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Vision of Leibniz (1646-1716): Calculemus! (Formal Analysis of Arguments)

Quo facto, quando orientur controversiae, non magis dispu-
tatione opus erit inter duos philosophos, quam inter duos
Computistas. Sufficiet enim calamos in manus sumere
sedereque ad abacos, et sibi mutuo ... dicere: calculemus.
(Leibniz, 1684)

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than be-
tween two accountants. For it would
suffice to take their pencils in their
hands, to sit down to their slates, and
to say to each other ...: Let us calcu- .
late. Required:

(Translation by Russell) characteristica universalis and calculus ratiocinator
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Kurt Gédel’s Manuscript: 1930’s, 1941, 1946-1955, 1970
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Dana Scott’s slightly modified version of Gédel’s Argument (1972)

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOVYI(P(¢) A BYx[p(x) = ¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property possessed by it and necessarily implying
any of its properties: ¢ ess. x & d(x) A Yy (x) = OVy((y) = ()
Being God-like is an essence of any God-like being: Vx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Yol ess. x — Odyp(y)]
Necessary existence is a positive property: P(NE)
Necessarily, God exists: 0dxG(x)
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Dana Scott’s slightly modified version of Gédel’s Argument (1972)

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

YOVY[(P(¢) A BYx[$(x) = Y(x)]) — P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]

it and necessarily implying
() NYY((x) = OVy(¢(y) = v()))
Vx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) < Vo[¢ ess. x — OTyp(y)]
P(NE)
O0dxG(x)

An essence of an individual is a property poss
any of its properties: ¢ ess. x

Being God-like is an essence of any God-like bemng:

Necessary existence is a positive property:
Necessarily, God exists:

Difference to Gédel (who omits this conjunct)
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Dana Scott’s slightly modified version of Gédel’s Argument (1972)

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is posilive:

VYOVY[(P(9) X[¢(X) - Y] - PW)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]

The property of being God-like is positive:
Possibly, God exists:

P(G)
Positive properties are necessarily positive: Vo[ P(¢)
An essence of an individual is a property possessef by it and necessarily#hplying
any of its properties: ¢ ess. x & Jx) A Y (x) » oHlo(y) = ()
ng: Vx[G(x) = G ess. x]
Necessary existence of an individual is the negessary exgafplification of all its
essences: WL (x) & Yoo ess. x — Odyd(y)]
P(NE)
O0dxG(x)

Being God-like is an essence of any God-like bg

Necessary existence is a positive property:
Necessarily, God exists:

Modal operators are used
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Dana Scott’s slightly modified version of Gédel’s Argument (1972)

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not
A property necessarily implied by a positiy,

Yoyl

Positive properties are possibly exemplffied:
A God-like being possesses all positivg properties:
The property of being God-like is posifjve:

Possibly, God exists:
Positive properties are necessarily posltive:
An essence of an individual is a proper

both: Vo[P(—¢) & —P(d)]
ty is positive:

(P(¢) A OYx[¢(x) = y(x)]) = P(Y)]

Vo[P(¢) — Odxd(x)]

G ¢) = ¢

P(G)

OAxG(x)

V¢[P($) — OP(§)]

possessed by it andAecessarily implying

any of its properties: dkss. x & d(x) A Yyl(x) — OVY(d(Y) — ¥()))

Being God-like is an essence of any Go

Necessary existence of an individual is t
essences:

Necessary existence is a positive property
Necessarily, God exists:

Yx[G(x) — G ess. x]

¢ exemplification of all its
NE(x) & Yol ess. x — Odyp(y)]

P(NE)
O0dxG(x)

higher-order quantifiers
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Challenge

Formal analysis of nontrivial arguments in metaphysics requires
the implementation of (variants of)

Higher-Order Modal Logics
or generally
Expressive Non-Classical Logics

on the computer.

Inexpressive logics are useless here!
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HOL as a Universal (Meta-)Logic via Semantic Embeddings
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

Logic L Logic L
Syntax Semantics
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

Logic L Logic L
Syntax Semantics

Examples for L we have already studied:

Modal Logics, Description Logics, Conditional Logics, Intuitionistic Logics, Access Control
Logics, Nominal Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood
Semantics, (Mathematical) Fuzzy Logics, Paraconsistent Logics, Free Logic ...

Embedding works also for quantifiers (first-order & higher-order)
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

Logic L Logic L
Syntax Semantics

Examples for L we have already studied:

Modal Logics, Description Logics, Conditional Logics, Intuitionistic Logics, Access Control
Logics, Nominal Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood
Semantics, (Mathematical) Fuzzy Logics, Paraconsistent Logics, Free Logic ...

Embedding works also for quantifiers (first-order & higher-order)

HOL provers become universal logic reasoning engines!
interactive: Isabelle/HOL, PVS, HOL4, Hol Light, Cog/HOL, ...
automated: TPS, LEO-II, Satallax, Nitpick, Isabelle/HOL, ...
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Formalising and Analysing Gédel’s God in Isabelle/HOL

MT@d@0 & 9¢ K0 @ - EHEE B & @ |e»
[ Scote_S5U.thy (~/GITHUBS/ compmeta/iectures/ Demo)) 3
T theory Scott_S5U imports QML_S5U
begin
consts P :: "(pu=o)=0o"
axiomatization where

T Al: "|[VE. P("®) < —P(P)|" and

A2: "|VD.VW. (P(P) A O(Vx. ®(x) — W(x))) — P(¥)|"
T definition G where

D1: "G(x) = (V®. P(®) — P(x))"
c[ axiomatization where
[
[
[

oA alElS DIEPIS UoKRNALMOG (B

A3: "[P(G)]|" and

Ad4: "|VO. P(P) — O(P(D2))]|"
definition ess (infixr "ess" 85) where

D2: "® ess x = ®(x) A (VV. U(x) — O(Vy. ®(y) — ¥(y)))"
definition NE where

D3: "NE(x) = (V®. & ess x — O(Ix. #(x)))"
axiomatization where

AS: "[P(NE)|"

theorem (* Notwendigerweise, existiert Gott *)

(¥ Proof state  ( Auto updare | Update | Search: [ ~] 100% =

2~ | Output Query Sledgehammer Symbols
18,1 28/1169) Gsabelle.isabelle,UTF- 8- Isabello) UG B/ 1176V 251 P

Url to movie: http://www.christoph-benzmueller.de/papers/DemoMovieLehrpreis2.mov
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Inconsistency (Godel): Proof by LEO-II in Modal Logic KB

DemoMaterial — bash — 166x52
@SVB)@SV3)=sfalse) | (((p@(~[SXB:mu,5X1:$i): Sfalse))@iV])*StruEJJJ,,\.nfaren:elnrm,subst,[status[thm)l 166:
thi(B4,plain, (! [5¥22: (mu>($1>S0)),5¥3:$1,5VB: (mu=($i>S0) )]+ ((((SVAE(( (sK2_5Y33E5V3)@a(" [SXi
~ ([sV2205X0)eSX1) ) ) eSuBI@EY3) )=strue) | (1 (pes

[bind(SV11,$thf(~[SV23:mu,5V24:81): Sfalse))]])).
1:8i): (~ ((5V22@5%8)@5X1))))@SVB) el { (sK1_5Y31@(* [SXB:mu, 51t

il:
we)esv3)=stalse) | (((pe(~(Sx@:mu,SX1:51): (~ usvzz@sxw@sxlnn@svn =strue)}), interence (prin_subst, [status(th)], [aa
: [bind(SV11,Sthe(~[SV28:my, SV21: ~ [(5V2265V28)esv21)) )10,
ENFB5, plain, (! [5V4:61,5V0: (mus (550 ) 13 ({{(p@(~ISY275mu, SY2B:61]: [~ ((SVOESY27)@SY28))))@sV4)=s7alsel | ((1(paS¥a@sVe) = ((palrIS¥2Timu,S¥2B:5il: (~ { (S¥SESY2T)
@svzaJJ))@swn sfalse))) inferencelfac_restr, [statusithm)], [56]))
h(86, plain, (1[SY4:51,5V0; (mu>(Si>S0) ) J: ((((p@(~[SY29:mu, SY3E: 51| (~ ((SY9ESY29)@SY30))))@SV4)=strue) | ((((p@SVO)@SVA) = ((p@(~[SY29:mu,SY38:5il: (~ ((SVBESY29)@
svzam)@5\/4))esfalse))),mferenze(fa(_restr,[statuscmmjl i5719).

the(B7,plain, (! [S¥4:$1,5V9: (mu=(5iss0] )]

(00~ (((p@sva)EsVA) | ((p@I~[SY27:mu,SY28:81]: (~ ((SVOESY27)@SY2B))))@SW4))N) | (~ ((~ ((p@swa)@sv4)) | (~ ((p@(~[sv27:mu,
SY28:8i]: (~ ((SVOESY27)@SY28))))@SV4)))))=s7alse) | (((p@(*[SY27:mu,5Y28:51): (~ ((SVOESY27)@SY28))))@sV4)=s7alse))), inference (extcnt_equal neg, [status(thm)], [851)).
thf(89,plain, (! [SV4:51,5V: (mu>($i>50)) HH~ (((p@sva)@sv4) | ((p@(~[SY29:mu,SY38:51): (~ ((SVO@SY29)@S5Y3@))))@SV4))) | (~ ((~ ((p@SVE)ESV4)) | (~ ((p@(~[SY29:mu,
5Y38:5i]: (~ ((SV9ESY20)@5Y3R)))Iasvd)))) Use) | (((p@(*[5Y20:mu,5Y38:51]: (~ ((5VOE5Y20)@5Y3M))))@SV4)=struel)), inferenceextcn?_equal_neg, [statusithm)], [B6])).
th#(92,plain, (! [SV4:5i,5va: (mu=(5i=S0))]: (((- ({~ ((p@sva)@sva)) | (~ ((p@(~[SY27:mu,5Y28:51]:

1,5 (~ ((SVI@SY27)g5Y28) ) ) hgSve)) ) )=sfalse) | (f(pa(~[5¥27imu,S¥a8:sil: (
~ nsvs@svz?)@svzﬂ))ncsw sfalse)]], inference (extcn? or_neg, [status(thn)], (871)).
t 181,509: (mus($3260)) |+ (((~ (((paSVOIESVA) | ((pa(*ISY23imu, SY30:61l: (= ((SYOESY20)@SYIR))))@SV4)))=sTalse) | (((p@(~[5¥20:mu,5V38:81: [~ ((SVOE
truem inference(extcnf_or_neq, [status(thm)], [89)))
1,5V9: (mu>(31-50) )1 (11~ ((pESVOIESVA)) | [~ (Wé( [SYZ? mu, SY28:$i): (~ ((SV9@SY27)@SY28))))@SVA)))=5true) | (((pE(~SY27:mu,5¥28:5il: (~ ((S
false))), inferencelextcn?_not_neg, [status(thm) ], [92])
£h#(37,plain, (! (SV4:51,50: (mus(si>S0) ) I: (((((pESVSTasva) | ((pal® [svza mu, svaﬁ sil: (~ ((SVO@SY29)@SY38))))@sva))=strue) | (((p@(~[5¥29:mu,5¥30:51): (~ ((S¥IESY29)
©5Y38))))@5V4) =St rue))) , inference (extcn_not_neg, [status(thm)], [93])

thmw,nlam.(.‘[Svd:SL.Svs-lmu>(s»5n))I (fi~ ((peSVI)ESY4) )= Strue) | ((~ ((p@(~[SY27:mu,5Y28:51): (~ ((SVOESY27)@SY28))))@SV4))=5true) | (((p@(~[SY27:mu,5Y28:8il:
(~ ({5VOE5Y27)@SY28)) ) )@sva se))), inference(extcn_or_pos, [status(thm)], [961)).

the(101,plain, (! [Sv4:51,5v9: [mu>($1>$n))| ((((pasvo)esva)=strue) | [[[p@( [5¥29:mu,5Y30:51]: (~ ((SV9@SY29)@5Y30)) ) @SVl =strue) | (((pa(~[5¥29:mu,5¥30:51]: (~ ((5V
865Y29)E5Y38) ) ))@sV4)=Strue) ) ), inference(extcn®_or_pos, [status(thm)], [97]))

71103, plain, (! [SV4:61,5V0: (mum($io80) )15 ((((paSV3)GSWA)=statse) | ([~ ((pe(~ISY2Ttmu,5V2B:eil: [~ ((SVAESY27)@SY2B))))EsVa))=strue) | ({lpal~[SY27imu,5¥28:8i15 (
((5V9@sY27)@5Y28) ) ) J@SV4)=Sfalse) ), inference(extent_not_pos, [status(thn)], [108]))

h7(185, plain, (! [SV4:$1,5V0: (mu>(53>80) ) )z ((((p@(~[SY27:mu,5¥28:51): [~ ((SV!@EVNJ@SYZE)))J@EW) Sfalse) | (((pesV9)@SV4)=STalse) | (((p@(~SY27:mu,5Y28:5i):
SVSESY27)@5Y281)) )@SV4)=4atse) ) ), inference exten?_not_pos, [status(thmi], 1

the(187, plain, (! [SVB: (mu>(5i>50)),5V3:51,5V22: (mux($i>S0) )] : [(((5\'22@[[lsKZ}V]!@SVE)@( [

(=~

u,5X1:81): (~ ((SV22E5XB)@SX1)) ) )@SVB) )@ ( ((sK1_SY31@(~[SXB:mu,5X1:51):
(~ ((SY22ESXB)@SX1) ) ) )ESVA)ESV3) J=strue) | (((p@SVE)@ESVA)=sfalse] | (((p@(*[S¥@:mu,SX1:5i): (~ ((svzz@sxa)@sxl)m@sv]) Struel)), inerence (exten?_not_neg, [statusithn
M, 1781)).
thi(188,plain, (! [S¥11: (mu>($i>50)),5V3: $1,5V15: (mu=(3i>S0)) ]

+ ((((5¥15@( ((sK2_5¥33@5V3)@svil)@l(* [SXB:mu, 5X1:81):

X1:51]: (~ ((SV15@SX8)@SX1))))@sv3) u,5X1:81] £

s(thm)], [81))).
thi(189,plain, (! [S¥4:$1,500: (mu=(3i=Sa) )] ((((p@(~[5Y27:mu,5Y28:51):
5.

false) | (((pe(~[sxe:

(~ ((SV15@5XA)@SX1)))1)@( ¢ (sK1_SY31EsVI1)@(~[SXB:mu,
(~ ((S¥1565XB)ESX1)) ) )@sva)=sfalse) | (((p@Sv11)gsv3)=struel)),inferencelextent_not_pos, [statu

~ ((5¥0@5Y27)@5Y28))) J@Sv4)=s7alse) | (((p@sva)@sva)=stalse))),inferenceisim, [status(thm)], (18
thi(118, plain, (1 [S¥4:$1,5V0: (mu>(3i>S0) ) ((((pESVIESVA)=Strue) | (((p@(~[SY20:mu,SY3B:$i): (~ ((SVOSY29)ESY38))))ESV4)=Strue))), inference(sim, [status(thm)], [101]
n.

th(111,plain, (! [S¥3:51,5VB: (mu=(51=Sa) )] : ((((p@SVB)@SVA)=sfalse) | (((p@i~[sxe:: : Strue))@sv3)=strue))),inference(sin, [status(thm)], [76])).
thi(112,plain, (! [S¥11: (mu>($i>80)),5V3: $i): ((((p@(~[SXB:mu,SX1:81): $Talse) )ESVa)= false) | (1 (pESVILI@SY3)=Strue] ) ), inerence(sim, Istatus(thall, (B81)).
thf(ll],nlaiﬂ.(((sfalse]rstrue)).mferen:e(fu,atn,e.[status(thm]l.[25.112.111,115.1&9,105.157.54,!3.52.75,74.73.72.71,75.59.5!,57.55.55,52.57.55.51,42.2“J1
th(114,plain, (S7alse) ,inference(solved_all_splits, [solved_all_splits(join, (1)), [113])).

% SZS putput end NFRefutation

Speoes End 0f derivation protocol s
s N0, 0F clauses in derivation: 97 s
Spoex clause counter: 113 seex

% SZS status Unsatisfiable for ConsistencyWwithoutFirstConjunctinD2.p : (rf:@,axiom:

extenf_combined: true,expand_extuni:false, foatpie,atp_tineout:25,atp_calls_frequenc
ation: fof_full)

ontoleo:DemoMaterial cbenzmuellers [

/Ps:3,ut6,ude: false, rLeibEQ: true, rANdEQ: true, use_choice:true, use_extuni:true, use.
8, ordering: none, proof_output:l, clause_count:113,loop_count:8, foatp_calls

:2,transt
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Reconstruction of the Inconsistency of Gédel’s Axioms

See our IJCAI-16 paper
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Inconsistency (Godel): Reconstructed Argument (in Modal Logics KB and K)

[Benzmdller&Woltzenlogel-Paleo, IJCAI, 2016]

Def. D2 ¢ ess. x & Dozt V(Y (x) — aVy(e(y) — ¥()
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Inconsistency (Godel): Reconstructed Argument (in Modal Logics KB and K)

[Benzmdller&Woltzenlogel-Paleo, IJCAI, 2016]

Def. D2 ¢ ess. x & DETC VY (Y(x) — OVy(¢(y) — ¥()))
Lemma 1 The empty property is an essence of every entity. Vx (0 ess. x)
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Def. D2 ¢ ess. x & DETC VY (Y(x) — OVy(¢(y) — ¥()))
Lemma 1 The empty property is an essence of every entity. Vx (0 ess. x)
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Axiom A5 P(NE)
» by T1, A5: OAX[NE(x)]

Def. D3 NE(x) & Yol ess. x = Oygd(y)]
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Inconsistency 1

The last step is not hard to justify semantically: we did this in the IJCAI-16 paper!
A syntactical proof is not entirely trivial: novel contribution to KI-2016
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Assume: ¢o0O.L (holds globally)

v

Show: there exist a formula ¢ (in current world) s.t. ¢ and —¢
Choose ¢ := 0O L
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ODL OF
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» =00 L holds: =©¢ L = 0aT, which easily follows by necessitation
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> Hence, L

C. Benzmiiller & B. Woltzenlogel-Paleo, 2016 — An Object-Logic Explanation for the Inconsistency in Godel's Ontological Theory (Extended Abstract)



Godel’s Manuscript: Identifying the Inconsistent Axioms
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Conclusion
Overall Achievements

> significant contribution towards a Computational Metaphysics

> novel results contributed by HOL-ATPs

> infrastructure can be adapted for other logics and logic combinations
> basic technology works well; further improvements are on the way

Relevance (wrt foundations and applications)

» Philosophy, Al, Computer Science, Computational Linguistics, Maths

Related work: only for Anselm’s simpler argument

> first-order ATP PROVER9 [OppenheimerZalta, 2011]
> interactive proof assistant PVS [Rushby, 2013]

Ongoing work
> (Awarded) Lecture course Computational Metaphysics at FU Berlin
> Landscape of verified/falsified ontological arguments

> You may contribute: https://github.com/FormalTheology/GoedelGod.git
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