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Talk Outline

A HOL as a Universal (Meta-)Logic via Semantic Embeddings

B Free Logic in HOL
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» Categories and Allegories — Textbook by Freyd & Scedrov, 1990
» ATPs revealed a kind of inconsistency in this book:

“Either all morphisms exist or Freyd’s axioms are inconsistent”
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Part A:
HOL as a Universal (Meta-)Logic via Semantic Embeddings
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

LogicL _ Logic L
Syntax " Semantics
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

LogicL _ Logic L
Syntax " Semantics

Examples for L we have already studied:

Modal Logics, Conditional Logics, Intuitionistic Logics, Access Control Logics, Nominal
Logics, Multivalued Logics (SIXTEEN), Logics based on Neighbourhood Semantics,
(Mathematical) Fuzzy Logics, Paraconsistent Logics, Free Logic ...

Works also for (first-order & higher-order) quantifiers
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Embedding Approach — Idea
HOL (meta-logic) » = I
Your-logic (object-logic) v = I

Embedding of Bl in I

Embedding of meta-logical notions on il in Il

valid = NG
satisfiable = NG
. = I

Pass this set of equations to a higher-order automated theorem prover
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Classical Higher-Order Logic (HOL) — Church’s Simple Type Theory (1940)

Simple Types ar=olt|lpla - a
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Classical Higher-Order Logic (HOL) — Church’s Simple Type Theory (1940)

Simple Types ar=olt|lpla - a

HOL S, L ii=Cqy | Xa I (/lxasﬁ)a—ﬁ | (S()z—>ﬂ ta)ﬁ |
(_‘o%o So)u | (So Voso—o to)o | (v(aﬂo)ao(/lxato))o

(note: binder notation Vx,?, as syntactic sugar for V¥ o—o)—o(Axa1,))
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Classical Higher-Order Logic (HOL) — Church’s Simple Type Theory (1940)

Simple Types ar=olt|lpla - a

HOL S, L ii=Cqy | Xa I (/lxasﬁ)a—nﬁ | (S(l—>ﬂ ta)ﬁ |
(_'0%0 so)u | (Sa Vo—o—0 to)o | (v(aﬂo)ao(/lxato))o

(note: binder notation Vx,?, as syntactic sugar for V¥ o—o)—o(Axa1,))

HOL with Henkin semantics is (meanwhile) well understood

Origin [Church,JSymbLog,1940]
Henkin semantics [Henkin,JSymb.Log,1950]

[Andrews, JSymblLog,1971,1972]
Extens./Intens. [BenzmillerEtAl,JSymblLog,2004]

[Muskens,JSymblLog,2007]
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Classical Higher-Order Logic (HOL) — Church’s Simple Type Theory (1940)

Simple Types ar=olt|lpla - a

HOL S, L ii=Cqy | Xa I (/lxasﬁ)a—ﬁ | (S()z—>ﬂ t(y)ﬁ |
(_‘o%o So)a | (So Voso—o [0)0 | (v(aﬂo)ao(/lxato))o

(note: binder notation Vx,?, as syntactic sugar for V¥ o—o)—o(Axa1,))

HOL with Henkin semantics is (meanwhile) well understood

Origin [Church,JSymbLog,1940]
Henkin semantics [Henkin,JSymb.Log,1950]

[Andrews, JSymblLog,1971,1972]
Extens./Intens. [BenzmillerEtAl,JSymblLog,2004]

[Muskens,JSymbLog,2007]
Sound and complete provers do exists
interactive: Isabelle/HOL, PVS, HOL4, Hol Light, Cog/HOL, ...
automated: TPS, LEO-II, Satallax, Nitpick, Isabelle/HOL, ...

C. Benzmiiller & D. Scott, 2016 — Free Logic in HOL (On Cats & Alligators and Why Everything is Defined)



Prominent Applications of the Semantic Embedding Approach

Home | Video | Themen | Forum | English | DER SPIEGEL | SPIEGELTV | Abo | Shop RSS | Mobie | Newsketter
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Front Page World Europe Germany Business Zeltgelst Newsleter

Holy Logic: Computer Scientists 'Prove’' God Exists

By David Knight

Austrian mathematician Kurt Godel kept his proof of God's existence a secret for decade:
mathematicall using a computer.

Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt
Gédel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of
how computers can make scientific progress simpler.

See results reported in

> Automating Gédel’s Ontological Proof of God’s Existence with
Higher-order Automated Theorem Provers, ECAI 2014

> The Inconsistency in Gédel’s Ontological Argument: A Success Story
for Al in Metaphysics, |JCAI 2016

Discussion of this work was starting point for collaboration with Dana Scott.
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Part B:
Free Logic (Scott, 1967) in HOL
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Free Logic: Elegant Approach to Definite Description and Undefinedness

Dana Scott. "Existence and description in formal logic."
In: Bertrand Russell: Philosopher of the Century, edited
by R. Schoenman. George Allen & Unwin, London,
1967, pp. 181-200. Reprinted with additions in:

16 Philosophical Application of Free Logic, edited by K.
Lambert. Oxford Universitry Press, 1991, pp. 28 - 48.

DANA SCOTT

Existence and Description in
- Formal Logic

The problem of what to do with improper descriptive phrases has
bothered logicians for a long time. There have been three major
suggestions of how to treat descriptions usually associated with the
names of Russell, Frege and Hilbert-Bernays. The author does not
consider any of these approaches really satisfactory. In many ways
Russell’s idea is most attractive because of its simplicity. However,
on second thought one is saddened to find that the Russellian method

of elimination depends heavily_on_the_scope of the elimination.
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Previous Approaches (rough sketch)

The present King of France is bald.

Russel (first approach)
bald(ix.pKoF(x))
iff
(Ax.pKoF(x)) A (¥Yx,y.pKoF((x) A pKoF((y) = x = y) A (Vx.pKoF((x) — bald(x))

Hence, false.

Frege
x.pKoF(x) does not denote; bald(wx.pKoF(x)) has no truth value.

Hilbert-Bernays
If the existence and uniqueness conditions cannot be proved, then the term
x.pKoF(x) cannot be introduced in the language.
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Free Logic: Elegant Approach to Definite Description and Undefinedness

Existence and Description in Formal Logic (Dana Scott), 1967

Principle 1: Bound individual variables range over domain E c D

Principle 2: Domain E may be empty

Principle 3: Values of terms and free variables are in D, not necessarily in E only.

D: raw objects

values of free variables

E: existing objects *
undefined

values of bound variables

Figure: lllustration of the Semantical Domains of Free Logic
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Free Logic in HOL

Easy Formalisation in HOL

» Raw domain D;: type i
» Subdomain E: predicate E;_,,
» = mappedto -and — to —
> Vx.p(x) mapped to Vx.E(x) — ¢(x)
» Other connectives defined as usual
» 1x.(x) mapped to
if E(x) A\YY.EQ) Ag(y) — y=x
then tx.E(x) A ¢(x)
else %
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Free Logic in HOL

Ne®@bo & 9¢ X0 & 0B

O FreefOL I.th
typedecl i — "the type for indi
consts fExistence
consts fStar:

"bool=rbool" ("=")

where "—p = -p"
abbreviation fImplie:

= p—

T abbreviation fNot
T

where "o
i abbreviation fForall:: "(i=bool)=>bool
where "V& = vx. E(x)[EE®(x)"

D: raw objects

values of free variables. where "Vx. o(x) = V"

T abbreviation fThat:: "(i=bool)=i" ("I

where "I® = if 3x. E(x) A ®(x) A (Vy
then THE x. E(x) A ®(x)
else x"

T abbreviation fThatBinder:: "(i=-bool)=-

where "Ix. p(x) = I(p)"

E: existing objects

values of bound varizbles

abbreviation fExists ("3") where "3 =
abbreviation fExistsBinder (binder

V/ Proof state ¥/ Auto update

consts
fForall :: "(i = bool) = bool"

B v Output Query Sledgehammer Symbols

17,24 (511/4534)
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MS/)

“Existence predicate”

axiomatization where fStarAxiom: "-E(x)"

"bool=+bool=sbool” (infixr "—" 49)

")

")

- (E(y) A @(y)) — (y = x))

i*  (binder "I" [8] 9)

S(YQy. = (@ y)))"

Update | Search:

(isabelle,isabelle, UTF-8-Isabelle)

[819) where "3x. o(x) =

T abbreviation fForallBinder:: "(i=bool)=bool" (binder "V" [8] 9)

E™

uc

abbreviation fOr (infixr "V" 51) where "¢V b
abbreviation fAnd (infixr "A" 52) where "@Ay = —(-pV-)*
abbreviation fEquiv (infixr *e* 50) where “wests = (o)) A(vimip)*
abbreviation fEquals (infixr "=" 56) where "x=y = x=y"

— "Distinguished symbol for undefinedness"

100%

7 Hx & O [e»

S2U0BYL AWLIS PPPEPIS UONRIAWNI0G 4 B




Free Logic in HOL

Functionality Tests

> XrX — XIX (valid)

D: raw objects

> dy.yry — yry (countermodel)
> (xrx — xrx) — (Jy.yry — yry)
(countermodel)

> (xrx — xr)ANQy.y =y) — Qy.yry — yry)
(valid)

> ... See paper ...
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| | NORTH-HOLLAND
MATHEMATICAL LIBRARY

| (utegories,
| Allegories

; L PETER J. FREYD
|| ANDRE SCEDROV
|

Part C: Application of Free Logic: Categories and Allegories
(Freyd and Scedrov, 1990)
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Application: Cats & Alligators

NORTH-HOLLAND
MATHEMATICAL LIBRARY

| (utegories,
| Rllegories

PETER J. FREYD
ANDRE SCEDROV

1.1. BASIC DEFINITIONS

The theory of CATEGORIES is given by two unary operations and a
binary partial operation. In most contexts lower-case variables are used
for the ‘individuals’ which are called morphisms or maps. The values of
the operations are denoted and pronounced as:

Ox  the source of x ,
x0O  the rarget of x ,

xy the composition of x and y .
The axioms:

ﬁ xy is defined iff xO =0y,

M‘L(DX)D =0x and O(O)=x0, m_'b

B @0x=x and x(x0) = x, b

A O(y) = 0(@y)) and (200 = (xDH)D, S
B x(y2) = ()2

1.11. The ordinary cquality sign = will be used only in the symmetric
sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.

1.12. We shall use a venturi-tube >= for directed equality which means: if
the left side is defined then so is the right and they are equal. The axiom
that O(xy) = O(x(Qy)) is equivalent, in the presence of the earlier
axioms, with O(xy) =0x as can be seen below.

1.13. O(0Ox) = Ox because O(0x) = O((Ox)0) = (Ox)0 = Ox. Simi-
larly (x0)0 = x00.
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Applicaﬁon: Cats & A"igators 1.11. The ordinary equality sign = will be used only in the symmetric
sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.
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Applicaﬁon: Cats & A"igators 1.11. The ordinary equality sign = will be used only in the symmetric
sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.

> First (incorrect) formalisation:

XXy (E(x) e E(y) Ax=Yy
> Freyd/Scedrov want Kleene-Eq:  x =~y
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Applicaﬁon: Cats & A"igators 1.11. The ordinary equality sign = will be used only in the symmetric

sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.

> First (incorrect) formalisation: xX=y
> Freyd/Scedrov want Kleene-Eq:  x =~y

(E@) = EG) Ax=y
(E@)VE®Y) — (E@AEG) Ax=y)

1st Series of Experiments

Parameters: ~, at least one undefined map (x), definite description

Results A: Redundancies detected (in paper)
Results B: Inconsistency detected (after paper writing)
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Applicaﬁon: Cats & A"igators 1.11. The ordinary equality sign = will be used only in the symmetric

sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.

> First (incorrect) formalisation: xX=y
> Freyd/Scedrov want Kleene-Eq:  x =~y

(E(x) «e—= E(y) Ax=Yy
(E@)VE®Y) — (E)AEQY)Ax=Y)

1st Series of Experiments

Parameters: ~, at least one undefined map (x), definite description

Results A: Redundancies detected (in paper)
Results B: Inconsistency detected (after paper writing)

2nd Series of Experiments

Parameters: ~, no x (E maybe empty), no definite description

Results C: Consistent if all maps are defined (after paper writing)
Results D: Inconsistent if undefined map(s) exist (after paper writing)
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Applicaﬁon: Cats & A"igators 1.11. The ordinary equality sign = will be used only in the symmetric

sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.

> First (incorrect) formalisation: X
> Freyd/Scedrov want Kleene-Eq:  x

2)‘

y

(EQ) = EO) Ax =y
(E@)VE®Y) — (E@AEG) Ax=y)

R

1st Series of Experiments

Parameters: ~, at least one undefined map (x), definite description

Results A: Redundancies detected (in paper)
Results B: Inconsistency detected (after paper writing)

2nd Series of Experiments

Parameters: ~, no x (E maybe empty), no definite description

Results C: Consistent if all maps are defined (after paper writing)
Results D: Inconsistent if undefined map(s) exist (after paper writing)

3rd Series of Experiments

Parameters: Scott’s own axioms (Ildentity and Existence in Intuitionistic
Logic, 1977/79), uses non-reflexive equality in (A1) and Kleene Equality
elsewhere, no x (E maybe empty), no definite description

Results E: Consistent if all maps are defined (after paper writing)
Results F: Still consistent if undefined map(s) exist (after paper writing)
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Isabelle/HOL: 2nd Series of Experiments

Parameters: ~, no x (E maybe empty), no definite description
Results C: Consistent if all maps are defined
Results D: Inconsistent if undefined map(s) exist

(after paper writing)
(after paper writing)

D@e®dE S 9 XD Q@ O =&

O Scott_FreeFOL_and_C MS/)

& O [[e]»

378|context (* Freyd 8:
379 Freyd's axioms are inconsistent for “~" and non-empty D-E
380 We present a detailed, intuitive proof. *)

381) assunes

382 Al: “E(xy) o ((x0) = ()" and

(Ox)0) = Ox* and

384 A2b: *O(xD) ~ Ox* and
385|
36|
387 (x:(0y))* and
388 (x0)y)0* and
389 S txlyz) = (xy)z*
390] begin
391/
392| lemna Nonexistence_implies Falsity 2:
393 assumes "3x. =(E x)* (* We assume an undefined object, i.e. D-E is non-empty. *)
304 shows False (* We then prove falsity. *)
395 sledgehZmmer
396!
o Proof state ¥/ Auto update | Update | Search:
Sledgehamering. . .

"e": Try this: using Al A2a A3a assms by blast (7 ms).
"spass”: Try this: using AL A2a A3a assms by blast (19 ms).
"23": Try this: using Al A2a A3a assms by blast (21 ms).

"cved: Try this: using Al A2a A3a assms by blast (30 ms).

© ~ Output Query Sledgehammer Symbols

395,10 (14129/15551) (isabelle, sabelle, UTF-8-sabelle)

S0dYL WIS PVRPIS UoREIBWNOG 4 B

v 100 -

UG IEERNED M8 3:02 PM

Automatic proof of “Inconsistency”.
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Isabelle/HOL: 2nd Series of Experiments

v
Scott_FreeFOL_and_Ca Theory.th

IEdE & 9¢ {00 L@ CBEE B & @
{ [ Scott_FreeFOL_and_CategoryTheory.thy (~/GITHUBS/PrincipiaMetaphysica/FreeLogic/2016-1CMS/)
424
425| Temma Nonexistence_implies_Falsity_4:
426 assumes "dx. -(E x)" (* We assume an undefined object, i.e. that D-E is non-empty. *)
427 shows False (* We then prove falsity. *)
428| proof -
429 (* Let a be an undefined object *)
430| obtain a where 1: "=(E a)" using assms by auto
431 (* We instantiate axiom A3a with "a". *)
432 have 2: "(Da)-a ~ a" using A3a by blast
433 (* By unfolding the definition of "~" we get from 1 that "(Da)-a)" is not defined. This is
434 easy to see, since if "(Da)-a)" were defined, we also had that "a" is defined, which is
435 not the case by assumption. *)
436  have 3: "-(E((Da)-a))" using 1 2 by blast
437 (* We instantiate axiom Al with "(Ta)" and "a". *)
438]  have 41 "E((Da)a) e (Da)0 ~ Da" using Al by blast
439 (* We instantiate axiom A2a with "a". *)
440|  have 5: "(Da)O ~ Da" using A2a by blast
441 (* We use 4 (and symmetry and transitivity of "~") to rewrite the right-hand of the
442 equivalence 3 into into "Ua =~ Oa". *)
443]  have 6: "E((Oa)-a)" using 4 5 by blast
444 (* We have "=(E((Da)-a))" and "(E((Da)-a))", hence Falsity. *)
445  then show ?thesis using 6 3 by blast
446 fled

¥/ Proof state (V[ Auto update | Update | Search: v 100%

theorem Nonexistence_implies_Falsity 4:
Jx. = (E x) — False

B v Output Query Sledgehammer Symbols
446,3 (16707/17387) Input/output complete (isabelle,isabelle, UTF-8-Isabelle)\ - UG IEIGWEE 3MB 10:23 AM

<

uoneBWINY0Q

SaLOdYL AIBIS IDRPIS

Reconstruction of intuitive, interactive proof of “Inconsistency”.
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Demo in Isabelle/HOL (from 2nd and 3rd series of experiments)

Scott_FreeFOL_and_CategoryTheor:

D@ ® @ 9¢ {00 & 0BPEE

| O Scott_FreeFOL_and_CategoryTheory.thy (~/GITHUBS/PrincipiaMetaphysica/FreeLogic/2016-ICMS/)

yT

® & @ |

377|context (* Freyd 8:

378 Freyd's axioms are inconsistent for "~" and non-empty D-E.
379 We present a detailed, intuitive proof. *)

380| assumes

381) Al: "E(xy) o ((xO) ~ (Oy))" and

382 A2a: "((0x)0) =~ Ox" and

383 A2b: "O(xO) ~ Ox" and

384 A3a: "(Dx)-x x" and

385 A3b: "x-(x0) ~ x" and

386 Ada: "O(xvy) O(x-(dy))" and

387| A4b: "(xy)O ((xO)-y)o" and

388 A5: "x-(y-z) (xy)z"

1389| begin

390 (* Nitpick does find a model; in this model D-E is empty. *)
391 lemma True nitpick [satisfy, user_axioms, show_all, format = 2] oops

RoRRRR

393| lemma Nonexistence_implies_Falsity_2:

394 assumes "3x. —(E x)"  (* We assume an undefined object, i.e. that D-E is non-empty. *)
|.395| shows False (* We then prove falsity. *)

1396| using Al A2a A3a assms by blast

397

[V Proof state (¥ Auto update | Update | Search:

B ~  Output Query Sledgehammer Symbols

459,23 (17170/17609) (isabelle,isabelle,UTF-8-Isabelle)" i1

¥ 100% v

© UG A 705MB_9:12 PM

[l

SaL0RYL  2IBIS OPDRPIS  UONEIUBWNI0Q
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Reconstruction of Intuitive, Interactive Proof of “Inconsistency”

™ xyis defined iff xO =0y,
GeN (Ox)x=x and x(x0)=x,

BS. x(yz) = (xy)z..

%(Dx)D=Dx and O(x0) =x0, PSS

b
Ab O(m) = OG(@y) and ()0 = DO, Pob

x=y =

Theorem: (x.—E(x)) — False
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Reconstruction of Intuitive, Interactive Proof of “Inconsistency”

™ xyis defined iff xO =0y,
GeN (Ox)x=x and x(x0)=x,

B x(y2) = ()2

%(Dx)D=Dx and O(x0) =x0, PSS

b
Ab O(m) = OG(@y) and ()0 = DO, Pob

x=y =

Theorem: (x.—E(x)) — False
Proof:

Assume dx.—E(x)

Hence, Contradiction/Falsity.
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Reconstruction of Intuitive, Interactive Proof of “Inconsistency”

_m. xy is defined iff xO =0y,

E&(Dx)D =0Ox and OGO)=x0, PIAS

W (@)x=x and x(x0) = x, b

BAp O() = 0(x(@y) and ()0 = (DD, H45
B x(yz) = ()2

x=y = (EMVEQY) — (EQANEY)Ax=Y)

Theorem: (x.—E(x)) — False
Proof:

Assume dx.—E(x)

Let a be such that —=E(a).

By instantiating A3a we get (Qa)a = a.
By definition of ~ this means (E((Da)a) Vv E(a)) — (E((Da)a) A E(a) A (Qa)a = a).

E((Da)a) must be false, since otherwise E(a), contradicting our assumption.
Hence, —=E((Qa)a).

(Corollary: Vx.E(x))

Hence, Contradiction/Falsity.
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Reconstruction of Intuitive, Interactive Proof of “Inconsistency”

ﬁ xy is defined iff xO =0y,

BA&(DX)D =0Ox and O(0)=x0, P

W (@)x=x and x(x0) = x, b

BAp O() = 0(x(@y) and ()0 = (DD, H45
B x(yz) = (x)z.

x=y = (EMVEQY) — (EQANEY)Ax=Y)

Theorem: (x.—E(x)) — False (Corollary: Vx.E(x))
Proof:

Assume dx.—E(x)

Let a be such that —=E(a).

By instantiating A3a we get (Qa)a = a.

By definition of ~ this means (E((Da)a) Vv E(a)) — (E((Da)a) A E(a) A (Qa)a = a).
E((Da)a) must be false, since otherwise E(a), contradicting our assumption.
Hence, —=E((Qa)a).

By instantiating A1 with Oa and a we get E((Da)a) < (0a)0 = Oa.

By instantiating A2a with a we get (0a)o =~ Oa.

Hence, E((Qa)a).

Hence, Contradiction/Falsity.
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3rd Series of Experiments: Scott’s Alternative Axioms are Consistent

Freyd/Scedrov axioms B xyis defined iff 5O =Dy,

2N (Ox)x=x and x(x0)=x,

B x(y2) = ()2

%(Dx)D:DX and O(O) =x0, PS

Ab O() = OG(@) and ()0 = DO, §ob

b

x=y = (Ex)VE®Y) — (EX)ANEQY) Ax=y)

Scott’s axioms (1977, in Freyd/Scedrov notation)

S1: E(ox) — E(x)

S2: E(xO) — E(x)

S3: E(xy) «xo='oy

S4:  x(yz) =2 (xy)z

S5:  (mx)x =?x

S6:  x(x0) =2 x

where
x='y = EQANEY)Ax=Y
x="y = (E®WVEQy)—x="y

Test: (Ax.—E(x)) — False
Countermodel (by Nitpick).
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Part D: Remark on Verified Publications
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Problem: Verified Documents vs. Current Publication Practice

> Submitted document was a verified document:
PDF was generated directly from Isabelle/HOL sources

> Springer’s (re-)production process may completely mess up such papers!
» Example from a recent paper to appear in Journal of Philosophical Logic:
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Problem: Verified Documents vs. Current Publication Practice

» Submitted document was a verified document:
PDF was generated directly from Isabelle/HOL sources

> Springer’s (re-)production process may completely mess up such papers!
» Example from a recent paper to appear in Journal of Philosophical Logic:

Definition 1 (Sequent calculus Gupp) Let A and A’ be finite sets of 3-
normal closed formulas of HOL and let A,s denote the set AU {s}. The
sequent calculus Ggip comprises the following rules:
As A s AL A sl
G6(=) ————G(v)
A, s A=(sVi) A (sVi)

G(V4)

Basic Rules

A= ()], L closed term A, ()], cs new symbol
m) G(11¢)
AT A8

s atomic (and S-normal)
Initialization —————————— G(init)
A, s, s
A (s="1) sl atomic )
—————————— G(Init™)
A, st

A, (WXasX = 13)]
5o Anst A-ls
Extensionality — 9 =Y
A(s="""1) A (s="1t)
1001y noan gy 21,3 € {0},
A (P00 A (s = 1) s e &

D iti — G(d)
A, (b7 = hin)

G(b)
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Problem: Verified Documents vs. Current Publication Practice

» Submitted document was a verified document:
PDF was generated directly from Isabelle/HOL sources

> Springer’s (re-)production process may completely mess up such papers!
» Example from a recent paper to appear in Journal of Philosophical Logic:

Definition 1 (Sequent calculus Gs;,) Let A and A’ be finite sets of f-normal closed 309
formulas of HOL and let A,s denote the set A U {s}. The sequent calculus Gj, 310

comprises the following rules: 311
312
. Ass A~ A,
Basic Rules F256() FHA G VOG(VL) s G(ve) 318
A, =(s) ) gly closed A (s0)], v symbol ¢
(s X{;jrt“";e em ol ) (s0)lp Ap.,;n%nm symbol ©my) s
315
Initialization satomietandfnomal) i iy 316
.o ] .
Ale=Daralomie g jp) 317
318
-8
B A (VXasX=P1X)1p o A.=sitA ots o
Extensionality =T 144 26 G(b) 319
320
AN A (A.nian'n)n =1,Be{o
’ ’ hgig €X
L. a"—p G
Decomposition P G(d) 321
322
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Conclusion

Achieved:

> Elegant Embedding of Free Logic in HOL

v

Formalisation in Isabelle/HOL

v

Very effective automation with state of the art ATPs

v

Application of this framework in Category Theory

v

Novel “Inconsistency” result — this time in Maths (as opposed to Philosophy)

v

Scott (1977) avoids the “Inconsistency"-trap
(once again — see Ontological Argument)

Maths can strongly benefit from rigorous formalisation!

Further Work:
> Further formalise Cats & Alligators with Scott’s axioms
> Focus on proof automation
> Analogous application/experiments in Projective Geometry
> Library of formalised Maths based on Free Logic in HOL?
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