)

rgﬁexjvg(i,ﬂ/,ﬁo) —0 —

AR(, . 0) VX, R(X,X)

Simple Types: Prevent Some Paradoxes and Inconsistencies
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HOL: Syntax

Simple Types: a,f = ol (a=p)
(we may add further base types, e.g. u)

HOL Language:

s;t 1= pa|Xa | (AXasp)asp | (Saspla)s |
(_‘a—m so) ‘ ((Va—m—m so)ta) |V(a—>o)—>o(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax

Simple Types: a,f = ol (a=p)
(we may add further base types, e.g. u)

HOL Language:

s;t 1= pa|Xa | (AXasp)asp | (Saspla)s |
(_‘a—m so) ‘ ((Va—m—m so)ta) |V(a—>o)—>o(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,f = vlo|(a—pB)
(we may add further base types, e.g. u)

HOL Language:

st = | Xa | (AXa$p)amp | (Saspta)s |

(_‘o—m so) ‘ ((Vo—m—m so)to) |v(a—)0)—>o(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,f = vlo|(a=p)
(we may add further base types, e.g. u)

HOL Language:

s,t = pa || (Mo sg)ass | (Sanspta)s |

(_‘o—m sn) ‘ ((Vo—>o—>o sn)to) |v(a—>0)—>o(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,B = o] (a-pP)
(we may add further base types, e.g. u)

HOL Language:

s;t 2= pal|Xa || (MXasp)amp || (Saspta)s |

(_‘a—m so) ‘ ((Va—m—m so)ta) |v(a—>o)—>a(AXa So)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,B = o] (a-pP)
(we may add further base types, e.g. u)

HOL Language:

s,t 2= pal|Xa|(AXasg)a—sp || Sanpla)s

(_‘a—m so) ‘ ((Va—m—m So)ta) |v(a—>o)—>a(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,B = o] (a-pP)
(we may add further base types, e.g. u)

HOL Language:

s;t 2= pa|Xal|(AXasp)asp | (Saspla)s |

(_'o—m so) | ((Vo—m—)o so)to) |V(a—>o)—)o(>\Xa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
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HOL: Syntax
Simple Types: a,f = vlo|(a—pB)
(we may add further base types, e.g. u)

HOL Language:

s;t 2= pol|Xa| (Masp)ass | (Sassla)s |

(_‘0—>0so)| ((V0—>o—>oso)to) |V(a—>0)—)o(>\Xaso)

constant symbols

variable symbols

lambda abstraction

application

negation

disjunction (we may use infix notation, omit types and brackets: s V r)
universal quantification
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HOL: Syntax
Simple Types: a,f = v]o|(a=p)
(we may add further base types, e.g. u)

HOL Language:

s,t 2= pol|Xa | (Masglass | (Sansta)s |

(_‘o—w so) | ((V0—>o—>o so)to) | V(a—»a)—)o(AXa so)

constant symbols

variable symbols

lambda abstraction

application

negation

disjunction

universal quantification (we may use syntactical sugar: VX,s)
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HOL: Syntax

Simple Types: a,f = ol (a=p)
(we may add further base types, e.g. u)

HOL Language:

s;t 1= pa|Xa | (AXasp)asp | (Saspla)s |
(_‘0—>0 so) ‘ ((V0—>a—>a so)ta) |V(a—>o)—>o(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification

Terms of type o: formulas
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HOL: Syntax
Simple Types: a,f = ol (a=p)
(we may add further base types, e.g. u)
HOL Language:

s;t 1= pa|Xa | (AXasp)asp | (Saspla)s |
(_‘0—>0 so) ‘ ((Vo—m—m so)ta) |V(a—m)—>o(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification

Terms of type o: formulas

Other logical connectives can be defined, e.g. 3Xs stands for =VX-s
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HOL: Syntax

Simple Types: a,f = ol (a=p)
(we may add further base types, e.g. u)

HOL Language:

s;t 1= pa|Xa | (AXasp)asp | (Saspla)s |
(_‘a—w so) ‘ ((Va—w—w so)ta) |v(a—m)—>o(AXa so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification

Terms of type o: formulas
Other logical connectives can be defined, e.g. 3Xs stands for —VX-s

Equality may also be defined: s = r stands for VP(Ps = Pt)
(but it is stongly recommended to add primitive equality!)
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (AX pX) is identified with (AY pY).
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (AX pX) is identified with (AY pY).

Substitution

of a term s, for X, in t5 is denoted by [s/X]z.
We assume the bound variables of ¢ avoid variable capture.
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HOL: Syntax

a-conversion
is considered implicitly, e.g. (AX pX) is identified with (\Y pY).

Substitution
of a term s, for X, in t5 is denoted by [s/X]z.
We assume the bound variables of ¢ avoid variable capture.

p-reduction and »-reduction

(B-redex has the form (A\X s)t and -reduces to [t/X]s.

n-redex has the form (\X sX) where X is not free in s; it n-reduces to s.
s=pgt means s can be converted to ¢ by -reductions and expansions.
$=pnt Means s can be converted to ¢ using both 5 and 7.

For each s, € HOML there is a unique 3-normal form and a unique

Bn-normal form.
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HOL: Semantics

Semantics of HOL is (meanwhile) well understood

» Origin [Church, J.Symb.Log., 1940]
» Henkin-Semantics [Henkin, J.Symb.Log., 1950]
[Andrews, J.Symb.Log., 1971, 1972]

» Extensionality/Intensionality [BenzmiillerEtAl., J.Symb.Log., 2004]
[Muskens, J.Symb.Log., 2007]

HOL with Henkin-Semantics: semi-decidable & compact (like FOL)

Recommended Reading: [BenzmillerMiller, HandbookHistoryOfLogic, Vol.9, 2014]
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HOL: Semantics

A Frame D
is a collection {D,, }.er of nonempty sets D, such that
» D, can be chosen freely
» D, = {T, F} (for truth and falsehood), and
» D, are collections of functions mapping D., into Dg

A Model M
for HOL is a tuple M = (D, I), where

» D is a frame;

» I is a family of typed interpretation functions mapping constant symbols
P o appropriate elements of D, called the denotation of p«;

» the logical connectives —, Vv, and V are always given the standard
denotations;

» moreover, we assume that the domains D, _,~—s, contain the respective
identity relations.
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HOL: Semantics

Variable Assignment
A variable assignment ¢ maps variables X,, to elements in D,,.

gld/W] denotes the assignment that is identical to g, except for variable W,
which is now mapped to d.

Interpretation/Value of a HOL term

The value ||s. || of a HOL term s, on a model M = (D, I) under
assignment g is an element d € D, defined in the following way:

-l = 1(pa)

2. ||1Xa|I"* = g(Xa)

3. l(saspta)sll™® = llsa—all™* (llta|*"*)
4

. |(AXa $8)a— s/ = the function f from D, to D such that
fd) = ||sa||"</*=] for alld € Do

—h

5. W vmso sl = Tt s = F
6. [|((Vomso—so80) to)o||"* = T iff ||, ||** = T or ||g,||*"* = T
7. 1107 (o) —ro (AXa $0))o || = T iff for all 4 € D, we have

||so||M’g[d/X°‘] -7
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HOL: Semantics

Standard and Henkin Models
In a standard model M = (D, I) we have
> Dosp={f|f:Da — Dgs} (for all types a, )

In a Henkin model M = (D, I) we only require
» Dap C{f|f:Da —> Dg} (for all types «, 3)
» the valuation function || - ||**¢ from above is total (every term denotes)

Any standard model is obviously also a Henkin model.
We consider Henkin models in the remainder.
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

» ldea of Standard Semantics:

t— D, (choose)
o — D, = {T,F} (fixed)
(o = 3) —>

D,—.3=F(D.,Dgs) (fixed)

Standard Models ST(E)
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

» ldea of Standard Semantics:

. — D, (choose)
o — D, = {T,F} (fixed)
(x — ) —

" Dy.y=F(D.,D;) (fixed)

« Henkin’s Generalization:

D,_.;s C F(Da,Dg) (choose)
S Mo EE) but elements are still functions!

[Henkin-50)
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Standard Models ST(X)

choose: D,
fixed: Dy, D, .3, functions
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Standard Models GZ(X) Formulas valid in 63(X)

) choose: D,
fixed: Dy, D, .3, functions
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Henkin Models 5(X) = Mg, (X) Formulas valid in 0 (X) ?

choose: D, Da—3
fixed: D, functions

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

25



HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Henkin Models H(X) = My, (X) Formulas valid in 90, (X)

choose: D,, Dy—3
fixed: D, functions
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

choose: D, D, . 3, also non—functions, D,
fixed:
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

choose: D, D, 3, also non—functions, D,
fixed:
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

We additionally studied different model classes with ‘varying degrees of extensionality’
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Ms(X) non-extensional models

b: Boolean extensionality, D, = {T,F}
f(= n + £): functional extensionality
n: n-functional
£: é-functionality

Wy () =~ H(XE) Henkin models
full
v
SI(X) standard models
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

M (X) non-extensional models

N

A

Mgy (X)
b, f(=n+§&)
Mg (X) >~ H(X) Henkin models
fl;ll
v
6%(X) standard models
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

m non-extensional models

\ b
A
Vs (£)

b, f(=n+¢§)

: i
v/
full
v

Migps (X) = H(X) Henkin models

standard models
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

non-extensional models

e

f Mg (E)
Vi (X) f
N /
Mogp (X) =~ H(X) Henkin models

full
v
standard models
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

non-extensional models
: e A
f : P (E)

b, f(=n+¢&)

: i
6 :
A v/
Henkin models

full
v

standard models
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

non-extensional models

o b*
e (=) [ Mg (£)

g /

lull

standard models
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

non-extensional models
Vi \
€
f )
- i
7 .
Yk e
o D K
‘N Yk
Mgp () =~ H(E) Henkin models

full
v

standard models
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

My(X) non-extensional models

/

A

¢ € /

:
\ 2"
BT ®

-
\"A Vi~

M () /f
/

*
\
f
8
<s-—

I
\
4

Mg (X) >~ H(X) Henkin models
full
v
SI(Y) standard models
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HOL: Semantics
(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

non-extensional models

Henkin models

standard models
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HOL: Semantics

(see [BenzmiillerBrownKohlhase, J.Symb.Log., 2004] and [BenzmiillerBrownKohlhase, LMCS, 2009]

Semantics: Reference Calculi:
Model Classes (Extensionality) ND (and others)
- "
PR bA /
Em 0 om  em - i ‘

] ¢ b TERT ! _“ ) T <
Vk><'a 2N A / o /3(
m\ g ' /m ﬂ\ e B

" ¢ . ) e
N 77 Y

Abstract Consistency / Unifying Principle:
Extensions of Smullyan-63 and Andrews-71

[ |
T
Vs A A
B -~ B9 25 |

% 9 71
V»é(h /%v
m
Wg 1 s
77
o |
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Higher-order Modal Logic (HOML)
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HOML: Motivation

apP

P is necessary, P is obligatory, P is known,
P is believed, always P ...
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HOML: Motivation

ar
P is necessary, P is obligatory, P is known,
P is believed, always P ...
OP

P is possible, P is permissible, P is epistemically possible,
P is doxastically possible, eventually P . ..
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HOML: Motivation

ar
P is necessary, P is obligatory, P is known,
P is believed, always P ...
OP

P is possible, P is permissible, P is epistemically possible,
P is doxastically possible, eventually P . ..

O and < are not truth-functional
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HOML: Motivation

ar
P is necessary, P is obligatory, P is known,
P is believed, always P ...
OP

P is possible, P is permissible, P is epistemically possible,
P is doxastically possible, eventually P . ..

O and < are not truth-functional

HOL can be extended by OP and ©P to obtain HOML
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HOML: Motivation
Kripke Semantics - Possible Worlds

°Q

oP P

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

28



HOML: Syntax
Simple Types: a,f = t]o](a—P)
HOML Language:

s;t 2= pa|Xa | (AXasg)asp | (Sampta)s |
(_‘o—m 50) | ((Vo—m—m So) Zo) | V(aﬁo)%o(AXa So)
(Do—m s(})

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator
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HOML: Syntax
Simple Types: a,B = o] (a-pP)
HOML Language:

s;t 5= pa|Xa | (AXasg)anp | (Saspla)s |
(_‘o—m so) ‘ ((Vo—m—m 50) to) |V(a—>0)—>(}()\Xa So)

(Doﬂo So)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator
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HOML: Syntax
Simple Types: a,f = t]o](a—P)

HOML Language:

5,0 u= pa|Xa|(Mass)ass | (Saspta)s |
(_‘o—m 50) | ((Vo—m—m So) Zo) | V(a%o)%o(Axa So)
(Do—m s(})

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator

Terms of type o: formulas
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HOML: Syntax

Simple Types: a,B u= o] (a—p)

HOML Language:

5,0 u= pa|Xa|(Mass)ass | (Saspta)s |
(_‘a—m so) ‘ ((Vo—m—m So) Zo) |V(a~>o)~>o()\Xa So)
(Do—m so)

constant symbols
variable symbols
lambda abstraction
application

negation

disjunction

universal quantification
modal box operator

Terms of type o: formulas

Other logical connectives can be defined, e.g. ©s stands for —O—s
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HOML: Syntax

a-conversion
... as before ...

Substitution
... as before ...

S-reduction and r-reduction
... as before ...
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HOML: Semantics

Semantics of HOML investigated in

» [D. Gallin, Instensional and Higher-Order Modal Logic, North Holland, 1975]
» [R. Muskens, Higher Order Modal Logic, Handbook of Modal Logic, 2006]

» [Benzmliller and Woltzenlogel Paleo, Automating Gdédel’s Ontological Proof .. .,
ECAI, 2014]
» our interest: combination of Kripke style models and Henkin semantics
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HOML: Semantics

A Frame D
. as before ...

A Model M
for HOML is a quadruple M = (W, R, D, {I,}wew), Where

» W is a set of worlds (or states);
» R is an accessibility relation between the worlds in W;
» Dis aframe;

» for each w € W, {I,,}..cw is a family of typed interpretation functions
mapping constant symbols p, to appropriate elements of D,, called the
denotation of p, in world w;

» the logical connectives —, Vv, V, and O are always given the standard
denotations;

» moreover, it is assumed that the domains Do—, -, contain the
respective identity relations on objects of type «.
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HOML: Semantics

Variable Assignment
. as before ...

Interpretation/Value of a HOML term

The value ||s«||*¢" of a HOML term s, on a model M = (W, R, D, {L, }wew) in
a world w € W under variable assignment g is an element d € D,, defined in
the following way:

[Pl = Ly(pa)

2. [IXa " = g(Xa)

3. [I(sasp ta) s 1" = llsamp " (1)

4. ||(AXq $5)as|™*" = the function f from D, to Ds such that

£(d) = ||s|/"<1/ %) for all d € Da

—t

5. [[(moms0 8o)o M5 = T iff |lso||**" = F
6. [[(Vomsomo 50) 10)o||"5™ = Tiff |ls||"*™ = T or [|to||*"* =T
7. ||(v<a_>(,)_,,,(>\X 50))o||M¢" = T iff for all d € D, we have

Mgld/Xa]w _ =7

8. ||( o0 S0)o||"¥" = T iff for all v € W with wRv we have ||s,|"*" =T
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HOML: Semantics

Standard and Henkin Models (as before)
In a standard model M = (W, R, D, {I,,}.cw) We have
» Dog ={f|f:Da —> Dg} (for all types «, 5)

In a Henkin model M = (W, R, D, {1, }.ew) We only require
» Do,g C{f|f:Da — Dg} (for all types «, )
» the valuation function || - ||*>*" from above is total (every term denotes)

Any standard model is obviously also a Henkin model.
We consider Henkin models in the remainder.
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HOML: The Modal Logic Cube

{S5] = M5 = MBS = M4B5
= M45 = M4B = D4B
= D4B5 = DBS

ap—p
P—0O0P
0P — OP
op - 00p
QP - 0O0P

D45

)}

(o] {b8]

2 wEPEER

}{tﬁ 1%

4
L

K——B

K4} »/Kd5+——{KB5| = K4B5 = K4B

(K] {KB
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SN
YOU WANT PROOF?
I'LL GIVE YOU PROOF!

How to automate HOML?
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Embedding HOML in HOL

Challenge: No provers for Higher-order Modal Logic (HOML)

Church’s Simple Type Theory
Our solution: Embedding in Higher-order Classical Logic (HOL)

Then use existing HOL theorem provers for reasoning in HOML

[BenzmullerPaulson, Logica Universalis, 2013]

Assumption: Henkin semantics for both HOML and HOL

Previous empirical findings:

Embedding of First-order Modal Logic in HOL works well
[BenzmlllerOttenRaths, ECAI, 2012]
[Benzmdiller, LPAR, 2013]
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Embedding HOML in HOL
HOML e, uw= e |eAY o= | Op| Op | Vay | 3x, ¢

HOL 5,0 n= Co |l Xa | (Mas8)ansp | (Sampla)s | 7o | So Vi, | Vxat,

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

38



Embedding HOML in HOL
HOML e, u= e |leAY o= | Op| Op | Vay | 3x, e
HOL 5,0 n= Co |l Xa | (Mas8)ansp | (Sampla)s | 7o | So Vi, | Vxat,

HOML in HOL: HOML formulas  are mapped to HOL predicates ¢, .,
(explicit representation of labelled formulas)

= )\<PH0>\Wﬁ<pW
= A@—o Ao AW, (oW A Ppw)
= )\QDL—W)\?/}L—W/\WL(_‘(PW V 1/}\/\/)

)\h,y_,(ll_,(,) )\WLVd»Y hdw
— )\h’y—>(L—>0) Aw, Hdv hdw Ax (polymorphic over )

= )‘QDL—W/\WL\V/ML (_‘rWI/l V (,91/{)
= Apsodw, Ju, (rwu A pu)

o0 W< | >
I

valid = A\p,_,Yw, pw

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications 38



Embedding HOML in HOL
HOML e, u= e |eAY o=y [ Op | Op | Vay | Ixy 0
HOL 5,0 n= Co |l Xa | (Mas8)ansp | (Sampla)s | 7o | So Vi, | Vxat,

HOML in HOL: HOML formulas  are mapped to HOL predicates ¢, .,
(explicit representation of labelled formulas)

= )\SOLHO)\WL“SDW
= A@—o Ao AW, (oW A Ppw)
= )\SDL—N)AQ/}L—)UAWL(_‘QOW vV 1/}\/\/)

)\h,y_,(ll_,(,) )\WLVd7 hdw
— )\h’yﬂ(L%()) )\WL HdV hdw Ax (polymorphic over )

= )\<)0L—>(1AW1/\V/ML (_‘FWM V (,91,{)
= )\(pL—N)AWLEML (VWM A tpu)

o0 W< | >
I

valid = A\p,_,Yw, pw

The equations in Ax are given as axioms to the HOL provers!
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Embedding HOML in HOL

Example
HOML formula
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<&IxG(x)
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Embedding HOML in HOL
Example

HOML formula
HOML formula in HOL
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OAxG(x)
valid (O3xG(x)),—o
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Embedding HOML in HOL

Example
HOML formula OIxG(x)
HOML formula in HOL valid (O3xG(x)),—o
expansion, gn-conversion Yw, (O3xG(x)) oo W
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Embedding HOML in HOL

Example
HOML formula <&IxG(x)
HOML formula in HOL valid (O3xG(x)),—o
expansion, gn-conversion Yw, (OIxG(x)),mo w
expansion, Sn-conversion Yw, Ju, (rwu A (xG(x)),—ou)
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Embedding HOML in HOL

Example
HOML formula <&IxG(x)
HOML formula in HOL valid (O3xG(x)),—o
expansion, gn-conversion Yw, (O3xG(x)) oo W
expansion, Sn-conversion Yw, Ju, (rwu A (xG(x)),—ou)
expansion, /n-conversion Vw, Ju, (rwu A 3xGxu)
Expansion: user or prover may flexibly choose expansion depth
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Embedding HOML in HOL

Example
HOML formula <&IxG(x)
HOML formula in HOL valid (O3xG(x)),—o
expansion, gn-conversion Yw, (OIxG(x)),mo w
expansion, Sn-conversion Yw, Ju, (rwu A (xG(x)),—ou)
expansion, /n-conversion Vw, Ju, (rwu A 3xGxu)
Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that o is valid in HOML,
—> we instead prove that valid ¢, ., can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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Embedding HOML in HOL

Example
HOML formula <&IxG(x)
HOML formula in HOL valid (O3xG(x)),—o
expansion, gn-conversion Yw, (OIxG(x)),mo w
expansion, Sn-conversion Yw, Ju, (rwu A (xG(x)),—ou)
expansion, /n-conversion Vw, Ju, (rwu A 3xGxu)
Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that o is valid in HOML,
—> we instead prove that valid ¢, ., can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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Embedding HOML in HOL: Logics beyond K

Modal logic axioms

valid Vo(Op — ¢)
valid Yo (¢ — O0y)
valid Vip(Op — <)
valid Vo(Ogp — OOp)
valid Vo(Op — OCp)

UrOWZ

Semantical conditions

Vx(rxy)

VxVy(rxy — ryx)
VxJy(rxy)

VaVyVz(rxy A ryz — rxz)
VaxVyVz(rxy A rxz — ryz)
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HOML: Motivation
Kripke Semantics - Possible Worlds

Possibilist vs. Actualist Quantification

°Q

oP P
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Embedding HOML in HOL: Possibilist vs. Actualist Quantification

V' = My (mo) AW, Vdy hdw (possibilist / constant dom.)
becomes
V' = My im0y I Vdy (EXINWdw — hdw) (actualist / varying dom.)

where ExInW is an existence predicate.

Additional axioms (optional):

» domains are non-empty Yw, 3x, exinWxw

» denotation (constants & functions) Vw, exinWew
Yw, (exInWr'w A ... A exInWr'w D exInW(f ' ... 7" )w)

Cumulative domains: VxvvWw(exInWxv A rvw D exinWaxw)
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Embedding HOML in HOL: Theoretical Results

Soundness and Completeness
HOML o iff  AX '=ge%n valid s,—, (iff  Ax F?ftkree
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Embedding HOML in HOL: Theoretical Results

Soundness and Completeness
EHOML 5, it AX ROk valid s, .,

Proof sketch (adapts [Benzmiiller and Paulson, Logica Universalis, 2013]):
By contraposition it is sufficient to show

HOML . HOL .
Honkin So 1T AX Fpenkin valid s,—o

One easily gets the proof by choosing the obvious correspondences between
DandD,WandD,,IandI,gandg, Rand r,_,,—,, and w and w. |
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Embedding HOML in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)
EHOML 5, it AX ROk valid s, .,

Proof sketch (adapts [Benzmiiller and Paulson, Logica Universalis, 2013]):
By contraposition it is sufficient to show

HOML . HOL .
Honkin So 1T AX Fpenkin valid s,—o

One easily gets the proof by choosing the obvious correspondences between
DandD,WandD,,IandI,gandg, Rand r,_,,—,, and w and w. |
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Embedding of Other Logics in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)

Ehs, iff Ax EHOL valids, ., (iff Ax I—CHS_';ree valid ¢, )

Logic L:

>

>

>

Higher-order Modal Logics
First-order Multimodal Logics
Propositional Multimodal Logics
Quantified Conditional Logics
Propositional Conditional Logics
Intuitionistic Logics

Access Control Logics

» Logic Combinations

v

...more is on the way ... including:

Description Logics

Nominal Logics

Multivalued Logics (SIXTEEN)

Logics based on Neighborhood Semantics
(Mathematical) Fuzzy Logics
Paraconsistent Logics

YyVYyVYVYYVYY
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Embedding HOML in HOL: TPTP THF

%--—-The base type $i (already built-in) stands here for worlds and
$----mu for individuals; $o (also built-in) is the type of Booleans
thf (mu_type, type, (mu:$tType)) .
%$-—-——Reserved constant r for accessibility relation
the (r, type, (r:$i>$i>$0)) .

dal logic op not, or, and, implies, box, diamond

thf (mnot_type, type, (mnot: ($i>$0)>$i>$o0)) .

thf (mnot,definition, (mnot = (*[A:$i>$o,W:$i]:~(AQRW)))).

thf (mor_type, type, (mor: ($i>$0)> ($i>$0)>$i>$0)) .

thf (mor, definition, (mor = (A[A:$i>$0,Psi:$i>$o,W:$il: ((AQW) | (PSi@W))))) .

11 thf (mand_type, type, (mand: ($i>$0) > ($i>$0)>$i>$0)) .

12 thf (mand, definition, (mand = (A[A:$i>$o0,Psi:$i>$o, W:$i]: ((AGW)& (PSi@W))))) .

13 thf (mimplies_type, type, (mimplies: ($i>$0)> ($i>$0)>$i>$0)) .

14 thf (mimplies,definition, (mimplies = (~[A:$i>$0,Psi:$i>$0,W:$i]: ((AQW)& (PSi@W))))).
15 thf (mbox_type, type, (mbox: ($i>$0)>$i>$0)) .

16 thf (mbox,definition, (mbox = (A[A:$i>$0, W:$i]:![V:$i]: (~(r@WRV) | (RQV))))) .

17 thf (mdia_type, type, (mdia: ($i>$0)>$i>$0)) .

18 thf (mdia,definition, (mdia = (A[A:$i>$o,W:$i]:?[V:$i]: ((r@QWEV)& (AQV))))) .

19 %---—Quantifiers (constant domains) for individuals and propositions

20 thf (mforall ind_type,type, (mforall ind: (mu>$i>$0)>$i>$0)) .

21 thf (mforall_ind,definition, (mforall_ind = (A[A:mu>$i>$o,W:$i]:![X:mu]: (ARXEW)))) .
22 thf (mforall_indset_type,type, (mforall indset: ((mu>$i>$o0)>$i>$o0)>$i>$0)) .

Sexuamewn -

23 thf(mforall indset,definition, (mforall_indset = ([A: (mu>$i>$0)>$i>$o,W:$i]:! [X:mu>$i>$o]: (AGXEW)))) .
24  thf (mexists_ind type,type, (mexists_ind: (mu>$i>$0)>$i>$0)) .

25  thf(mexists_ind,definition, (mexists_ind = (*[A:mu>$i>$o,W:$1i]:?[X:mu]: (AGXEW)))) .

26  thf(mexists_indset_type,type, (mexists_indset: ((mu>$i>$0)>$i>$0)>$i>$0)).

27 thf(mexists_indset,definition, (mexists_indset = (*[A: (mu>$i>$0)>$i>$o, W:$i]:? [X:mu>$i>$o]: (AGXEW)))) .

28 %$———-Definition of validity (grounding of lifted modal formulas)

29 thf (v_type, type, (v: ($§i>$0)>$0)) .

30 thf (mvalid,definition, (v = (~[A:$i>$o0]:![W:$i]: (AQW)))) .

31 %----Properties of accessibility relations: symmetry

32 thf (msymmetric_type,type, (msymmetric: ($i>$i>$0)>$0)) .

33 thf (msymmetric,definition, (msymmetric = (~[R:$i>$i>$0]:![S:$i,T:$i]: ((RESQRT)=> (RETES))))) .
34 $----Here we work with logic KB, i.e., we postulate symmetry for r

35 thf (sym, axiom, (msymmetric@r)) .

Reading on THFO syntax: [SutcliffeBenzmdiller, J.Formalized Reasoning, 2010]
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Proof Automation with LEO-II

>
>
> Beweise-mit-Leo2 Notwendigerweise-existiert-Gott.p

Leo-1I tries to prove

sEsssssEnsEENsEsEREER

Goedel's Theorem T3: "Necessarily, God exists"”
thf(theT3,conjecture,
(v
@ ( mbox
@ ( mexists_ind
@ " [X: mu) :
(g@Xx)))).
Assumptions: D1, C, T2, D3, AS
. searching for proof ..

EERAEERARRER RN
+ Proof found .
PPy

% SZS status Theorem for Notwendigerweise-existiert-Gott.p

. generating proof object

Provers can be called remotely in Miami — no local installation needed!

Download our experiments from
https:
//github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF
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Embedding HOML in HOL: Evaluation — How good is the approach?

» There are no other provers for HOML
» There are some provers for first-order modal logic (FML)
» Comparative evaluation done in 2014 for the proof problems in the

QMLTP (v1.1) library [Otten and Raths, http://www.iltp.de/anltp/]
» This library contains 580 FML problems (in fact, 5 x 3 x 580 = 8700
problems).

» Metaprover HOL-P: sequentially schedules LEO-1I—1.6.2, Satallax—2.7,

Isabelle—2013, Nitrox—2013, agsyHOI—1.0
» Timeout for each HOL prover 120sec of CPU time (HOL-P: 600sec)
» Timeout for competitor systems: 600sec
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Embedding HOML in HOL: Evaluation — FML's (D —
constant/varying/cumulative)

No. of solved problems in the QMLTP library

MleanSeP | MleanTAP| f2p-MSPASS| MileanCoP| HOL-P
labelled labelled instant. & labelled
sequents tableaux transform. | connections
Logic D, constant domains
Theorem 135 134 76 217 208
Non-Theorem 1 4 107 209 250
Solved 136 138 183 426 458
Logic D, cumulative domains
Theorem 130 120 79 200 184
Non-Theorem 4 4 108 224 269
Solved 134 124 187 424 453
Logic D, varying domains
Theorem - 100 - 170 163
Non-Theorem = 4 = 243 295
Solved - 104 - 413 458
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Embedding HOML in HOL: Evaluation — FML's (S4 —
constant/varying/cumulative)

No. of solved problems in the QMLTP library

MleanSeP | MleanTAP| f2p-MSPASS| MileanCoP| HOL-P
labelled labelled instant. & labelled
sequents tableaux transform. | connections
Logic S4, constant domains
Theorem 197 220 111 352 300
Non-Theorem 1 4 36 82 132
Solved 198 224 147 434 432
Logic S4, cumulative domains
Theorem 197 205 121 338 278
Non-Theorem 4 4 41 94 146
Solved 201 209 162 432 424
Logic S4, varying domains
Theorem - 169 - 274 245
Non-Theorem - 4 - 119 184
Solved - 173 - 393 429
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The Ontological Argument
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A Long History of Ontological Arguments
pros and cons

e 2 )
1]
gxo § ”cqsofv 6SS 3
~ N N
25 T S5 & 3 & S8¢8Q
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<O, K. QPRI . . TX.. . L.&.TSITS

Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

To show by logical, deductive reasoning:
“God exists.”
IxG(x)
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A Long History of Ontological Arguments
pros and cons

e 2 )
(1o
sxo § ”cqsofv §S 3
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Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

Godel’s notion of God:
“A God-like being possesses all ‘positive’ properties.”

To show by logical, deductive reasoning:
“Necessarily, God exists.”
03xG(x)
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The Ontological Proof Today

A C. GRAYL

<
P
%%

I Mackie

S
A
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Types, Tableaus, MIRACLE
and Gédel's God OF

mnumm

[
ONTOL Lx.lul
ARGUMEN

See also our collection of recent papers:
https:

//github. com/FormalTheoloq%/GoedelGod/tree/master/therature
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Various Different Interests in Ontological Arguments

» Philosophical: Boundaries of Metaphysics & Epistemology
» Theistic: Successful argument could convince atheists?

» Ours: Can computers (theorem provers) be used ...

... to formalize the definitions, axioms and theorems?
... to verify/falsify the arguments step-by-step?
...to automate (sub-)arguments?

.. to discover new philosophical knowledge?
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Vision of Leibniz (1646—1716): Calculemus!

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than
between two accountants. For it
would suffice to take their pencils
in their hands, to sit down to their
slates, and to say to each other ...:
Let us calculate.

(Translation by Russell)

Quo facto, quando orientur controversiae, non magis dis-
putatione opus erit inter duos philosophos, quam inter
duos Computistas. Sufficiet enim calamos in manus
sumere sedereque ad abacos, et sibi mutuo ...dicere:
calculemus. (Leibniz, 1684)

Required:
characteristica universalis and calculus ratiocinator
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Godel’'s Manuscript: 1930°s, 1941, 1946-1955, 1970
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Proof Overview

T3: 03x.G(x)
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Proof Overview

C1: ©3z.G(2)

T3: 03x.G(x)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

57



Proof Overview

C1: ©3z.G(2) L2: ¢3z.G(z) — D3x.G(x)
T3: 03x.G(x)
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Proof Overview

L2: ¢3z2.G(z) — O03x.G(x)

C1: ©3z.G(2) L2: ¢3z.G(z) — D3x.G(x)
T3: 03x.G(x)
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Proof Overview

ve.[o0E — Of]

L2: ¢32.G(z) — D3x.G(x)

C1: ©32.G(z) L2: $3z.G(z) — 0O3x.G(x)
T3: 03x.G(x)
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Proof Overview

032.G(z) — O0.G(x) V¢ . [ong — Og]

L2: ¢32.G(z) — D3x.G(x)

C1: ©32.G(z) L2: $3z.G(z) — 0O3x.G(x)
T3: 03x.G(x)
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Proof Overview

L1: 32.G(z) — O03x.G(x) S5

©32.G(z) — ©03x.G(x) Ve .[oDE — O¢]

L2: ¢32.G(z) — D3x.G(x)

C1: ©3z.G(2) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V.[P(p) — (%]

L1: 32.G(z) — O03x.G(x) S5

03%.6(z) — ©03.G(x) VE.[oDE > O]
L2: ¢32.G(z) — D3x.G(x)

C1: ©3z.G(2) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — »(x)]

D3*: E(x) = O3y.G(y)
P(E)
L1: 32.G(z) — 03x.G(x) S5
©32.G(z) — ©03r.G(x) Ve [ong — 0g]

L2: ¢3z.G(z) — O3x.G(x)

C1: ©3z.G(2) L2: ¢3z.G(z) — OIx.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — »(x)]

D3*: E(x) = 0O3y.G(y) (cheating!)

P(E)
L1: 32.G(z) — DI.G(x) S5

©3z2.G(z) — ©03x.G(x) Ve . [oDE — O]

L2: ¢3z.G(z) — O3x.G(x)

C1: ©3z.G(2) L2: ¢3z.G(z) — OIx.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Vo.[P(p) — ¢(x)]

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
T2: Vy.[G(y) — G ess y) P(E)
L1: 3z.G(z) — 0O3x.G(x) S5
O3z2.G(z) — ©0O3x.G(x) Ve [oDE — 0g]

L2: ¢3z.G(z) — 0O3x.G(x)

C1: ¢32.G(2) L2: ¢32.G(z) — DO3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Vo.[P(p) — ¢(x)]

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
_AS_
T2: Vy.[G(y) — G ess y) P(E)
L1: 3z.G(z) — 0O3x.G(x) S5
O3z2.G(z) — ©0O3x.G(x) Ve [oDE — 0g]

L2: ¢3z.G(z) — 0O3x.G(x)

C1: ¢32.G(2) L2: ¢32.G(z) — DO3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = Vo.[P(p) — ¢(x)]

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
_AS_
T2: Vy.[G(y) — G ess y) P(E)
L1: 3z.G(z) — 0O3x.G(x) S5
O3z2.G(z) — ©0O3x.G(x) Ve [oDE — 0g]

L2: ¢3z.G(z) — 0O3x.G(x)

C1: ¢32.G(2) L2: ¢32.G(z) — DO3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — ¢ (¥)]

D2: ¢ ess x = o(x) AVY .(Y(x) = OVx.(p(x) = ¥ (x)))

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.(y)]
,,,,, Atbb M
Vo .[2P(p) = P(—9)] Vo [P(p) — OP(p)] A5
T2: Vy.[G(y) — G ess y] P(E)
L1: 3z.G(z) — O3x.G(x) S5
©3.G(z) — ©03x.G(x) Ve [oDg — Dg]

L2: ¢32.G(z) — D3x.G(x)

C1: ©32.G(2) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — ¢ (¥)]

D2: ¢ ess x = o(x) AVY .(Y(x) = OVx.(p(x) = ¥ (x)))

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.(y)]
C1: ¢3z2.G(z)
,,,,, Atbb M
Vo .[2P(p) = P(—9)] Vo [P(p) — OP(p)] A5
T2: Vy.[G(y) — G ess y] P(E)
L1: 32.G(z) — 03x.G(x) S5
©32.G(z) > ©03x.G(x) Ve [oDg — Dg]

L2: ¢32.G(z) — D3x.G(x)

C1: ©32.G(2) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — ¢(x)]

D2: ¢ ess x = o(x) AV .(P(x) — OVx.(o(x) = P(x)))

D3*: E(x) = 0O3y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]

P(G)
C1: 03z2.G(z)

____ADb L

Vo .[~P(p) = P(=p)] Vo [P(p) — OP(p)] A5

T2: Vy.[G(y) — G ess y] P(E)

L1: 3z.G(z) — 03x.G(x) S5
©32.G(z) > ©03x.G(x) VE [ODE — Og]

L2: ¢32.G(z) — O3x.G(x)

C1: ¢32.G(z) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — ¢(x)]

D2: ¢ ess x = o(x) AV .(P(x) — OVx.(o(x) = P(x)))

D3*: E(x) = 0O3y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
_A3_
P(G)
C1: 03z2.G(z)
____ADb L
Vo .[~P(p) = P(=p)] Vo [P(p) — OP(p)] A5
T2: Vy.[G(y) — G ess y] P(E)
L1: 3z.G(z) — 03x.G(x) S5
©32.G(z) > ©03x.G(x) VE [ODE — Og]

L2: ¢32.G(z) — O3x.G(x)

C1: ¢32.G(z) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = V. [P(p) — ¢(x)]

D2: ¢ ess x = o(x) AV .(P(x) — OVx.(o(x) = P(x)))

D3*: E(x) = 0O3y.G(y) D3: E(x) = Vo .[p ess x — O3y.o(y)]
_A3_
P(G) T1: Vo . [P(p) = OTx.p(x)]

C1: 03z2.G(z)

____ADb L
Vo .[~P(p) = P(=p)] Vo [P(p) — OP(p)] A5
T2: Vy.[G(y) — G ess y] P(E)
L1: 3z.G(z) — 03x.G(x) S5
©32.G(z) > ©03x.G(x) VE [ODE — Og]

L2: ¢32.G(z) — O3x.G(x)

C1: ¢32.G(z) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview

D1: G(x) = VY.[P(¢) — ©(x)]

D2: o ess x = p(x) AV ((x) = OVx.(p(x) = P(x)))

D3*: E(x) = 03y.G(y) D3: E(x) = Vo .[p ess x — O3y.p(y)]
,,,,,,,,,,, A ________  ____AMa
A3 Yo VY [(P(p) AOVx [p(x) = P()]) = P(¥)] Ve [P(op) = ~P(p)]
P(G) T1: Vo [P(p) = OTFrp(x)]
C1: ¢32.G(z)
,,,,, Ab M
Ve [2P(p) = P(=p)] Vo.[P(p) — O P@)] A5
T2: Vy.[G(y) = G ess ] P(E)
L1: 3z2.G(z) —» D3x.G(x) S5
©32.G(z) = ©0.G(x) V€ [0D€ — Og]

L2: $3z.G(z) — O0.G(x)

C1: ¢32.G(z) L2: ¢3z.G(z) — O3x.G(x)
T3: 03x.G(x)
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Proof Overview
D1: G(x) = Voo.[P(p) — ()]
D2: o ess x = o(x) AV .(P(x) = OVx.(p(x) = ¥(x)))

D3: NE(x) = Vo .[p ess x = O3y.(y)]

,,,,,,,,,,, A2 ____  ____Aa_
A3 Vo Vi [(P(p) A OVx [p(x) = 1(x)]) = P(¥)] Vo .[P(~p) = =P(p)]
P(G) T1: Vo . [P(p) — OTx.p(x)]
C1: 03z2.G(z)
,,,,, Alb A
Ve .[=P(p) = P(=p)] Ve .[P(p) — O P(p)]
T2: Vy.[G(y) = G ess Y| P(NE)
L1: 3z2.G(z) — 03x.G(x) S5
$32.G(z) — ©0Fx.G(x) vE.[OO¢ — Of]

L2: ¢3z.G(z) — O3x.G(x)

C1: ©3z.G(2) L2: ¢3z.G(z) — D3x.G(x)
T3: 03x.G(x)
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: V[P(—p) <> —P(p)]

A property necessarily implied by a positive property is positive:
VoV [(P(p) A BVx[p(x) = ¢ (x)]) = P(¥

)]
Positive properties are possibly exemplified: Yo [P(p) = Odxp(x)]
A God-like being possesses all positive properties: G(x) <> VolP(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: O3xG(x)
Positive properties are necessarily positive: Vo[P(p) — OP(p)]

An essence of an individual is a property possessed by it and necessarily
implying any of its properties: ¢ ess x <> o(x) A V(¢ (x) = OVy(e(y) — ¥(y)))
Being God-like is an essence of any God-like being: Vx[G(x) = G ess x]

Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) <> Vo[p ess x = OFyp(y)]

Necessary existence is a positive property: P(NE)
Necessarily, God exists: 03xG(x)
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both: Vo[P(—p) < =P(p)]

Axiom A2 A property necessarily implied by a positive property is positive:

Yy [(P(e) A BVX[p(x) = ¢ (x)]) = P(4)

Thm. T1 Positive properties are possibly exemplified: Vo [P(p) = Odxp(x)
Def. D1 A God-like being possesses all positive properties: G(x) <> Vo[P(p) = ¢(x)
Axiom A3 The property of being God-like is positive: P(G

Cor. C Possibly, God exists:

OING(x
Axiom A4 Positive properties are necessarily positive: Vo[P(¢) — OP(p)

]
]
]
)
)
]

Def. D2 An essence of an individual is a property passessed by it and necessarily
implying any of its properties: ¢ ess x V(1 (x) — OVy(e(y) = ¥(y)))
Thm. T2 Being God-like is an essence of any God-IIké DRINg: Vx[G(x) = G ess x]

Def. D3 Necessary existence of an individual is the necg
essences:

Axiom A5 Necessary existence is a positive property,
Thm. T3 Necessarily, God exists:

ssary exemplification of all its
NE(x) <> Vo[p ess x = OFyp(y)]

P(NE)
O3xG(x)

Difference to Gédel (who omits this conjunct)
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1 Either a property or its negation is positive, but not both:

Thm. T1 Positive properties are possibly exemplified:
Def. D1 A God-like being possesses all positive properties:
Axiom A3 The property of being God-like is positive:
Cor. C Possibly, God exists:
Axiom A4 Positive properties are necessarily positive:

Def. D2 An essence of an individual is a property possegsed by it and necesga

Thm. T2 Being God-like is an essence of any God-lik

Def. D3 Necessary existence of an individual is the flecessar
essences:

Axiom A5 Necessary existence is a positive propertyf
Thm. T3 Necessarily, God exists:

Vo[P(—p) <+ —P(¢)]
Axiom A2 A property necessarily implied by a positive property js.positive:

vvibl(P(p) OvHip(x) = ()] — P

Vo[P(p) = Odxp(x

G(x) < Vo[P(p) — o(x

(

)
)
)

efemplification of all its
x) <> Volp ess x — O3yp(y)]

P(NE)
O3xG(x)

Modal operators are used
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: V[P(—p) <> —P(p)]

A property necessarily implied by a posgiti perty is positive:
vww[éf%w) A BVx[p(x) = (x)]) — P( )

Positive properties are possibly exefnplified: p(x)
A God-like being possesses all posftive properties:
The property of being God-like is pgsitive:
Possibly, God exists:
Positive properties are necessarily gdositive: Vo[P(e) — OP(p)
An essence of an individual is a progerty possessed by it #hd necessarily
implying any of its properties: ¢ esdx <> p(x) A VY (x) — OVy(o(y) = ¥(y)))
Being God-like is an essence of any Qod-like being; Vx[G(x) — G ess x]
Necessary existence of an individual idthe neceggary exemplification of all its

]
]
x)]
G)
OHYG(\)
]

essences: NE(x) <> Vo[p ess x = OFyp(y)]
Necessary existence is a positive prope P(NE)
Necessarily, God exists: 03xG(x)

second-order quantifiers
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The Ontological Argument in TPTP THFO

%----Axioms for Quantified Modal Logic KB.
include (’Quantified KB.ax').

%$————constant symbol for positive (p), God-like (g), essence (ess), necessary existence (ne)
thf (p_tp, type, (p: (mu>$i>$0)>$i>$0)) .

thf (g_tp, type, (g:mu>$i>$o)) .

thf (ess_tp, type, (ess: (mu>$i>$o) >mu>$i>$o)) .

thf (ne_tp, type, (ne:mu>$i>$o)) .

%----D1:A God-like being possesses all positive properties.
thf (defD1,definition, (g = (*[X:mu]: (mforall indset@”[Phi:mu>$i>$o]: (mimplies@ (p@Phi)@ (Phi@X)))))).
$---—C: Possibly, God exists. (Proved in C.p)
thf (corC, axiom, (v@ (mdia@ (mexists_ind@"[X:mu]: (g@X))))) .
%---—T2: Being God-like is an essence of any God-like being. (Proved in T2.p)
thf (thmT2, axiom, (v@ (mforall ind@”[X:mu]: (mimpliesQ@ (g@X)@ (ess@g@X))))) .
%-——-D3: Necessary existence of an individual is the necessary exemplification of all its essences
thf (defD3,definition, (ne = (*[X:mu]: (mforall indset@”[Phi:mu>$i>$o]:
(mimpliesQ@ (ess@Phi@X) @ (mbox@ (mexists_ind@*[Y:mu]: (PhiQY)))))))) .
%----A5:Necessary existence is positive.
thf (axA5, axiom, (V@ (p@ne))) .
%----T3: Necessarily God exists.

thf (thmT3, conjecture, (vQ (mbox@ (mexists_ind@"[X:mu]: (g@X))))) .
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The Ontological Argument in Isabelle/HOL

i-fvarias Tans y
‘text {* QML formulas are translated as HOL terms of type @(typ "i - bool“}.
This type is abbreviated as @{text "s")

type_synonys ¢ = "(i - bool)”

text {* The classical connectives $\neg. \wedge. \rightarrows. and $\foralls

(over individuals and over sets of individuals) and $\existss (over individuals) are

lifted to type S\sigmas. The lifted connectives are @{text "m "}, @{text "= "}, a(text "= "},
@{text "y}, and @{text " "} (the latter two are modeled as constant symbols).

Other connectives can be introduced analogously. We exemplarily do this for @{text "= "} .
@{text “m =}, and @{text “st="} (Leibniz equality on individuals). Moreover, the modal
loperators a{text } and @{text "o~} are introduced. Definitions could be used instead of
abbreviations. *)

woNy eS¢ 0

abbreviation mnot
abbreviation mand

t1 %o = 0" ("@~") where " o o= (M. oo W)
“a w» o = o" (infixr “mA™ S51) where "o mA\ |

abbreviation mor s o = o™ (infizr "mv" S0) where *; mv «

abbreviation mimplies " = o = o (infixe "m—" 49) where " (e, -
abbreviation mequiv:: a = o (infixr "m=" 48) where =, = (w. ¢

abbreviation mforall > a) = 0% (™5") where *¥ & = (M. V. ¢ x w)"

abbreviation mexists > @) @ o ("37) where "3 & = (M. Ix. ¢ x w)"

abbreviation nLeibeq " v p o o® (infixr "mL=" $2) where "x mi=y = V(Ao (o x m— o y))*
abbreviation mbox %0 = 0" (“0%) where “0 2 = (M. Y. W rv — ¢ v)"

abbreviation mdia "o w» 0" ("o®) where "o ¢ = (Aw. NMEVA GV

O

text {* For grounding lifted formulas, the meta-predicate @#{text “valid"} is introduced. *}

(*<*) mo_syntax ~_list~™ Targs - “a list™ (L )]17) (*>*)
abbreviation valid :: "~ = bool™ ("[_1") where ~[p] = . p w"

100m. * M Avsupdise  Vodee Owtach

O v Ousat RLADME  Symdels
41,7 4170891150 O abet ek b TE s abebes e ]
—

See verifiable Isabelle/HOL document (Archive of Formal Proofs) at:
http://afp.sourceforge.net/entries/GoedelGod.shtml
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“God isdead.”

- Nietzsche, 1883

“Nietzsche is dead.”

- God, 1900

Experimental Results and Philosophical Discoveries
[BenzmiillerWoltzenlogelPaleo, ECAI, 2014]
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Main Findings

888 5 3 %

HOL encoding dependencies

IVO,«-A.-»-AAXr (X)) = S(pg)]

!VO,..- Ve (Pt or® A BV X, ($X S 9X)) S p¥]

[V8y —ox P -o$ 5 OAX, $X] AlG) A2

Byoer = ‘xp’v‘.-v"h-ﬂ-"j‘x

Py~ s~ Bpser

(63X, 8,0 X1 T1,D1,A3
AlL,A2,D1,A3

[¥8y won Py o $ S BpP) g

€88 ) opar = Ay ANy X AV, (PX SAVY,.(6Y S9Y))

VX e X D (€58 iy 8 X)) AL DI, A4, D2

Al,A2,D1,A3,A4,D2
NE, ..o = AX,.V$, ... (ess $X 5 0IY,. 4Y)

) .
[03X,. 8, .. X] D1,C,T2,D3,AS
AlLA2,D1,A3,A4,D2,D3,AS
DI1,C.T2,D3,AS
AlLA2,D1,A3,A4,D2,D3,A5
[5. 5 0s,] D2,T2,T3
: 2 ALA2,DI, A3, A4,D2,D3, A5
(V8o VX (s X D (5P ir0$) D S(@X))] AL DI
. . AlLA2,D1, A3, A4,D2,D3,AS
VX VY (e XD (gu-e ¥ DX 2Y))) DLFG
AlLA2,D1, A3, A4,D2,D3,A5
0 (no goal, check for consistency) AlLA2,D1,A3,A4,D2,D3,AS
OS8y g)epr = “.w'urv‘-w(’x 3 ﬂVYr(‘YfWV))
O(no check for consistency) Al(2),A2,D2',D3,AS

ALA2,DI, A3 A4,D2°, D3, AS

==

=

§F & GEERES BE™T

SAT

UNS
UNS

LEO-II
consyvary

0.1/0.1
0.1/0.1

0.0/0.0
0.0/0.0

19.1/183
129/14.0

—r
—f—
0.0/0.1
——

179/—
—r—
16.5/—
12.8/15.1

75/18

Satallax
consy/vary

0.0/0.0
0.0/5.2

0.0/0.0
521313

0.0/0.0
0.0/0.0

e
i
0.1/53
X7 i
3332
PR
0.0/0.0
0.0/5.4
0.0/3.3
sy

—
cafoien

Nitpick

el

38/62
8.2/15
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Main Findings

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

HOL enceding dependencies logic status LEO-I  Sstallax  Nitpick |
AL (V8 PlyeirsAX e SN £ 2(pd)] [
A2 IVO.-a- Ve (Plarro® A BVX, ($X 5 9X)) 5 p¥)
Tl V8o Pumcr-o® D 0N, $X] Al(3),A2 K THM 01/01 0000 —/—
. ALA2 K THM 01/01  00/52 —/—
DI Bywer = ‘xr‘v‘u e Pyt o ® Séx
A3 ln,,‘.m.s, ol
C (03X, gu-uX] T1,D1,A3 K THM 00/00  00/00 —/—
Al1,A2,D1,A3 K THM 00/00 52/313 —/—
ST LN — YT : g
D2 ey pyopr = AByse AN OX AVY, . (PX SAVY,.(6Y 39Y))
T2 (VX e X D (€58 sy w8 X)) AL DI, A4, D2 K THM 191/183 00/00 —/—
Al,A2,D1,A3,A4,D2 K THM 129/140 0000 —/—
D3 NE,., = AX,. V¢, ...(ess $X 5 0IY,. 4Y)
AS [Py -oNE, 0]
™ [03X,.g,..X] D1,C,T2,D3,AS K CSA —f— fee 3.8/62
AlLA2,D1,A3, A4, D2,D3,AS K CSA —f— —— 82175
D1,C.T2,D3,AS KB THM 00/00  01/53  —/—
ALLA2,D1,A3,A4,D2,D3,AS KB THM —/— —— -~
MC  [5.508s,] D2,T2, T3 KB THM 179/— 3332 —/—
3 : ALLA2,DI,A3,A4,D2,D3,A5 KB THM —f(— —i— i
FG  [V8yoe VX (£ e X D (NP sr-o$) 3 5(@X))] AL DI KB THM 165/— 00/00  —f—
S AlLA2,D]1,A3,A4,D2,D3,AS KB THM 128/151 00/54  —/—
MT VX VY (e XD (gue ¥ DX 2Y))) DLFG KB THM —/— 00/33 —/—
ALLA2,DI,A3,A4,D2,D3,A5 KB THM —/— —— ——
CO  O(no goal, check for consistency) AlLLA2,D1,A3 A4 D2, D3, AS KB SAT —f— e 73/74
D2 €88y gppr = Ao ANy Vi, e ($X SOV, (SY S $T))
CO"  0(no goal, check for consistency) Al(3),A2,D2',D3,AS KB UNS 7.5/718 —f— —f—
ALA2,DI,A3,A4,D2',D3,AS KB UNS — — —fe
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
< constvary consyvary  consyvary
AL (V8P

< =0 3

o
Ti [VO,,. P,Ap 40503,\’ «$X] Al(D), A2 K THM 0.1/0.1 0.0/0.0 ot
ALA2 K THM _0.1/0.1 0.0/5.2 eeofoem

15 B b P W — T
A3 [PyoreBy-e]

| € (63X, gu-eX] T1,D1,A3 K THM 00/00  00/00 —/—
A1,A2,D1,A3 K THM 00/00 52/313 —/—
A V8 8 0pg]
D2 estypyopar = 40. o AN BX AV, (PX DAVY,.($Y D9Y))
(T2 [VX,. gh,rj(m, worpe 830 Al,D1,A4,D2 K THM 19.1/183 00/00 —/—
Al A9 N1 A1 A4 NN ' TLINA 19014 ) 000 L

Mo = 4V, Automating Scott’s proof script

(03X, l, 44\’I

T1: "Positive properties are possibly exemplified"
proved by LEO-II and Satallax
» in logic: K

FG 3 » from assumptions:
et passia i > A1 and A2
MT (VX VY, (8 X D (g,
o Rt » A1(>)and A2
€O B(no goal, check for con » notion of quantification
[ 0o poal, 2 = M-l > possibilist quantifiers (constant dom.)

> actualist quantifiers for individuals (varying dom.)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications



Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
constvary consyvary  consyvary
AL (V8o Py -o (X e S(BX)) Z S(pg)]
A2 [V8yor W (P o A BV X, ($X S9X)) 5 i)
Tl [V8yor Py S OAX,. 9X] Al(D), A2 K THM  0.1/0.1 0.0/0.0 ot
AlLA2 K THM 0.1/0.1 0.0/5.2 —f—
Dl e = AV, e Pl 0@ D X
e
|C [03X,. 8,0 X] TL,D1,A3 K THM 0.0/00 0.0/0.0 —pr
Al,A2,D1,A3 K THM  0.0/0.0 52/313 —/—
L ey e 1 :
D2 e pyoper = Ay AN GX AV, (X DOVY . ($Y D9Y))
(T2 VX e X D(esSy sy nug X)) AlL,DI1, A4,D2 K THM 19.1/183  0.0/0.0 —f—
Al A2,D1,A3,A4,D2 K THM 129/140 0.0/0.0 ——

NE, ... -u K7 W
7 - | |
mjx,.,, ,Xl

Automating Scott’s proof script

C: "Possibly, God exists”

» in logic: K
» from assumptions:
> T1,D1, A3

-

V8, - VXN
VX, VY (e X 5 (g

I)[nu goal, check for con

@)y

= A9,
B(no goal, check for con

proved by LEO-II and Satallax

» for domain conditions:

> possibilist quantifiers (constant dom.)
> actualist quantifiers for individuals (varying dom.)
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
consyvary  const/vary  constvary

Al IVO, i Py = AX e S(X)) Z 2(pg)]

A2 |v¢ o Ve Py ® A OV X, ($X 59 X)) S py)

Tl [V8yor Prumor-o 2 03X, $X] Al(D), A2 K THM 0.1/0.1 0.0/0.0 —f—
AlLA2 K THM 0.1/0.1 0.0/5.2 —f—

Dl e = AV, e Pl 0@ D X

A3 [Py-orrBy-el

|C [03X,e gs- X] TL,D1,A3 K THM 0.0/00 0.0/0.0 —pr

Al,A2,D1,A3 K THM  0.0/0.0 52313 ——

A4 V8, .w » .osam

’ o — re— ~
[ T2 (VX e X (58 arop e 8 X)) Al,D1,A4,D2 K THM 191/183 00/00  —/—
4.D2 T /14 A s

D3 NE,.. -AX N7 W

AS [Py -oNEy] Automating Scott’s proof script
™ mjx,.,, ,Xl

T2: "Being God-like is an ess. of any God-like being”
proved by LEO-II and Satallax

» in logic: K

» from assumptions:

MT VX VY, (g e X S (g, » A1, D1, A4, D2
» for domain conditions:
CO  O(no goal, check for con: AR agn
D2 e8hgrrpar = Apeee > possibilist quantifiers (constant dom.)
| €O"  @(no goal, check for con > actualist quantifiers for individuals (varying dom.)
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
constvary consyvary  consyvary
Al |vo,4 e Py =iy (AX e S(PX)) Z S(pg)]
A2 V8o VWpoe (Plurro® A BV, ($X S 9X)) 5 p¥)
[TI V8o Prmoro® D OAX,. $X] Al(2), A2 K THM 0.1/0.1 0000 ——
. AlLA2 K THM 0.1/0.1 0.0/5.2 ——
| D1 = ANV, e Pl ® D X
| A3 Ipw ——|
[ € [63X,.gu-0X] T1,D1, A3 K THM 00/00 0000 —/—
. Al,A2,D1,A3 K THM  0.0/00 52/313 —/—
Ad [V oe s -o® D Opg]
D2 eS8y ppmpm -u, o A X AV, (X DAVY,.($Y D¢T))
| T2 IVX,.g,A.\’j(m,.,,,A,..,gX)I AL, D1, A4,D2 K THM 19.1/183  0.0/00 —f—
i NE.. =A%, - Automating Scott’s proof script
T (o, e ,Xl

VX VY (g e X S (g,

0 (no goal, check for con

OS8 ohpnr = APy e
0(no goal, check for con:

T3: "Necessarily, God exists”
proved by LEO-II and Satallax
» inlogic: KB
» from assumptions:
» D1, C, T2, D3, A5
» for domain conditions:

> possibilist quantifiers (constant dom.)
> actualist quantifiers for individuals (varying dom.)

For logic K we got a countermodel by Nitpick
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
Al |vo,4 e Py iyl AX e -(m\'))i “(p#)]
A2 IVO,A;«V‘,-«a (P ® A BYX,(9X S9X)) 5 py)
[ TH [V8yoe Precr-o® D 03X, $X] Al(2), A2 K THM 0.1/0.1 0.0/0.0 e
AlLA2 K THM 0.1/0.1 0.0/5.2 ——
| DI = ANV, e Py D X
| A3 Ipw ——|
| C (03X, 8,0 X] TLD1,A3 K THM 0.0/00 0.0/0.0 —pr
Al,A2,D1,A3 K THM  0.0/0.0 52/313 —/—
LT L — YT
D2 ey pyopr = M, o AN BX AV, (PX DAVY,.($Y D9Y))
| T2 lvx,.g,A.\’j(m,.,,,A,..,gX)l Al,D1,A4,D2 K THM 19.1/183  0.0/0.0 =
AlLA2,D1,A3,A4,D2 K THM 129/140 0.0/0.0 —f—

[ D3 NE,.o = X, V8, c.(d
| AS  [PyoryeeNEpel
\T3  [BX,.5,., X]

| MC [58s.]
| FG V4, ..V

[ MT VX VY, (ge X 5 (g

| CO  @(no goal, check for con:

eS8 oy pr = APy
| ©O"  0(no goal, check for con:

Automating Scott’s proof script

Summary
» proof verified and automated

» KB is sufficient (criticized logic S5 not needed!)
» possibilist and actualist quantifiers (individuals)
» exact dependencies determined experimentally

» ATPs have found alternative proofs
e.g. self-identity A\x(x = x) is not needed
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Main Findings

HOL encoding dependencies logic status LEO-II Satallax Nitpick
comst/vary  consyvary  coasyvary
Al IVO, e Py (A e S(@X)) = S(pg)]
(A2 Ve W (P o $ A VX, (9K 59X 5 pY)
‘Tl (L —— Y P VP Y VR PP
D1 gy = 28,90, Consistency check: Gédel vs. Scott
‘ bk » Scott’s assumptions are consistent;
b :‘VN‘ L shown by Nitpick
| v - - - -
i“ VX, £ S (€381 » Godel’s assumptions are inconsistent;
D3 Nyl = :g,.vo,,.fu shown by LEO-II (new philosophical result?)
| AS <t aeNEye
| T3 floix,.g, .."xl
ALAILDILASAS DI DI AS LS CSA —_ e 8.2/
DI,C.T2,D3,AS KB THM 0.0/0. 0.1/53 ——
AlLLA2,D1,A3,A4,D2,D3,AS KB THM —/— —— —f—
[s. 50s5,] D2, T2, T3 KB THM 179/— 33132 ——
5 . ALA2,DILAZ A4, D2,D3,AS KB THM —f— —f— —f—
|V0,<,.,VX,.(',,,X5('~(A, e $)D5(@X)))] Al DI KB THM 165/ 0.0/0.0 f
i AlLLA2, DI,LA3 A4 D2, D3, AS KB THM 128/15.1 00/54 —f—
[ VX VY (e XD (e ¥ SX2Y))] DLFG KB THM —/— 0033  ——
i AlLA2,D1,A3,A4,D2,D3,A5 KB THM —/— —f— =
i 0 (no goal, check for consistency) AI_,.-\Z.DI.AS. A4,D2,D3,AS KB SAT —f— —— 73/14
[ D2 €884 gpopsr = Ayon X Ve (PX S OVY,. (Y DY)
CO"  0(no goal, check for consistency) Al(2),A2,D2', D3, AS KB UNS 7578 —— ——
‘ Al A2|Dl|A3|A4IDZ' D3 AS KB _UNS —— —j—
L
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Main Findings
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HOL enceding dependencies logic satus LEO-I  Satallax  Nitpick
consyvary  const/vary  coasyvary
AL (V8o Pyor-ol A H(@X)) £ 2(pg)]
A2 [Véyor v&,A,.(g,...,.ﬂ,' A uvx,,.(ox S¢X)) 3 p¥]
Tl V8o Preer-o® D 03X, $X] Al(>),A2 K THM 01/01  00/00 —/—
. ALA2 K THM 01/01  00/52  —/—
Dl gyuw = AV, e Py e
A3 [PyorerBy-ol Further Results
C (03X, g0 X] -
8. N-eR-nctfailin » Monotheism holds
pweee
. o X3 (e » God is flawless
D3 e = AN, VP, oule
S/ [Py-or-sNEy o]
[B3X,. g, .. X] D1,C,T2,D3,AS K CSA —f=— f 3.8/62
AlLA2,D1,A3, A4, D2,D3,AS K CSA —f— —— 82175
D1,C,T2,D3,AS KB THM 00/00  01/53  —/—
Al,A2,D1,A3,A4,D2,D3,AS KB THM —/— —i— —f—
MC [s.50s,] D2,T2,T3 KB THM 179/— 33032 —/—
FG (V8o VX, (8, s X D (NP e$) D 5(@X)))]  ALDI KB THM 165/ 0.0/0.0 f
AlLLA2, DI,LA3 A4 D2, D3, AS KB THM 128/15.1 00/54 —f—
MT VX VY, (g e X (g e ¥ 53X 2Y))) DI FG KB THM —/— 0033 ——
Al RLALALDLDLAS KB LN == ==
€O O(no goal, check for consistency) AlLA2,D1,A3,A4,D2,D3,AS KB SAT —f— e 7314
D2 8 gyapn = AByge AX o Ve (X D OVY,. (Y D ¥Y))
CO"  (no goal, check for consistency) Al(3),A2,D2',D3, AS KB UNS 7.5/718 —f— ——
ALLA2,DI,A3,A4,D2",D3,AS KB UNS —f— i —i—
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Main Findings

HOL encoding

AL V8o Peorol X
A2 V8o VWpire (Pl
Ti IVO,<.-p,<..40303

Dl gy = ANV, 0Py

A3 [Pyor-eBy-ol
C (63X, 8u-0X]

T vt, g,. e X D(ess, ..y

b5} mjx,.,, o]

Modal Collapse (Sobel)

NE, .o = AX,. V8, .o (¢
NE,

—

V(e D Op)

» proved by LEO-Il and Satallax

» for possibilist and actualist quantification (ind.)

Main critique on Gédel’s ontological proof:

» there are no contingent truths

» everything is determined / no free will

MC  [s.50s,]

D2,T2,T3 KB
ALA2DLAI A4 D2DIAS KB

TG (V8 o0 VA By e X D (P er e )5 H@XN)) AL DI KB

ALLA2, D1, A3 A4, D2, D3, A5 KB

MT VX VY, (g e X (g e ¥ 53X 2Y))) DI FG KB

o \)[uu goal, check for consistency)
q r = Ay AN Ve (WX D OVY,. (SY D §Y))
(e 0[n0 goal chmk for consistency) Al(2),A2,D2',D3, AS KB

AlLA2,D1,A3,A4,D2,D3,A5 KB

AlLLA2, D1, A3 A4, D2, D3, A5 KB

ALLA2, DI, A3, A4,D2°, D3, A5 KB

THM 179/— 3.3/32 =l e
THM e menfae
THM 165/ 0.0/0.0 f:
THM 128/15.1 00/54 ~f—
THM —— 00/33 —f—
THM —f— SR O
SAT —f— —f— 73/74
UNS 17.5/78 —f— fae
UNS —f— —— e
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Main Findings

HOL encoding dependencies

[AL (V8o Pyo-ol A S(@X)) £ S(pg)]
[ A2 (V8o Vo (Pluoro® A BV X, ($X S 9X)) S py)

[T1 Vo Prumcro® 5 0N, $X] Al(>),A2
. ALLA2
[Dl gyr = AV, Py e D SX
| A3 [PyorrBy-ol
| C (03X, 8- X] TI.DI,A3
Al,A2,D1,A3

Ad [V, Pyacr e S OpS] ) )
D2 eS8 pyoper = ABpoge ANy X AV, . on ($X D AVY,. ($Y 3¢Y))
(T2 VX e X D (€58piy oy X)) AL,D1,A4,D2
Al,A2,D1,A3,A4,D2

[ D3 NE,.. = AX,. V8, o (ess X S0V,

| AS  [Puerr<eNEy.ol
| T3 [03X,.g,..X]

DI1,C,T2,D3,A5

D1,C.T2,D3,AS

AL 39 11 41 44 1o

AlLA2,D1,A3,A4,D2,D3,A5

3,AS

Observation

» good performance of ATPs

» excellent match between
argumentation granularity in
papers and the reasoning
strength of the ATPs

“x

status  LEO-II Satallax Nitpick
constvary consyvary  consyvary
THM §0.1/0.1 0.0/0.0 ——
THM 10.1/0.1 0.0/5.2 —f—
THM §0.0/0.0 0.0/0.0 o o
THM ] 0.0/0.0 52313 ——
THM | 19.1/183  0.0/0.0 —f—
THM | 129/140 0.0/0.0 —f—
CSA f f 38/62
. —f— —— 8.2/15
0.0/0.1 0.1/53 e
THM | —/— o —f
THM | 17.9/— 33/32 e
THM [ —/— LT wnfete
THM J 165/ 0.0/0.0 f
THM | 12.8/15.1 00/5.4 —f—
THM | —(— 0.0/33 —f—
THM | —/— —— ——
SAT | —— e 7.3/74
UNS §7.5/78 — —f—
UNS | —/— —f— lf
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Reconstruction of the Inconsistency of Gédel’s Axioms
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Inconsistency (Godel): Proof by LEO-Il in KB

y n
¥
EVRIESVII e talse) | (((p0i* ISR, 4 SN
VB, plate, (! V38 3 X e, $X3: 821 [~ SPIRay, SR2: 881 L
-~ 1 | CCpae 1SN me, SN2 R 0s O~ . L seast, Istatesitan)], 166
2 [BAnd{ SV11, STMT( " ISV w, $Y21: 8.
thti85, pladn, it WM.S“:(MII*)H CC0CpBt = 159275 -.mm L i * C(pR0 152750, 520851 [~ [(5VS¥27)
Y211 HEVE) =g talse) 1), inferenced fac_restr, mu-u-ul I“l))
LRI plain.{11PN: 1. B dmntSirte))): ((L(oM" V2t RS ' * COPRCISRNima, SY: 8315 (= (0
.mu. mm
lM(l!.ouﬂ.(“ﬂ e COpd 1592720, SY20: 8405 [~ (1 1= (i~ 1 (= (B~ 157270,
lﬂ. 412 (- ummmmmmmnu-smm 1 (tp® lm’»-.sm $4h: (> _eqaal_neq, | b
in, it i %, Y0 1 (st 1~ (lpRe* §5v29:
18 (~ ummmmmmnmnm 1 (coni= um ..lmm ~ ', _etual_seq, Istatus(ta)l, W61
m(w.puu.ulm i~ SON:6305 (= (CSOMETIINET0))) MEE) ) Instaton) | [(IpRC*15¥27:ma, SY20:

_te_seq,
Ten (90, plain | 5H: 43 s e, S840 (o BT e, SON:851: (= (15990
mommnnm;-umm.mmam' v m.luuuuml mm.
L plain. {1 u('livn 20, ST 8305 (~ ((SYRESYIINSTINI))MEE) ) hestran) | (Lo~ 15V275m0, SV20: 651 s
_set_rey.
-Mm.puu.ulm 4 | CCpK! - .sno $30: (o (CSPMSTRNETIN) ) MSHAI deitron) | (LORR(ISY20ima, SO RS): (= (ISWRESYRY)
1)) 1900,
ThA100, plain, {1 |5W4:51 1 (G~ CCpRC™ 1572700, SYRR:8305 (o 1 (OO 1SY27:ma, SY20: 85) 1
~ _4e_pes, N,
TR(100, pladn, (1 SH4: 84, 1 CCCPBE™15720ome, SV 4): (= (CSVRSY2RMNSTIRI ) MEWaeitron) | (IR 1SV 20omy, 5P R2): (= (1SV
R _4e_pes, mm
the(100, plain, ¢ ISVe:84 e, SN 630z (= ((SURREYIMSY2N0)) MSWa) Destran) | (1 (2RO~ 1SV27:00, SP20: 62 : (=
)), MT_pes. mnuuwx.unm.
lmuls.nn-.ulm.u Y9z Coun{§1350)) ) ((( (B~ 15V 20s, ST20:54) ¢ i | (R~ IsY27:ma, SY20:85) [~ (1
_T_pes. Illll))v
|Muu,pmn.n V2284 S o, SX3:830: (~ [ (9E3_SPINH(" F5NR:ma, SK2: 53] 2
'~|m | | CCOpe ISHone, SHI 18401 (~ M ey, (status [t
1. 17800
TV plaie, (! ).5¥3:84. WSS saln (- MC((5€1_STIMSTAL L ISKhim,
X840z (- ((SVIS08AR)PENT)) ) )EEVD) Ies atse) | (CCpBE™ =840 (- (L5 )i _ast_ses, atats
sitmll, 0000,
‘wul‘.omuuIm:n.wm-«wmn: (P |$727z0s, 20840 O t (NI
1.
10, plads, (1 |SW4:54 1 CCLpRe 152003, ST 84): [~ L
B, platn, {1 15V2:54 | o x3:94: 0.
INIZ, pLain, (1 ISVI15 (e d 812900 ), 5908105 (C0Cpo* 035  Estates(tad ], E010).

!Mﬂll.ﬂun.“( lseleftrue) ), inferencel fe_atp e, Iatatuaitinl), m.m 111,330,389, 288, II’ 04,03,02,75,74,73,72,7, 00,409,808, 47 ,68,45,42,57,98,52,82, M) )).
ain, (1215e), LT splins, Isetved a1 splits(edn, 100, 1320000,
. m tutput end OWRefitatics

Nwene End of Serivation pretecel seme
Sewee 16, 0f Clavses ﬂQﬂnIlu-n—
Newse Clawde cowster: 113

AR

e-ulﬂ tl.tn&!m.mmui false, foatpoeatg !
1ea:fed_tull)

u»wmnul cherameallery |

se, ve_ st ttrue,use_
aase, roat_satpetid, claese coenti i), Less countid, feats_callsid, transt
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Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) V[P(mp) — =P(p)]
Axiom A2 VoV [(P(p) A OVx[p(x) — ¥ (x)]) = P(3)]
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Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) V[P(mp) — =P(p)]
Axiom A2 VoVi[(P(p) A BVx[p(x) = $(x)]) = P(¢)]
Theorem 1 Positive Properties are possibly exemplified. V[P(p) — Odxp(x)]
by A1(D), A2
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Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) V[P(mp) — =P(p)]
Axiom A2 VoVi[(P(p) A BVx[p(x) = $(x)]) = P(¢)]
Theorem 1 Positive Properties are possibly exemplified. V[P(p) — Odxp(x)]
by A1(D), A2

Def. D2* P ess x < Pl V(Y (x) — BVy(e(y) = ¥(v)))
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Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) Vp[P(—p) — =P(p)]
Axiom A2 VoY [(P(p) A BVx[p(x) = ¥ (x)]) = P(¢)]
Theorem 1 Positive Properties are possibly exemplified. V[P(p) — Odxp(x)]
by A1(D), A2

Def. D2* p ess x > D V(Y (x) — DOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)

by D2*
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Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) V[P(mp) — =P(p)]
Axiom A2 VoY [(P(p) A BVx[p(x) = ¥ (x)]) = P(¢)]
Theorem 1 Positive Properties are possibly exemplified. V[P(p) — Odxp(x)]
by A1(D), A2

Def. D2* p ess x > D V(Y (x) — DOVy(e(y) = ¥ ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)

by D2*

Def. D3 NE(x) <> Vo[p ess x — OFyp(y)]
Axiom B Vo(p — OOCp)  (resp. VaVy(rxy — ryx))

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

95



Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) Vp[P(—p) — =P(p)]

Axiom A2 VeV [(P(p) A BYx[o(x) = (x)]) = P(¥)]

Theorem 1 Positive Properties are possibly exemplified. V[P(p) — Odxp(x)]
by A1(D), A2

Def. D2 @ ess x <> Pl V(1 (x) — OVy(e(y) = 9(y)))

Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)

by D2*

Def. D3 NE(x) <> Vo[p ess x — OFyp(y)]

Axiom B Vo(p — OOCp)  (resp. VaVy(rxy — ryx))

Lemma 2 Exemplification of necessary existence is not possible. =<>3x NE(x)
by B, D3, Lemmai
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Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) Vp[P(—p) — =P(p)]

Axiom A2 VeV [(P(p) A BYx[o(x) = (x)]) = P(¥)]

Theorem 1 Positive Properties are possibly exemplified. V[P(p) — Odxp(x)]
by A1(D), A2

Def. D2 @ ess x <> Pl V(1 (x) — OVy(e(y) = 9(y)))

Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)

by D2*

Def. D3 NE(x) <> Vo[p ess x — OFyp(y)]

Axiom B Vo(p — OOCp)  (resp. VaVy(rxy — ryx))

Lemma 2 Exemplification of necessary existence is not possible. =<>3x NE(x)
by B, D3, Lemmai

Axiom A5 P(NE)
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Inconsistency (Godel): Reconstruction of Informal Argument (KB)
(special thanks to Chad Brown for a fruitful discussion)

Axiom A1(D) Vp[P(—p) — =P(p)]

Axiom A2 VeV [(P(p) A BYx[o(x) = (x)]) = P(¥)]

Theorem 1 Positive Properties are possibly exemplified. V[P(p) — Odxp(x)]
by A1(D), A2

Def. D2 @ ess x <> Pl V(1 (x) — OVy(e(y) = 9(y)))

Lemma 1 The empty property is an essence of every entity. Vx (0 ess x)

by D2*

Def. D3 NE(x) <> Vo[p ess x — OFyp(y)]

Axiom B Vo(p — OOCp)  (resp. VaVy(rxy — ryx))

Lemma 2 Exemplification of necessary existence is not possible. =<>3x NE(x)
by B, D3, Lemmai

Axiom A5 P(NE)
Inconsistency L
by A5, T1, Lemma2
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Inconsistency (Godel): Verification in Isabelle/HOL (KB)

]

* CordelCodtithoutCongenctinfss K thy =
ek & 9 ¢ X000 a@ = A &
[ © CoedelGodwithoutCon) 35_KB.thy (~) GoedelCod// Taliks ) 2015/ LogicAs oMatenal/) s}
* |theory GoedelGodwithoutConjunctInEss KB imports QWL
begin

consts P :: “(p = o) = o*
axiomatization where Ala: "[V(AP. P (Ax. == (@ %)) ® 2 (P ®))]"
and A2: “[V(AMP, VAR, (P& mA O (YA, ® x 8~ ¥ x))) n—-P ¥))]"

-- {* Positive properties are possibly exeeplified, *}
theorem Ti: “[V(Ab. P& mv o (3 9)))* by (metis Als A2)

definition ess (infixr "ess” BS) where “€ o088 x = V(A®. ¥ x 0 U (V(Ay. & y 5~ ¢ y))*

== {* The empty property is an essence of every individual. *}

BUCHL PP uoHTRWNGG 4 O

- lesma Leamal: "[(¥{Ax.{ (Ay.\w, False) ess )1)]" by (metis ess_def)
> detinition NE where *NE x = V{A®, @ 55 x o« O (3 @))"
- axiomatization where sym: “x ry — y r x"
+ |- {* Exemplification of necessary existence is not possible. *}
lesma Loxma2: “[m~ (o (32 NE)) 1" by (netis sym Lemmal NE_dof)

axiomatization where AS: “[P NE]*

* |=- {* Now the inconsistency follows from AS, Tl and Loama2 *}

0| lemma False by (metis AS T1 Leama2)
end
G v Output Query Sledgehammer Symbols
[ 101 47771095 Osabellesidekick, UTF-8-1sabeile) . - UCHEEIEERDS 17:18 |
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Inconsistency (Godel): Verification in Isabelle/HOL (K)
* CoedelCodWrhautCanjunctinizs K thy

(WRE S 9¢ 00 A TREE B &0 00

| 1 GoedelCodwithouwtConjunctintss_K.ihy (~/GoedeXGod) Talks/2015/LogicAndReligion/ D
* |theory GoedelGodwithoutConjunctinEss_K feports QML o
begin -
consts P i: “(p = o} = o >
definition ess (infixr "ess® 85) where *® oss x = V(A¥. ¥ x n O (V(Ay. ¢ yn e ¢ )"
detinition NE where *NE x - V(M. & ass x n— O (3 9))"
ariomatization where Ala: “[V(AP. P (Ax. mo (@ x)) m 0o (P 2))]"
and A2:  "[V(AD. Y(AW, (P @ mA O (V(Ax, ® x m— ¥ X)) 8~ P ¥))]"
3
-« {* Positive properties are possibly exeaplified, *) 3
hd theorem Ti: “[V(M. P 2 oo (3 9))]" by (metis Als A2) r
4
« |== {* The empty property is an essence of every individual. *}
lesma Loamal: "[(¥{Ax.{[Ay.\w. False) s5s5 x)))]"° by (metis ess_def)
axiomatization where AS: “[P NE)*
=+ {* Now the inconsistency follows from AS, Lommal, NE _def and T1 *)
O lesma False
== {* slodgehammar [remote_leo2] *}
. by (matis AS Lemmal NE_def T1)
> |end l
O v Outpst Query Sledgehammer  Symbols
[ 21,7 @s0/982) (sabelle.sidekick UTF-8-Isabelle) . UCHRINEENND 11:37 |
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Godel’s Manuscript
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Godel’s Manuscript

. 1 "v/‘ -
y) > >
p ' J: f; - Thest
Inconsistency Scott
Ve[P(—p) = =P(¢)] A1(D)

VoVi[(P(p) A BVx[p(x) = (x)]) = P(¢)] A2

p ess x > Vi (p(x) = OVy(p(y) = 9(v))) D2"
NE(x) <> Vo[p ess x — O3yp(y)] D3
P(NE) A5
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Summary: Results of Experiments

Godel’s version K KB S5
constant varying | constant varying | constant varying

Consistency

T1 obsolete obsolete obsolete obsolete obsolete obsolete

C obsolete obsolete obsolete obsolete obsolete obsolete
T2 obsolete obsolete obsolete obsolete obsolete obsolete
T3 obsolete obsolete obsolete obsolete obsolete obsolete

Flawless God obsolete obsolete obsolete obsolete obsolete obsolete
Monotheism obsolete obsolete obsolete obsolete obsolete obsolete
Modal Collapse | obsolete obsolete obsolete obsolete obsolete obsolete

Further logic details

» Henkin semantics
» full comprehension
» rigid constant symbols

Question: Has this inconsistency been reported before?
If not, then LEO-II deserves (part of) the credit!
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Summary: Results of Experiments

K

varying

KB
constant

varying

S5
constant

varying

Scott’s version

constant

Consistency v

T1 v

C v

T2 v

T3 X

Flawless God v

Monotheism v

Modal Collapse v

Further logic details

» Henkin semantics
» full comprehension
» rigid constant symbols

SNENEN - ENENENEN

NN NN SNEN

SNEN

NN
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Avoiding the Modal Collapse: Recent Variants

SOME EMENDATIONS OF GODEL'S
ONTOLOGICAL PROOF

C. Anthony Anderson

Kert Gadel's version of the ontological argument was shown by J. Howard

‘version which is immune to Sobels objectioa. A defimition is suggested
ﬂhkhpﬂ\b‘hpmdo{ some of Gidel's axioms.

Der Mathematiker und die Frage der Existenz Gottes
(betreflend Godels ontologischen Bewels)

1, 0w i .

Gaodel’s Ontological Proof Revisited *

C. Anthony Anderson and Michael Gettings

University of California, Santa Barbara.
Department of Philosophy

Godel's version of the modal ontological argument for the existence of
God hasbee crtind by . HowardSobl ) o medifid by C. Ankbony
Anderson 1], In the present paper we consider the extent to which Anderso
cmendnton is defested by the ype of Sbjection st offred by the Monk

Magari and others on Gédel’s ontological
proof
Petr Hajek
Institute of Computer Science, Academy of Sciences
182 07 Prague, Czech Republic
e-mail: hajekGuivt.cas.cz .

1 Introduction
mmh.mmdwmmmm

(o chlat)

1. Einfikrung

Gaunilo to St. Anselm’s original Ontological Argument. And we try to push
the analysis of this Godelian argument a bit further to bring it into closer sively to mathematical properties of logical systems. G\“d 's on-
agreement with the details of Godel's own formulation. Finally, we indicate tological proof [G] and its variaat by Anderson lAl -ni »-:-l care paid to
g ion of Gdel's attempted oy
proof. ‘way that knowledge of
.-aump—t,q-(w-nmnunnm) K e
PrTR HASEK A New Small Emendation of
Gédel’s Ontological Proof
Understanding Gidel’s
Kegwords: Ontologi Gadel, modal b, = Ontological Argument
FRODE BJORDAL *

1. Introduction

Pk e vor
g et 5 2 el Dentin, o G Teces emerngen, | Ko
Wirend der serien

fArbest enchatc

Jinece 1991, doch habe i i Veroffent

Version gebeten wur-
scheibe,

schrel g

finally

publshed in che hird .‘,mm of Gidel's collected works [7]‘ but it became
known in 1970 when Gadel showed the proof to Dana Scott and Scott pre-
ot i 1 fact & arian o ) at  seminar ot Prineston. Detaild hiiory
dams’ inetory remarks to the ontological proof i

pml uses modal Jogic and its analysis is an exciting exercise in systems
formal modal logic. Needles to say, formal modal logic has found several

(7). The
of

In 1970 Kurt Gdel, in a hand-uritten note entitled “Ontologischer Boweis",
put forward an ontological argument for the existence of God, making use of
second-order modal logical principles. Let the second-order formala P(F)
stand for “the property F is positive”, and let “God” signify the property of
being God-like. Godel presupposes the following éefinitions:
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Avoiding the Modal Collapse: Some Emendations

Magari and others on Gédel’s ontological

SOME EMENDATIONS OF GODEL'S

s " " proof
Godel’s Ontological Proof Revisited *
C. Anthony Anderson and Michael Gettings Petr Hijek
TESTITITe OT COMPUTET SYENCe, ACRIeHYy Of STences

ONTOLOGICAL PROOF

C. Anthony Anderson

\vmv-:hwnbyl Howard

A defimition is suggested

Kurt Gadel's version of the on

ion which is immune to Sobel’s obj
which permits the proof of some of Godel's ax

82 07 Pragug, Czech Republic
e-mail: hafek@uivt.cas.cz

Department of Philosophy

Godel's version of the modafontological argument for the existence of
God has been criticized by J. Howgrd Sobel [5] and modified by C. Anthony
Anderson [1). In the present paper W consider the extent to which Andmn s 1 Introduction

gical Argument. And we ey topush Thie e rors s a coat m s [H] an trates alt
the analysis of this Gédelian argumer\ a bit further to bring it into closer to mathematical of logical 5 ynlan underlying Godel's on-
agreement with the details of Godel’s o\n formulation. Finally, we indicate -dupcd procf [G] aod jif/variant by Anderson [A], with .p-ml care paid to
what seems to be the main weakness of th emendation of Gédel’s attempted

3 .wmmwdmﬂummm

roof.
" reading the present, (even it remains advantageous). Here we describe

PrTR HASEK A New Small ExNendation of

Gédel’s Ontologic\l Proof
Der Mathematiker und die Frage der Existenz Gottes
(betreffend Godels ontologischen Bewels)
T Understanding Gidel’s
oo Keywords: Ostalogcal prooky Ontological Argument
1. Einfikrung 1. Introduction FRODE BJORDAL *
p “Zweck dec var.
o rvembapaptoabricherrbinsi :" e s e In 1970 Kurt Godel, in  hand-writien note entited “Ontologischer Boweis",
[Arheit anchale ‘Wihrend der letzien. Male put forward an ontological argument for the existence of God, making use of
Feier voa Profes- second-order modal logical pmmpl:s Let the second-order formula P(F)
Ger Ml Jannes 191, doch habe ich nicmals beabsichig, cie Veroffet Y Stond for “th Fis "and et “God" signify the property of
oo e, e D7) e e i ey e e ek pel gkt el it
i, enechiod b mich,achnel cine ecweiterte Kurzfasauag | u schriber, oae ut br epen  formal modal logic. Necdles to say, formal modal logic b al aiag

Computer-supported Clarification of Controversy
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Results Obtained with Fully Automated Reasoners

A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:Al' A2' A3' A4 A4’ H:A4 A5 AS' H:AS T3 T3' MC
Scott (const) - - - - NN - - N - - P - P
Scott (var) - - - - NA - - NAL- - P - P
Anderson (const) - - - -  RI(KaB) - - - RS- - P cs
Anderson (var) B - - - R(KkaB) - - - .- - P cs
Anderson (mix) - - - -  RI(K4B) - - - |1 - G s
Hdjek AOE' (var) - - cs S/ - - - SA - - P(KB) CS
Hdjek AOE'_0 (var) - - - CS R - - - SV - - P(KB) CS
Hdjek AOE" (var) - - - - S - - S/ - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdoal (const) R(K4) - R R - R(KT) - - NI - - P(KB) CS
Bjerdol (var) cs - R R - R(KT) - - N - - P(KB) CS
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Results Obtained with Fully Automated Reasoners
A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:A1l' A2' A3' A4 A4’ H:A4 A5 AS' H:AS T3 T3' MC
Scott {const) - - - - NA - - NA - - P - P

Scott (var) - - - - NA - - N/ - - P - P

Anderson (const) - - - -  RI(KaB) - - - [, - P cs
Anderson (var) - - - -  R(Ka4B) - - - .- - P cs
Anderson (mix) . . - - R(KaB) - - - - - Elc
Hdjek AOE' (var) - - cs S/l - - - SA - - P(KB) CS
Héjek AOE' 0 (var) - - - CS R - - - S/U - - P(KB) CS
Hdjek AOE" (var) - - - - SN - - S/l - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdal (const) R(K4) - R R - R(KT) - - NN - - P(KB) CS
Bjperdol (var) CcS - R R - R(KT) - - NN - - P(KB) CS

Leibniz (1646—1716)

characteristica universalis and calculus ratiocinator

If controversies were to arise, there would be no more need of disputation between
two philosophers than between two accountants. For it would suffice to take their
pencils in their hands, to sit down to their slates, and to say to each other ...: Let
us calculate.
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Formel von Kurt G8del: Mathematiker bestitigen Gottesbewels

Von Tobias Mirter

Ein Wesen existiert, das alle positiven Eigenschaften in sich versint. Das bewies der logendire
Zwol haben

diasen
Gottesbeweis aun Uberprift - und fir gittig befunden.

Jetzt 3ind e letzten Zwefel dusperbumit; Gott existient tatsdchlich, B0
Computer hat e MR kakier Logk bewesen - 6as MacBook des
= Onrist Zmo dar Fraien

Ueivarsitit St

Germany

- Telepolis & Heise

- Spiegel Online

-FAZ

- Die Welt

- Berliner Morgenpost

- Hamburger Abendpost

Austria

- Die Presse

- Wiener Zeitung
- ORF

Italy

- Repubblica
- lisussidario

India

- DNA India

- Delhi Daily News
- India Today

us
- ABC News

International

- Spiegel International

- Yahoo Finance
- United Press Intl.
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Mome Video Themen Forum Engleh OER SUTEGIL SPIIGELTY Abo Shep

INTERNATIONAL

Holy Logic: Computer Scientists 'Prove’ God Exists
Dy Oavic Knight

a theorem

by
Godel. But the God angle is somewhat of a red herring -~ the real step forward is the example it sets of
how computars can make sclentific prograss simpler.

xurt

Germany

- Telepolis & Heise

- Spiegel Online

-FAZ

- Die Welt

- Berliner Morgenpost

- Hamburger Abendpost

Austria

- Die Presse

- Wiener Zeitung
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Italy
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- DNA India

- Delhi Daily News
- India Today
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- ABC News
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- Spiegel International

- Yahoo Finance
- United Press Intl.
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Mindesthohn lockt SPD
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])

Austria

- Die Presse

- Wiener Zeitung
- ORF
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- Repubblica
- lisussidario

India

- DNA India

- Delhi Daily News
- India Today
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- ABC News

International

- Spiegel International
- Yahoo Finance

- United Press Intl.
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SCIENCE NEWS

Researchers say they used MacBook to prove
Goedel's God theorem

Oct, 23,2013 | 814PM | 1 comments

See more serious and funny news links at
https:
//github.com/FormalTheology/GoedelGod/tree/master/Press
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https://github.com/FormalTheology/GoedelGod/tree/master/Press

HOML in the Coq Proof Assistant
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Embedding HOML in HOL

Example
HOML formula SIxG(x)
HOML formula in HOL valid (¢3xG(x)),-o
expansion, gn-conversion Yw, (CIxG (X))o w
expansion, Sn-conversion Vw, Ju, (rwu A (IxG(x)),-ou)
expansion, Sn-conversion YYw, Ju, (rwu A IxGxu)

Does this actually work in practice?

Is it efficient ??

Is it user-friendly ??
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Issues with Fully Automated Reasoning

Proofs are hard to read and do not necessarily correspond to the informal proofs being verified
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The Coq Proof Assistant
Winner of the ACM Software System Award in 2013

LB Doy Tenas Tty Onpey Conple Wt i
BX3Ira¥20 O

B TR e p e U S,
arird ooty et Y

itive p w
(=~ (mexiste x 1 u, p X)) W

SPIRIIIWINL (* Lemaa from Booct's notes *)

x.
Ansert (BAL ((m- (mexiste x 5, pox)) W),
box_elis K2 wi &1 Q2.
L e,

oxad
Clear B2 XL ®l v,
imre :
Yy .
ena0L K5,
Assert (B6) [(hox (Mforall s, (P ®) W=> m= (0 W= 8))) Wil (% Leswa from S001L & Botes *
Bou_intro wi ni.

Amre x.
dotes W,
Anteo B4,
box_elim 1) wi A1 G). .
sonTo o8 sish to om =y =

2l J x|
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The Proof/Type System of Coq

v

Calculus of Inductive Constructions (CIC)
Related to CC and \C (cf. next slides).

v

» A minimalistic higher-order natural deduction calculus.

v

Typical natural deduction rules are admissible.
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Pure Type Systems

A Pure Type System is a triple (S, .A, R), where:

Sisasetofsorts; A C S xS (axioms); R C S xS xS (Prod rules).

(Abs)
(App)
(Weak)

(Conv)

Fs1: 80

I'x:AFx:A

(s1,:) € A

I'HFA:s x & dom(T)

I'FA:s; I)x:AFB:s
'k (Ix: A.B) : 53
Dx:AFB:C T'H(IIx:AC):s

(S],Sz,S}) eER

'k (Ax:AB):IIx:A.C
'A:(Ilx:B.C) T'HD:B

' (AD):Clx:= D]
I'FA:B T'HC:s

I'x:CFHA:B
T'HFA:B TFB :s
I'HA:B

B=3 B
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Barendregt’s Cube

/4 /4

A = ‘ - APw

A— = AP
The various type systems in the cube have A = { (x,0) } and differ from
each other w.r.t. the sorts allowed in the Prod rule:

I'FA:sy I''x:AFB:s

(5175275'3) S R

(Prod) I'F (I1x : A.B) : s3
> A= R={(x,x%)}
> AP: R ={(x,*x%),(x,0/0)}
> A2: R ={(x*,x%),(0,%,%)}
> AC: R = {(x,%,%),(0,%,%), (x,0,0),(0,0,0)}
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Typical Natural Deduction Rules

Interactive proving using basic tactics in Coq feels roughly like constructing a natural deduction proof

A B al
AVB C C A B B
P el = _—Z A h
C Ve ANB ! A—=B !
Ay, ANB 5, B _,
AVB A A= B
B ANB A A>B
£ AND A —
AVB " B P B £
Ala] v Vx.Alx] v x.Alx] .
VAR Al F IAR] Alg] "
;‘ﬁA g
A=A— L A
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Modal Logics in the Coq Proof Assistant

» Challenges:

» Can we hide the semantic embedding from the user?
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Modal Logics in the Coq Proof Assistant

» Challenges:

» Can we hide the semantic embedding from the user?

» Can we provide an interaction experience to the user that
differs as little as possible from what he is already used to?
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Modal Logics in the Coq Proof Assistant

» Challenges:

» Can we hide the semantic embedding from the user?

» Can we provide an interaction experience to the user that
differs as little as possible from what he is already used to?

» Can we reconstruct, step-by-step in Coq, precisely Scott’s
formulation of Gédel’'s argument?
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Modal Logics in the Coq Proof Assistant

Parameter i: Type. (* Type for worlds *)
Parameter u: Type. (* Type for individuals *)
Definition o := i -> Prop. (* Type of modal propositions *)

Parameter r: i -> i -> Prop. (* Accessibility relation for worlds *)
Definition mnot (p: o)(w: i) := " (p w).

Notation "m~ p" := (mnot p) (at level 74, right associativity).

Definition mand (p q:0)(w: i) := (p w) /\ (q w).
Notation "p m/\ q" := (mand p q) (at level 79, right associativity).

Definition mor (p q:0)(w: i) := (p w) \/ (q w).
Notation "p m\/ q" := (mor p q) (at level 79, right associativity).

Definition mimplies (p q:o0)(w:i) := (p w) => (q W).
Notation "p m-> q" := (mimplies p q) (at level 99, right associativity).

Definition mequiv (p q:0)(w:i) := (p w) <> (q W).
Notation "p m<-> q" := (mequiv p q) (at level 99, right associativity).
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Modal Logics in the Coq Proof Assistant

Definition A {t: Type}(p: t -> o)(w: i) := forall x, p x w.
Notation "’mforall’ x , p" := (A (fun x => p))

(at level 200, x ident, right associativity) : type_scope.

Notation "’mforall’ x : t , p" := (A (fun x:t => p))
(at level 200, x ident, right associativity,
format "’[’ ’mforall’ ’°/ ’ x : t , ’/’ p’1'")
. type_scope.

Definition E {t: Type}(p: t -> o)(w: i) := exists x, p x W.
Notation "’mexists’ x , p" := (E (fun x => p))

(at level 200, x ident, right associativity) : type_scope.

Notation "’mexists’ x : t , p" := (E (fun x:t => p))
(at level 200, x ident, right associativity,
format "’[’ ’mexists’ ’°/’ x : t, '/’ p’1'")
: type_scope.
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Modal Logics in the Coq Proof Assistant

Definition box (p: o) := fun w => forall wil, (r w wi) -> (p wil).
Definition dia (p: o) fun w => exists wil, (r w w1) /\ (p wi).
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Modal Logics in the Coq Proof Assistant

Lemma mp_dia:

[mforall p, mforall q, (dia p) m-> (box (p m—> q)) m-> (dia q)].
Proof. mv.
intros p q H1 H2. unfold dia. unfold dia in H1. unfold box in H2.

destruct H1 as [wO [R1 H1]]. exists wO. split.
exact R1.

apply H2.
exact R1.

exact H1.
Qed.
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Modal Logics in the Coq Proof Assistant

Ltac box_i := let w := fresh "w" in let R := fresh "R"
in (intro w at top; intro R at top).

Ltac box_elim H wl H1 := match type of H with
((box 7p) 7w) => cut (p wi);
[intros H1 | (apply (H w1); try assumption)] end.

Ltac box_e H Hi:= match goal with | [ |- (_ ?w) ] => box_elim H w H1 end.

Ltac dia_e H := let w := fresh "w" in let R := fresh "R" in

(destruct H as [w [R H]]; move w at top; move R at top).

Ltac dia_i w := (exists w; split; [assumption | idtac]).
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Modal Logics in the Coq Proof Assistant

Lemma mp_dia:
[mforall p, mforall q, (dia p) m-> (box (p m-> q)) m-> (dia q)].
Proof. mv.
intros p q H1 H2. unfold dia. unfold dia in H1. unfold box in H2.
destruct H1 as [wO [R1 H1]]. exists wO. split.
exact R1.
apply H2.
exact R1.
exact H1.
Qed.

Lemma mp_dia:

[mforall p, mforall q, (dia p) m-> (box (p m-> @)) m-> (dia q)].
Proof. mv.
intros p q H1 H2. dia_e H1. dia_i wO. box_e H2 H3. apply H3. exact H1.
Qed.
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Natural Deduction Calculus
Rules for Modalities

OA

Og
A
t:
CA O

eigen-box condition:
O; and < are strong modal rules:
« and 8 must be fresh names for the boxes they access

boxed assumption condition:
assumptions should be discharged within
the box where they are created.

(in analogy to the eigen-variable condition for strong quantifier rules).
Every box must be accessed by exactly one strong modal inference.
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Modal Logics in the Coq Proof Assistant
Lemma mp_dia:
[mforall p, mforall q, (dia p) m-> (box (p m-> @)) m-> (dia q)].
Proof. mv.

intros p q H1 H2. dia_e H1. dia_i wO. box_e H2 H3. apply H3. exact H1.
Qed.

=1
O
Op B (p—q) O,
wo p D=> .
w q
— OF
Ogq 1.2
Op — (O(p = q)) = (0q) %’;_\;j

Vp.¥q.0p — (O(p — q)) — Oq
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Modal Logics in the Coq Proof Assistant
Part of Scott’s Formulation of Gédel’s Proof

Theorem thaoreml [ mforall p, (Positivé p) n-> dia (nexists x, px)].
Proof. mv.

intro p. intro Hi. proof_by_contradiction H2. apply not_dia_box_not in H2.

assert (H3: ((box (mforall x, m™ (p x))) w)). (* Scott =+

box_i. intro x. assert (H4: ((m~ (mexists x : u, p x)) w0)).
box_e H2 G2. exact G2.
clear H2 R H1 w. intro H5. apply H4. exists x. exact H5.

assert (H6: ((box (mforall x, (p x) m=> m” (x m= x))) w)). (+ Scott =«
box_i. intro x. intros H7 H8. box_elim H3 w0 G3. eapply G3. exact H7.
assert (H9: ((Positive (fun x => m™ (x m= x))) w)). (» Scout

apply (axiom2 w p (fun x => m” (x m= x))). split.

exact H1.
exact H6.
assert (H10: ((box (mforall x, (p x) m-> (x m= x))) w)). (* Scott =+
box_i. intros x Hil. reflexivity.
assert (H11 : ((Positive (fun x => (x m= x))) w)). (* Scott *)
apply (axiom2 w p (fun x => x m= x )). split.
exact Hi.
exact H10.

apply axiomia in H9. contradiction.
Qed.
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Natural Deduction Proofs for the Ontological Argument

T1 and C1
,,,,,,,,,,, A2 ____
Vo V. [(P(p) A DVx.[p(x) = ¥ (x)]) = P()] Ve
V.[(P(p) A OVx.[p(x) = ¥ (x)]) = P()] ve Aa
(P(p) A OVx.[p(x) = =p(x)]) = P(—p) V. [P(—p) = —P(p)] y
(P(p) A OVx.[-p(x)]) = P(—p) P(=p) = =P(p) :

(P(0) 7 D% lp(0))) — —P(7)
P(p) = <O3x.p(x)

T1: Yo.[P(p) — OTx.p(x)] K
..
A3 Ve.[P(p) = <OTx.p(x)]
P(G) P(G) » 03G(x) "
Oax.G(x)
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Natural Deduction Proofs for the Ontological Argument

T2 (Partial)
aP(y)’ Ny
- O |--=-=-==" ===~
[2 ' P(y) = ¥x.(G(x) = ¢(x)) v
e x(G() = 90) o
Y Y- oP) ox (G~ v(x)
oP(y) OP(y) — 0v¥x.(G(x) — ¢(x)) _*'E

(G v,
900 = 07 (G(X) = ¥(x) !
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SUMO Ontology and HOML
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SUMO Ontology and HOML

Context

» prominent challenge in Al (CS, Philosophy)
McCarthy: modeling of contexts as first-class objects

v

ist (context_of ("Ben’s Knowledge),likes (Sue,Bill))

ist (context_of ("Ben’s Knowledge),
ist (context_of(...),...))

v

McCarthy’s [McCarthy, Comm.ACM 1987] [McCarthy, IJCAI 1993] approach
has been followed by many others

v

Giunchiglia’s contextual reasoning [Giunchiglia, Epistemologia 1993]
emphasizes the locality aspect; structured knowledge

McCarthy and Giunchiglia avoid modal logics
they also avoid a HOL perspective

v

v

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

128



SUMO Ontology and HOML

Context

» prominent challenge in Al (CS, Philosophy)
McCarthy: modeling of contexts as first-class objects

v

ist (context_of ("Ben’s Knowledge),likes (Sue,Bill))

ist (context_of ("Ben’s Knowledge),
ist (context_of(...),...))

v

McCarthy’s [McCarthy, Comm.ACM 1987] [McCarthy, IJCAI 1993] approach
has been followed by many others

v

Giunchiglia’s contextual reasoning [Giunchiglia, Epistemologia 1993]
emphasizes the locality aspect; structured knowledge

McCarthy and Giunchiglia avoid modal logics
they also avoid a HOL perspective

v

v

Our approach is complementary:
takes a HOL perspective and integrates modal logics
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SUMO Ontology and HOML

Expressive ontologies

» SUMO and Cyc
» modeling of contexts:

(holdsDuring (yearFn 2009) (loves Bill Mary))

(believes Bill
(knows Ben
(forall (?X)
((woman ?X) => (loves Bill ?X)))))

» relation to McCarthy’s approach is obvious

» often a questionable semantics assumed for embedded formulas and
modal predicates (also in Common Logic)
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SUMO Ontology and HOML

Expressive ontologies

» SUMO and Cyc
» modeling of contexts:

(holdsDuring (yearFn 2009) (loves Bill Mary))

(believes Bill
(knows Ben
(forall (?X)
((woman ?X) => (loves Bill ?X)))))

» relation to McCarthy’s approach is obvious

» often a questionable semantics assumed for embedded formulas and
modal predicates (also in Common Logic)

Our approach:
HOL-based semantics, but holdsDuring, believes, knows and alike are
associated with modal logic connectives
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SUMO Ontology and HOML

Combining logics

>

>

prominent challenge in Al (CS, Philosophy)

epistemic, deontic, temporal, intuitionistic, relevant, linear, conditional,
security ...

wide literature—few implementations

some propositional systems exists: Logic Workbench, LoTREC,
Tableaux Workbench, FaCT, ileanCoP, MSPASS

no implemented systems for combinations of first-order logics
combination is typically approached bottom-up
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SUMO Ontology and HOML

Combining logics

>

>

>

>

prominent challenge in Al (CS, Philosophy)

epistemic, deontic, temporal, intuitionistic, relevant, linear, conditional,
security ...

wide literature—few implementations

some propositional systems exists: Logic Workbench, LoTREC,
Tableaux Workbench, FaCT, ileanCoP, MSPASS

no implemented systems for combinations of first-order logics
combination is typically approached bottom-up

Our approach is complementary:
works top-down starting from classical higher-order logic (HOL)
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SUMO Ontology and HOML

SUMO — Suggested Upper Merged Ontology
[NilesPease FOIS 2001, Pease 2011]

» open source, formal ontology: www.ontologyportal.org

v

has been extended for a number of domain specific ontologies
altogether approx. 20,000 terms and 70,000 axioms

employs the SUO-KIF representation language, a simplification of
Genesereth’s original Knowledge Interchange Format (KIF)

v

v

Sigma [PeaseBenzmidiller Al Comm. 2013]
» browsing and inference system for ontology development
» integrates KIF-Vampire and SystemOnTPTP
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SUMO Ontology and HOML

SUMO — Suggested Upper Merged Ontology
[NilesPease FOIS 2001, Pease 2011]

» open source, formal ontology: www.ontologyportal.org

v

has been extended for a number of domain specific ontologies
altogether approx. 20,000 terms and 70,000 axioms

employs the SUO-KIF representation language, a simplification of
Genesereth’s original Knowledge Interchange Format (KIF)

v

v

Sigma [PeaseBenzmidiller Al Comm. 2013]
» browsing and inference system for ontology development
» integrates KIF-Vampire and SystemOnTPTP

SUMO (and similarly Cyc) contains higher-order representations, but there is
only very limited automation support so far
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Higher-Order Aspects in SUO-KIF and SUMO: Examples

» Embedded formulas
term ::= variable|word|string|funterm|number|sentence

(holdsDuring (YearFn 2009) (likes Mary Bill))
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Higher-Order Aspects in SUO-KIF and SUMO: Examples
» Embedded formulas

» ...often in combination with modal operators such as holdsDuring,
knows, believes, etc.
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Higher-Order Aspects in SUO-KIF and SUMO: Examples

» Embedded formulas

» ...often in combination with modal operators such as holdsDuring,
knows, believes, etc.

» Predicate variables, function variables, propositional variables

funterm ::= (funword arg+) relsent ::= (relword arg+)

funword, relword ::= initialchar wordchar* | variable
(<=>
(instance ?REL TransitiveRelation)
(forall (?INST1 ?INST2 ?INST3)
(=>
(and
(?REL ?INST1 ?INST2)
(?REL ?INST2 ?INST3))
(?REL ?INST1 ?INST3))))
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Higher-Order Aspects in SUO-KIF and SUMO: Examples

» Embedded formulas

» ...often in combination with modal operators such as holdsDuring,
knows, believes, etc.

» Predicate variables, function variables, propositional variables
» Lambda-Abstraction with KappaFN

attribute ?X Celebrity)
greaterThan
(CardinalityFn
(KappaFn ?A
(knows ?A (exists (?P) (equal ?P ?X)))))
1000))

(=>
(
(
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Higher-Order Aspects in SUO-KIF and SUMO: Examples

» Embedded formulas

» ...often in combination with modal operators such as holdsDuring,
knows, believes, etc.

» Predicate variables, function variables, propositional variables
» Lambda-Abstraction with KappaFN

Our focus in the remainder:
embedded formulas and modal operators
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Some FO translation ’tricks’

First-order reasoning on a large ontology
[PeaseSutcliffe, CEUR 257, 2007]

» Quoting of embedded formulas

A: (holdsDuring (YearFn 2009) (likes Mary Bill))
Q: (holdsDuring (YearFn ?Y) (likes ?X Bill))
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Some FO translation ’tricks’

First-order reasoning on a large ontology
[PeaseSutcliffe, CEUR 257, 2007]

» Quoting of embedded formulas

A: (holdsDuring (YearFn 2009) ’ (likes Mary Bill))
Q: (holdsDuring (YearFn ?Y) ' (likes ?X Bill))

Answer with FO-ATPs (?Y <— 2009, ?X < Mary)
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Some FO translation ’tricks’

First-order reasoning on a large ontology
[PeaseSutcliffe, CEUR 257, 2007]

» Quoting of embedded formulas

A: (holdsDuring (YearFn 20009)
" (and (likes Mary Bill) (likes Sue Bill)))
Q: (holdsDuring (YearFn ?Y) ' (likes ?X Bill))

Failure with FO-ATP
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Some FO translation ’tricks’

First-order reasoning on a large ontology
[PeaseSutcliffe, CEUR 257, 2007]

» Quoting of embedded formulas

» Expansion of predicate variables
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Some FO translation ’tricks’

First-order reasoning on a large ontology
[PeaseSutcliffe, CEUR 257, 2007]

» Quoting of embedded formulas

» Expansion of predicate variables

Why not trying higher-order automated theorem proving directly?

Our focus:
embedded formulas and modal operators
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The SUO-KIF to TPTP THFO Translation
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The SUO-KIF to TPTP THFO Translation

» THFO: TPTP format for simple type theory
[SutcliffeBenzmiuiller, J.Formalized Reasoning, 2010]

» THFO ATPs: LEO-II, TPS, Isabelle, Satallax, . ..
THFO (counter-)model finders: Nitpick, Satallax
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The SUO-KIF to TPTP THFO Translation

» THFO: TPTP format for simple type theory
[SutcliffeBenzmiuiller, J.Formalized Reasoning, 2010]

» THFO ATPs: LEO-II, TPS, Isabelle, Satallax, . ..
THFO (counter-)model finders: Nitpick, Satallax
» achieved:

SUO-KIF — TPTP THFO0

translation mechanism for SUMO as part of Sigma
» so far only exploits base type « and o in THFO (— improvable)
» generally applicable to SUO-KIF representations
» translation example (for SUMO) available at:

http://christoph-benzmueller.de/papers/SUMO.thf
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The SUO-KIF to TPTP THF Translation

Main challenge: find consistent typing for untyped SUO-KIF

(instance instance BinaryPredicate)
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The SUO-KIF to TPTP THF Translation

Main challenge: find consistent typing for untyped SUO-KIF

(p_instance t_instance BinaryPredicate)
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Higher-Order Automated Theorem Proving in Ontology Reasoning
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Embedded Formulas — An Easy Task for HO-ATP

Example (A: Embedded Formulas)
During 2009 Mary liked Bill and Sue liked Bill. Who liked Bill in 2009?

A: (holdsDuring (YearFn 20009)
(and (likes Mary Bill) (likes Sue Bill)))

Q: (holdsDuring (YearFn 2009) (likes ?X Bill))

Proof by LEO-II in milliseconds
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Embedded Formulas — An Easy Task for HO-ATP

Example (B: Embedded Formulas)
During 2009 Mary liked Bill and Sue liked Bill. Who liked Bill in 20097

A: (holdsDuring (YearFn 20009)
(not (or (not (likes Mary Bill))
(not (likes Sue Bill)))))
Q: (holdsDuring (YearFn 2009) (likes ?2X Bill))

Proof by LEO-II in milliseconds
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Embedded Formulas — An Easy Task for HO-ATP

Example (C: Embedded Formulas)
At all times Mary likes Bill. During 2009 Sue liked whomever Mary liked. Is
there a year in which Sue has liked somebody?

A: (holdsDuring ?Y (likes Mary Bill))
B: (holdsDuring (YearFn 2009)

(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))
Q: (holdsDuring (YearFn ?Y) (likes Sue ?2X))

Proof by LEO-II in milliseconds
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Embedded Formulas — An Easy Task for HO-ATP

In the above examples we have (silently) assumed that the semantics of the
logic underlying SUMO is a classical, bivalent logic, meaning that Boolean
extensionality is valid:

(<=> (<=> ?P ?0Q) (equal ?P ?2Q))

Example (D: Embedded Formulas)
During 2009 Mary liked Bill and Sue liked Bill. Who liked Bill in 2009?
A: (holdsDuring (YearFn 20009)

(and (likes Mary Bill) (likes Sue Bill)))

Q: (holdsDuring (YearFn 2009)
(and (likes Sue Bill) (likes Mary Bill)))

Proof by LEO-II in milliseconds

Boolean extensionality seems fine for the particular temporal contexts of our
previous examples.

However, as we will show next, it quickly leads to counterintuitive inferences
in other modal contexts.
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Problem: Boolean Extensionality versus Modal Operators

Example (E: Embedded Formulas — Epistemic Contexts)
A: (knows Chris (equal Chris Chris))
B: (likes Mary Bill)
C: (knows Chris
(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))
Q: (knows Chris (likes Sue Bill))

Proof by LEO-II in milliseconds
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Problem: Boolean Extensionality versus Modal Operators

Example (E: Embedded Formulas — Epistemic Contexts)
A: (knows Chris (equal Chris Chris))
B: (likes Mary Bill)
C: (knows Chris
(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))
Q: (knows Chris (likes Sue Bill))

Proof by LEO-II in milliseconds

Boolean extensionality is in conflict with (epistemic) modalities!
(Has Boolean extensionality ever been questioned for KIF?)
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Proposed Solution: Possible World Semantics for SUMO

SUMO — HOML — TPTP THF
» T-Box like information in SUMO:

(instance holdsDuring AsymmetricRelation) —
VW, (instance holdsDuring AsymmetricRelation)
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Proposed Solution: Possible World Semantics for SUMO

SUMO — HOML — TPTP THF
» T-Box like information in SUMO:

(instance holdsDuring AsymmetricRelation) —
VW, (instance holdsDuring AsymmetricRelation), . W

» A-Box like information as in query problem: current world cw,
(likes Mary Bill) — (likes Mary Bill), _,, cw

(knows Chris (likes Sue Bill)) —
(Ochris (likes Sue Bill)), ., ew

L—o
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Challenge: Embedded Formulas — Epistemic Context

Example (F: Embedded Formulas — Epistemic Contexts)
A: (Ocwis (equal Chris Chris)) cw

B: (likes Mary Bill) cw

C: (Ocnis (VX - ((likes Mary X) D (likes Sue X)))) cw

Q: (Ocpris (likes Sue Bill)) cw
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Challenge: Embedded Formulas — Epistemic Context

Example (F: Embedded Formulas — Epistemic Contexts)
A: (Ocwis (equal Chris Chris)) cw

B: (likes Mary Bill) cw

C: (Ocuris (V' Xyux ((likes Mary X) D (likes Sue X)))) cw

Q: (Ocpris (likes Sue Bill)) cw

Axioms for O¢is can be added:
M: VWL (Vp%,w;- DChriy @ D SO) w

4: VWL (VPSDLﬂo- ljChris 2 D D(,‘/lrix D(,‘/zrix SD) w
5: VW/, (Vp(pLH()' E‘Chrix - p D) I:‘Chri_s - DC/ll"iA QO) w

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

144



Challenge: Embedded Formulas — Epistemic Context

Example (F: Embedded Formulas — Epistemic Contexts)
A: (Ocwis (equal Chris Chris)) cw

B: (likes Mary Bill) cw

C: (Ocnis (VX ,uu ((likes Mary X) D (likes Sue X)))) cw

Q: (Ocpris (likes Sue Bill)) cw

Axioms for ¢ can be added:

M: VWL (vp(}gl,‘i()' l:|C/1ris 2] D) SD) w
4: VWL (Vp(,Dz,aa- E‘Chrix %2} D DC/?i'fJ‘ DC/?i'fJ‘ SO) w
5: VWL (vljtpL**OI ljChris - D DC/m's - DChri.t SD) w

LEO-II cannot solve this problem anymore! Countermodel exists.
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Challenge: Embedded Formulas — Epistemic Context

Example (F: Embedded Formulas — Epistemic Contexts)

A: (Ocwis (equal Chris Chris)) cw

B: (Dcmis (ltkes Mary Bill)) cw

C: (Ocwis (V' Xpn ((likes Mary X) D (likes Sue X)))) cw
Q: (O (llkes Sue Bill)) cw

Axioms for ¢ can be added:

M: VWL (VP(PLﬁo- l:|C/1ris 2] D) SD) w
4: VWL (Vp@z,aai E‘Chrix 2 D DC/?i'fJ‘ DC/?i'fJ' SO) w
5: VWL (VPSDLAOI Ochris ™ 2] D Uchris = Ucnris SD) w

But LEO-II(+E) can solve this problem in milliseconds!
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Challenge: Embedded Formulas — Epistemic Context

Example (F: Embedded Formulas — Epistemic Contexts)
A: (Ocpis (equal Chris Chris)) cw

B: (O (likes Mary Bill)) cw

C: (Tcwis (V' X,ue ((likes Mary X) D (likes Sue X)))) cw

Q: (Ocpris (likes Sue Bill)) cw

Axioms for D¢ can be added:
M: VWL (VP(P/,—ao- Uchris 2 B 90) w

4: VWL (VI)L}QL‘)U. DChrix 2 D DC]1VfJ‘ DC]1VfJ‘ 99) w
5: VWL (VP(PL%U- E]Chris QY D) D(,‘hrix = D(,‘lm'x (P) w

Axioms for Oy, can be added ...
VW/, (V”(pwo- Djuol 2 D Ucnris ()0) w
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SUMO Ontology — Proposal

Redevelop entire SUMO Ontology in HOML (multimodal, eventually other
logics)

Should give a proper semantics for SUMO

Employ HOML embedding in HOL to automated reasoning

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Experiments with Large Knowledge Bases (SUMO)
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Significant Improvements for Large Theories (PAAR-2010)

LEO-II(+E) version v1.1
Ex. \ A \ B \ C \ D \ E F \
local | .19 | 19 | 13 | .16 | .08 | .34 | .18 | .04 | 2642.55
SInE - - - - - - - - -
global | — - - - - - - - -

global: all SUMO axioms given to LEO-II
SInE: filters SUMO axioms for problem — “400 axioms given to LEO-II

local: only handselected axioms given to LEO-II

Further reading and more experiments [BenzmiillerPease J.WebSemantics 2012]
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Significant Improvements for Large Theories (PAAR-2010)

LEO-II(+E) version v1.1

Ex. | A| B | C|D|E| \ | F |

local | 19 | .19 | 13 | .16 | .08 | .34 | .18 | .04 | 2642.55
SnE | - | - | = | = | = | - | = | - -
gobal | — | = | = | = | = | = | = | - -

global: all SUMO axioms given to LEO-II
SInE: filters SUMO axioms for problem — “400 axioms given to LEO-II

local: only handselected axioms given to LEO-II

LEO-II(+E) version v1.2.1 (with relevance filtering)

Ex. | A| B|C|D|E| \ | F |
local | .19 | .18 | .11 | .08 | .10 | .38 | .32 | .14 | .18
SInE | 43 | 40| .21 | b4 | .37 | 12 | .70 | .06 | .26
global | 28 | 27 | 16 | 49 |14 | 09 | 47 | 1.3 | 0.9

Further reading and more experiments [BenzmiillerPease J.WebSemantics 2012]

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications



Meta-Reasoning
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Description logic .ALC

Syntax Semantics Description Example
A Al C A! atomic concept Human, Female, . ..
r P C A x Al binary relation married, . ..
1 0 empty concept
T A’ universal concept
~A AT\ A! complement ~Female
ALUB A'UB disjunction Female U Male
AMB A'n B conjunction Female M Human
IrC | {x3y.r'(x,y) AC'(y)} | existential restriction | Imarried Female
VrC | {x|¥y.r'(x,y) = C'(y)} | universal restriction | Vmarried Female

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Description logic .ALC

Syntax Semantics Description Example
A Al C A! atomic concept Human, Female, . ..
r P C A x Al binary relation married, . ..
1 0 empty concept
T A’ universal concept
~A AT\ A! complement ~Female
ALUB A'UB disjunction Female U Male
AMB A'n B conjunction Female M Human
IrC | {x3y.r'(x,y) AC'(y)} | existential restriction | Imarried Female
VrC | {x|¥y.r'(x,y) = C'(y)} | universal restriction | Vmarried Female

Simple exercises (useful lemmata)
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Description logic .ALC

Syntax Semantics Description Example
A Al C A! atomic concept Human, Female, . ..
r P C A x Al binary relation married, . ..
~A AT\ A! complement ~Female
AUB A'UB disjunction Female | Male
IrcC {x|3y.7(x,y) AC'(y)} | existential restriction | Imarried Female

Simple exercises (useful lemmata)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

T=AU~A
L =~T

ATIB = ~(~A L ~B)

Vr C = ~(3r ~C)
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Description logic .ALC

Syntax Semantics Description Example
ALCB Al C B B subsumes A | Doctor C Human
A=B | A'C B und B' C A" | Adefined by B | Parent =
Human M 3hasChild Human

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Description logic .ALC

Syntax Semantics Description Example
ALCB Al C B! B subsumes A | Doctor C Human
A=B | A'C B und B' C A" | Adefined by B | Parent =
Human M 3hasChild Human

Simple exercises:

ACB gdw.
ACB gdw.

3CA=CnNB
(AM~B)C L

gdw. 3x.(AM ~B)(x) unerfullbar

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Knowledge representation in ALC

TBox (terminological knowledge, taxonomy)
Example:

HappyMan = Human T ~Female M
(3married Doctor) M (VhasChild(Doctor Ll Professor))

Doctor C Human

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Knowledge representation in ALC

TBox (terminological knowledge, taxonomy)
Example:

HappyMan = Human T ~Female M
(3married Doctor) M (VhasChild(Doctor Ll Professor))

Doctor C Human

ABox (assertional knowledge, e.g. assumptions on indiviuals)
Example:

HappyMan(BOB),  hasChild(BOB,MARY), ~Doctor(MARY)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications 151



EINSCHUB: Knowledge representation & Inference about ALC in HOL

Animation: Max Benzmiiller (5 years)
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EINSCHUB: Knowledge representation & Inference about ALC in HOL

Animation: Max Benzmidiller (5 years)
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EINSCHUB: Knowledge representation & Inference about ALC in HOL

Animation: Max Benzmidiller (5 years)
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EINSCHUB: Knowledge representation & Inference about ALC in HOL

Animation: Max Benzmdiller (5 years)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

152



EINSCHUB: Meta theory of ALC in Isabelle/HOL

ALC. Sy by V120850
= [theory ALC inports Main begin

typedecl 1 type_synonym r = "(1 = bool)" type_synonym o = “(1 == 1 = bool)"

Bucayy W ¢« O

abbreviation bot ::"/" ("L") where "1 = Ax. False"

abbreviation top ::"r" [ 44 13 § where "7 = Ax. True™

abbreviation neg (") where "~A = Ax. -A(x)"

abbreviation dis) (infixr "U" 40) where "ALB = Ax. A(x) Vv B(x)"

abbreviation conj (infixr "N" 41) where “A'B = Ax. A(x) A B(x)* ﬂ
abbreviation exi_r ("3%) where "3r A = Ax, Jy. r x y A Aly)" i
abbreviation all_r (") where *Vr A = Ax. ¥Vy. r x y — Aly)"

abbreviation sub (infixr “L" 39) where "ACB = Vx. A(x) — B(x)"

abbreviation eq (infixr “&* 38) where "ASB =« AC B A B L A"

{* Einfaches Beispiele fir etwas Meta-Theorie *)
= [Lemma "AIB & ~(~A~B)" by metis

s —

Lemma “3r € & ~(¥r (~C))™ by metis (* sledgehammer [remote_leo2) *) .
lemma "A'B 2 ALB" nitpick oops B
Wwon o« V amoupdie | Update Detach

Nitpicking formula...
= Nitpick found a counterexample for card ‘a = 2:

~  Free variables:
A= (Ax. _)(a; := False, a; := False)
B = (Ax. _)(8; := False, &; := True)

O v Oussut README  Symbol

Onabele.sicei ik UTF
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Flexibility in HOML
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Many Variations of Higher-Order Modal Logics

v

(Meta-)Axioms for the accessibility relation
(e.g. reflexivity, transitivity, symmetry)

» Axioms (e.g. OA — A, OA — O0A, A — OCA)
Possibilistic vs. Actualistic Quantifiers

\{

v

Constant Domains vs. Varying Domains vs. Cumulative Domains
Rigidity vs. Flexibility
Simple Types vs. Dependent Types (e.g. u vs. u(w))

v

v

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Flexibility
A Funny Example

OBlue(sky)
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Flexibility
A Funny Example

OBlue(sky)
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Flexibility
A Funny Example

OBlue(sky)

Human: “Earth’s sky is blue”

Martian: “Mars’ sky is blue”

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Flexibility

OBlue(sky)

» Rigid embedding:
=n [ol=t=0 [a—pBl=[a]l—[6]
[sky, | = sky,

|—BIM€/,,_N,-| = Bluey,ﬁ(Lﬁo)

» Flexible embedding:
[Wl=t—=n [ol=t—=0 [a = 8] =1—= [a] = [B]

|_Sky,u-| = Skyb%,u,

[Blue,u%n—l = BlueL*}(L*)H)A)(L‘)U)
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Flexibility
Flexible Embedding is Ambiguous

[OBlue(sky)]

Yw.Yw'. Blue w (sky w) w'
Yw.Yw'. Blue w' (sky w') w'
Yw.Yw'. Blue w' (sky w) w'

Yw.Yw'. Blue w (sky w') w'

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Flexibility
Applications of Flexible HOML

Reasoning with Inconsistencies!

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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THE ; THE
¢ gUTTO™  BED BUTTON

v
' TRUE NS FALSE

Paraconsistency
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Example of Knowledge Bases with Inconsistent Information
A biologist’s KB:

Fruit(mango)
Fruit(tomato)
RichIn(tomato, lycopene)
Antioxidant(lycopene)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Example of Knowledge Bases with Inconsistent Information
A biologist’s KB:

Fruit(mango)
Fruit(tomato)
RichIn(tomato, lycopene)
Antioxidant(lycopene)

A cook’s KB:

Fruit(mango)
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Example of Knowledge Bases with Inconsistent Information
A biologist’s KB:

Fruit(mango)
Fruit(tomato)
RichIn(tomato, lycopene)
Antioxidant(lycopene)

A cook’s KB:

Fruit(mango)
Vx.Fruit(x) — Dessert(x)
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Example of Knowledge Bases with Inconsistent Information
A biologist’s KB:

Fruit(mango)
Fruit(tomato)
RichIn(tomato, lycopene)
Antioxidant(lycopene)

A cook’s KB:

Fruit(mango)
Vx.Fruit(x) — Dessert(x)
—Dessert(tomato)
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Example of Knowledge Bases with Inconsistent Information

A biologist’s KB:

Fruit(mango)
Fruit(tomato)
RichIn(tomato, lycopene)
Antioxidant(lycopene)

A cook’s KB:

Fruit(mango)

Vx.Fruit(x) — Dessert(x)
—Dessert(tomato)
Vegetable(tomato)
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Example of Knowledge Bases with Inconsistent Information

A biologist’s KB:

Fruit(mango)
Fruit(tomato)
RichIn(tomato, lycopene)
Antioxidant(lycopene)

A cook’s KB:

Fruit(mango)

Vx.Fruit(x) — Dessert(x)
—Dessert(tomato)

Vegetable(tomato)

Vx.Vegetable(x) — Saladlngredient (x)
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Example of Knowledge Bases with Inconsistent Information

A biologist’s KB:

Fruit(mango)
Fruit(tomato)
RichIn(tomato, lycopene)
Antioxidant(lycopene)

A cook’s KB:

Fruit(mango)

Vx.Fruit(x) — Dessert(x)
—Dessert(tomato)

Vegetable(tomato)

Vx.Vegetable(x) — Saladlngredient (x)
V.~ (Vegetable(x) A Fruit(x))
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Another Example

Information Extracted from
CNN'’s Website:

Evil(putin)
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Another Example

Information Extracted from
CNN'’s Website:

Evil(putin)

Information Extracted from
Russia Today’s Website:

Hero(putin)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

164



Another Example

Information Extracted from
CNN'’s Website:

Evil(putin)

Information Extracted from
Russia Today’s Website:

Hero(putin)

Common Knowledge:

Vx.Evil(x) <> —Hero(x)
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In Classical Logic, the Principle of Explosion Holds
Ex Contradictione Quod Libet - From a Contradiction Everything Follows

VPNYQ.(P A -P) — Q
1 —=VvQ0.0

(Fruit(tomato) A\ —Fruit(tomato)) — 3x.G(x)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

165



Paraconsistent Logics
Logics where the principle of Explosion does not hold

Classification of Paraconsistent Logics:

» Where is the inconsistency?
> Dialetheism: Reality (or the model) is actually inconsistent. Facts can be
simultaneously true and false in the model.
> Reality is consistent, but our theories about reality may be inconsistent.

» How do we reason properly despite inconsistencies? Several Options:

> Many-Valued Semantics
Relevant Logics

Default Logics

Belief Revision

Jaskowski’s Discussive Logics
Hybrid Flexible Discussive Logics

vyVYyVYYVYYy
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Jaskowski’s Discussive Logics (1948)

OP = “someone claims that P”
OP = “everybody claims that P”

oP— P
OEvil(putin) A\ O—Evil(putin)

(OFruit(tomato) N\ O—Fruit(tomato))

Problem:
» asumme OP

» assume (P — Q)

» can we derive ¢Q ?
> not in standard modal logics
> Jaskowkski attempts to circumvent this problem
> what we really need:
a way to refer explicitly to the participants

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Jaskowski’s Discussive Logics (1948)

OP = “someone claims that P”
OP = “everybody claims that P”

oP— P
OEvil(putin) A\ O—Evil(putin)

(OFruit(tomato) N\ O—Fruit(tomato))

Problem:
» asumme <P (claimed by discussion’s participant )

» assume O (P — Q) (also claimed by S)

» can we derive ¢Q ?
> not in standard modal logics
> Jaskowkski attempts to circumvent this problem
> what we really need:
a way to refer explicitly to the participants
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Hybrid Logics

Modal Logics with Explicit References to Worlds

@, P ="“P holds at world w”

in w = “current world is w”

@ = Aw. AP Awg.(Pw)

in = Aw. \wo.w = wy

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Hybrid Discussive Logics

@, P = “source/participant w claims that P”

in w = “current source/participant is w”

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Hybrid Discussive Logics
Solving The Putin Problem

@mssiamdayH ero (put l}’l)

Qcnu—Hero(putin)
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Hybrid Discussive Logics
Solving The Putin Problem

@ms.viamdqu ero (put l}’l)
Qcnu—Hero(putin)

No contradiction!
1 cannot be derived.
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Hybrid Flexible Discussive Logics
Solving The Tomato Problem

[@W(-uokﬁ(Fruit Weook lomato)]
(@

—(Fruit Weiologist tomato)]

Whiologist

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Hybrid Flexible Discussive Logics
Solving The Tomato Problem

[@W(-uukﬁ(Frui[ Weook lomaIO)]

[@Wbiologisl_‘(F TUIT Whiologis: tOMato))

Importing Knowledge from Different Sources:

VX VP s i—0-YW.(F Wour w) = (P wxw) = (P W X Wour)

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications
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Hybrid Flexible Discussive Logics
Solving The Tomato Problem

[@W(-uukﬁ(Fruit Weook lomaIO)]

[@Wbiologisl_‘(F TUIT Whiologis: tOMato))
Importing Knowledge from Different Sources:
VXH.VPL—W—»L_;O.VW.(V Wour w) — (P WX W) N (P wx Wour)

Convenient Renaming of Concepts:

ReallyFruit = (Fruit Wpioiogist)
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Hybrid Flexible Discussive Logics
Solving The Tomato Problem

[@W(-uukﬁ(Fruit Weook lomaIO)]

(@i ™ (Frutit Whiotogise tomato))
Importing Knowledge from Different Sources:

VX VP s i—0-YW.(F Wour w) = (P wxw) = (P W X Wour)
Convenient Renaming of Concepts:
ReallyFruit = (Fruit Wpioiogist)

DessertFruit = (Fruit Weeok)
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Be Careful

What You
--------f.‘.lj.i----------.)%_______-__________-

Cut Elimination
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Cut-Elimination versus Cut-Simulation

[BenzmuillerBrownKohlhase, Cut-Simulation in Impredicative Logics, LMCS, 2009]

>

>

>

studies Henkin complete, one-sided sequent calculi for HOL
cut-elimination proved for a 'naive’ calculus

cut-simulation shown for this calculus

improved calculi presented that avoid cut-simulation effects

Why relevant?

Ideas of the improved calculi are also present in
LEO-II (resolution) and Satallax (tableaux)

‘Free’ cut-elimination result for HOML (and other embedded logics);
cut-simulation issues
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Embedding of Other Logics in HOL: Theoretical Results

Soundness and Completeness (and Cut-elimination)

Ehs, iff Ax EHOL valids, ., (iff Ax I—CHS_';ree valid ¢, )

Logic L:

>

>

>

Higher-order Modal Logics
First-order Multimodal Logics
Propositional Multimodal Logics
Quantified Conditional Logics
Propositional Conditional Logics
Intuitionistic Logics

Access Control Logics

» Logic Combinations

v

...more is on the way ... including:

Description Logics

Nominal Logics

Multivalued Logics (SIXTEEN)

Logics based on Neighborhood Semantics
(Mathematical) Fuzzy Logics
Paraconsistent Logics

YyVYyVYVYYVYY
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One-sided Sequent Calculus G1

A and A’: finite sets of 8-normal closed formulas
A, A stands for A U {A}
| = r denotes Leibniz equality: II(APq (=Pl V Pr))

As Ay -s At A syt

Basic Rules G(=) G(v-) g(v4)
A, —==s A, (s Vi) A, (sVi1)
A= (S/)lg 1o, closed term . A, (sc)lﬁ ¢s new symbol .
g(2) g
A, =I1%s A, TI%s
s atomic (and 3-normal)

Initialization ——————— G(inir)

A, s, —s
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One-sided Sequent Calculus G1

A and A’: finite sets of 8-normal closed formulas
A, A stands for A U {A}
| = r denotes Leibniz equality: II(APq (=Pl V Pr))

As Ay -s At A syt
Basic Rules G(=) G(v-) g(v4)
A, —==s A, (s Vi) A, (sVi1)
A= (sl)lB 1o, closed term . A, (sc)lﬁ ¢s new symbol .
G(L) g(L)
A, =I1%s A, TI
s atomic (and 3-normal)
Initialization ——————— G(inir)
A, s, —s
Boolean extensionality axiom (13,)
A, B,
VA,VBy((A +— B) — A =° B) g(B)

Infinitely many functional extensionality axioms (7, 3)
A, -Fpg a—=BeT

VF o — ¥ g (VX (FX =P GX) — F =278 G) X G(Fap)
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One-sided Sequent Calculus G1

Theorem (Soundness/Completeness [BenzmiillerBrownKohlhase, LMCS,

2009])
G1 is sound and complete for HOL: =HOL 5 iff 61 s
Theorem (Cut-elimination [BenzmiillerBrownKohlhase, LMCS, 2009])
The rule G(cut)
A,s A s
T Glew)
A

is admissible in G1.

But: G1 supports effective simulation of the cut-rule!

In other words: the above cut-elimination result is meaningless.
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One-sided Sequent Calculus G1
Cut-simulation with the Boolean extensionality axiom

derivable in 7 steps

: Ays A s
A a —a : derivable in 3 steps, see below
~— o 9(0) C o
A,==(a +—a) A,=(a="a) G(v_)
A, (=(a+—a)Va=’a) 2% G .
A, _‘Ba >< ( —)
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One-sided Sequent Calculus G1
Cut-simulation with the Boolean extensionality axiom

derivable in 7 steps
As A s
A a —a : derivable in 3 steps, see below
~— o 9(0) C o
A,==(a +—a) A,=(a="a) G(v_)
A, =(=(a +— a) Va=’a) 2% G -
A, _‘Ba X ( —)

A,s
A= 1) A
A, =(=sVs)
A, ~VPqo_o(—PaV Pa)
A, =(a =’ a)

G(v_)
G(>)
def.

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

177



One-sided Sequent Calculus G1
Cut-simulation with functional extensionality axiom

derivable in 3 steps

A =" fo (ny A A
A, (VXofX =° X) g(:) : derivable in 3 steps
A, VXX = fx A= =77 f)

A, =(~(VXafX =° ) v =270 )
Av ap

G(v-)
2xG(7)
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One-sided Sequent Calculus G2

A,s A, s ALt A, s, t

Basic Rules G(=) G(v-) g(v4)
A, s A, =(s Vi) A, (sVi1)
A= (5013 1o, closed term . A, (sc)lﬁ ¢s new symbol .
g(L) g
A, =I1%s A, TI%s
s atomic (and B-normal) A, (s ="1) s,1atomic )
Initialization ——— G(nit) —————————— G(Init™)
A, s, s A, —s, b

- B
A, (VXasX =2 X
(VXa ﬂs A, =5t At s

—g(H " g

Extensionality Rules ‘
A, (s =Py A, (s =°1)

n>1,8¢€ {o,},

1 .« 1 n o oap on
Ay (s =) o0 A (ST =
( ( ) I €

G(d)
A, (hs" =P ht'™)
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Cut-Simulation with Prominent Axioms

» Axiom of excluded middle

» Instances of the comprehension axioms
» Leibniz equations (axioms/hypotheses)

» Reflexivity definition of equality (Andrews)
» Axiom of functional extensionality

» Axiom of Boolean extensionality

» Axioms of choice

» Axiom of description

» Axiom of linduction

Consequence: HOL-ATPs should better avoid these axioms!

3 steps
16 steps
3 steps
4 steps
11 steps
14 steps
7 steps
25 steps
18 steps

Problem: Postulating axioms, e.g. in modal logics or conditional logics, may

eventually lead to cut-simulation issues.

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

180



Conclusion

C. Benzmiiller and B. Woltzenlogel Paleo, 2015 — Higher-Order Modal Logics: Automation and Applications

181



Conclusion: Wider Perspective

Questions:
1. Classical Higher-order Logic (HOL) as Universal Logic?
2. HOL Provers & Model Finders as Generic Reasoning Tools?
3. Combinations with Specialist Reasoners (if available)?

» (1)&(2) are interesting and relevant: evidence given in talk!?
» (3) not further discussed: ongoing and future work
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Conclusion

Summary of Contributions

v

Efficient automated reasoning for HOML
User-friendly interactive reasoning with HOML (in Coq)
A new natural deduction calculus for HOML

v

v

v

Mature Technology

Relevance (wrt foundations and applications)

» Philosophy, Al, Computer Science, Computational Linguistics, Maths

Success Stories

» significant contribution towards a Computational Metaphysics
» Ed Zalta’s Computational Metaphysics project at Stanford University
» John Rushby’s formalization of Anselm’s proof using PVS

» novel results (e.g. inconsistency) contributed by HOL-ATPs
Resolution of philosophical controversies (Leibniz’s dream)
Non-trivial new benchmark problems for HOL provers

v

v

» infrastructure can be adapted for other logics and logic combinations:

SUMO, Paraconsistent Logics, Deontic Logics, ...
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Various Unordered Stuff is following
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Theorem Provers for HOL
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Higher-Order Automated Theorem Provers (HOL-ATPs)
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HOL-ATPs

EU FP7 Project THFTPTP

» Collaboration with Geoff Sutcliffe and others (Chad Brown, Florian Rabe,
Nik Sultana, Jasmin Blanchette, Frank Theiss, .. .)
» Results

>

>
>
>
>

THFO syntax for HOL (with Choice; Henkin Semantics)

library with example problems (e.g. entire TPS library) and results
international CASC competition for HOL-ATP

online access to provers

various tools

More information: [SutcliffeBenzmiiller, J.FormalizedReasoning, 2010]

http://cordis.europa.eu/result/report/rcn/45614_en.html
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HOL-ATPs: CASC Competitions since 2009

2009: Winner TPS

2010: Winner LEO-II 1.2 solved 56% more (than previous winner)
2011: Winner Satallax 2.1 solved 21% more

2012: Winner Isabelle-HOT-2012 solved 35% more

2013: Winner Satallax-MaLeS solved 21% more

v

v

v

v

v
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Automated Theorem Provers and Model Finders for HOL

———— . —

1980 1085 1990 1095 2000 2005 2010
TPS ... (Peter Andrews)
LEO-I/LEO-II (myself)
Isabelle (Nipkow/Paulson/Blanchette)

Satallax (Brown)
Nitpick (Blanchette)
agsyHOL (Lindblatt)

(T

~

e all accept TPTP THF Syntax [SutcliffeBenzmiiller, J.Form.Reas, 2009]
e can be called remotely via SystemOnTPTP at Miami
e they significantly gained in strength over the last years
e they can be bundled into a combined prover HOL-P

Exploit HOL with Henkin semantics as metalogic
Automate other logics (& combinations) via semantic embeddings
— HOL-P becomes a Universal Reasoner —
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Proof Automation with LEO-II

>
>
> Beweise-mit-Leo2 Notwendigerweise-existiert-Gott.p

Leo-1I tries to prove

sEsssssEnsEENsEsEREER

Goedel's Theorem T3: "Necessarily, God exists"”
thf(theT3,conjecture,
(v
@ ( mbox
@ ( mexists_ind
@ " [X: mu) :
(g@Xx)))).
Assumptions: D1, C, T2, D3, AS
. searching for proof ..

EERAEERARRER RN
+ Proof found .
PPy

% SZS status Theorem for Notwendigerweise-existiert-Gott.p

. generating proof object

Provers can be called remotely in Miami — no local installation needed!

Download our experiments from
https:
//github.com/FormalTheology/GoedelGod/tree/master/Formalizations/THF
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Godel’s God in Isabelle/HOL

g‘{@ Isabelle ey A
cnamne B

Ieatete crace Pl
Cobiuhn (st s Soabiged 88 Urvaraty of Cormtrakon (LTS Padscr) Terromite Univentsl Moreren (Tetixs Nichom) o Unovernsé Pace Sut (Monarias

i tms A e

See verifiable Isabelle/HOL document (Archive of Formal Proofs) at:
http://afp.sourceforge.net/entries/GoedelGod.shtml
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Godel’s God in Coa

[ Ty T Temwas Onr Comple Wi

BXlra¥20 0O

9
1
. ->0
1 Positive p w
1 box (B~ (mexiste x 1 u, p X)) W

1272y
forall x 1 3, & p X} ¥

12/3)

o .

-'il.EE.M&-r:wmumn {* Lemma from Scoct’s notes *)
box_Latro wi Ri.
iatio .

Assert (W41 ((m- (mexista X 4 3, p X)) wi)).
box_elin K2 wi A 02.
oxact @2,

olear K1 Xi ¥l v,
imre 85,

Assert (M6 ((hox (Mforall w, (p W) > W= (8 W= 5))) Wil (% Leswa from 5008 s sotes *
bow_intro wi i,
Amre w.
Astes W

inteo B, |
box_elim ®) vi 21 G, -
sV AN isn de am e

=
il )

See verifiable Coq document at:
https:
//github.com/FormalTheology/GoedelGod/tree/master/Formalizations/Coq
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Conclusion

Overall Achievements

v

significant contribution towards a Computational Metaphysics

» novel results contributed by HOL-ATPs

» infrastructure can be adapted for other logics and logic combinations
our technology is sufficiently mature for use by philosophers

v

Relevance (wrt foundations and applications)

» Philosophy, Al, Computer Science, Computational Linguistics, Maths

Little related work: only for Anselm’s simpler argument

» first-order ATP PROVER9 [OppenheimerZalta, 2011]
» interactive proof assistant PVS [Rushby, 2013]
Ongoing/Future work see next talk by Bruno Woltzenlogel-P.

» Landscape of verified/falsified ontological arguments

» You may consider to contribute:
https://github.com/FormalTheology/GoedelGod.git
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Personal Statement

(Interim) Culmination of two decades of related own research

v

Theory of classical higher-order logic (HOL)

Automation of HOL / own LEO provers

Integration of interactive and automated theorem proving
International TPTP infrastructure for HOL

HOL as a universal logic via semantic embeddings

jww Bruno Woltzenlogel-Paleo:
Application in Metaphysics: Ontological Argument

\4

v

v

v

v

(since 1995)
(since 1998)
(since 1999)
(since 2006)
(since 2008)

(since 2013)

. success story (despite strong criticism/opposition on the way!) . ..

... huge media attention ...

(Interim) Own standpoint

» | am not fully convinced (yet) by the ontological argument.

» However, it seems to me that the belief in a (God-like) supreme being

is at least not necessarily irrational/inconsistent.
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Conclusion

Core Questions:
1. Classical Higher-order Logic (HOL) as Universal Logic?
2. HOL Provers & Model Finders as Generic Reasoning Tools?
3. Combinations with Specialist Reasoners (if available)?

» (1)&(2) are interesting and relevant: evidence given in talk!?
» (3) not further discussed: ongoing and future work
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