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Vision of Leibniz (1646–1716): Calculemus! (Formal Analysis of Arguments)

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than be-
tween two accountants. For it would
suffice to take their pencils in their
hands, to sit down to their slates, and
to say to each other . . . : Let us calcu-
late.

(Translation by Russell)

Quo facto, quando orientur controversiae, non magis dispu-
tatione opus erit inter duos philosophos, quam inter duos
Computistas. Sufficiet enim calamos in manus sumere
sedereque ad abacos, et sibi mutuo . . . dicere: calculemus.
(Leibniz, 1684)

Required:
characteristica universalis and calculus ratiocinator
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Kurt Gödel’s Manuscript: 1930’s, 1941, 1946-1955, 1970
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Dana Scott’s slightly modified version of Gödel’s Argument (1972)

Axiom A1 Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]

Axiom A2 A property necessarily implied by a positive property is positive:
∀φ∀ψ[(P(φ) ∧ �∀x[φ(x)→ ψ(x)])→ P(ψ)]

Thm. T1 Positive properties are possibly exemplified: ∀φ[P(φ)→ ^∃xφ(x)]

Def. D1 A God-like being possesses all positive properties: G(x)↔ ∀φ[P(φ)→ φ(x)]

Axiom A3 The property of being God-like is positive: P(G)

Cor. C Possibly, God exists: ^∃xG(x)

Axiom A4 Positive properties are necessarily positive: ∀φ[P(φ)→ �P(φ)]

Def. D2 An essence of an individual is a property possessed by it and necessarily implying
any of its properties: φ ess. x↔ φ(x) ∧ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))

Thm. T2 Being God-like is an essence of any God-like being: ∀x[G(x)→ G ess. x]

Def. D3 Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom A5 Necessary existence is a positive property: P(NE)

Thm. T3 Necessarily, God exists: �∃xG(x)
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Difference to Gödel (who omits this conjunct)
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Modal operators are used
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higher-order quantifiers
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Challenge

Formal analysis of nontrivial arguments in metaphysics requires
the implementation of (variants of)

Higher-Order Modal Logics

or generally

Expressive Non-Classical Logics

on the computer.

Inexpressive logics are useless here!
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HOL as a Universal (Meta-)Logic via Semantic Embeddings
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

Logic L
Syntax

Logic L
Semantics

Examples for L we have already studied:
Modal Logics, Description Logics, Conditional Logics, Intuitionistic Logics, Access Control
Logics, Nominal Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood
Semantics, (Mathematical) Fuzzy Logics, Paraconsistent Logics, Free Logic . . .

Embedding works also for quantifiers (first-order & higher-order)

HOL provers become universal logic reasoning engines!

interactive: Isabelle/HOL, PVS, HOL4, Hol Light, Coq/HOL, . . .

automated: TPS, LEO-II, Satallax, Nitpick, Isabelle/HOL, . . .
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Formalising and Analysing Gödel’s God in Isabelle/HOL

Url to movie: http://www.christoph-benzmueller.de/papers/DemoMovieLehrpreis2.mov
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Inconsistency (Gödel): Proof by LEO-II in Modal Logic KB
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Reconstruction of the Inconsistency of Gödel’s Axioms

See our IJCAI-16 paper
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Inconsistency (Gödel): Reconstructed Argument (in Modal Logics KB and K)

[Benzmüller&Woltzenlogel-Paleo, IJCAI, 2016]

Def. D2∗ φ ess. x↔���XXXφ(x) ∧ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))

Lemma 1 The empty property is an essence of every entity. ∀x (∅ ess. x)

Theorem 1 Positive Properties are possibly exemplified. ∀φ[P(φ)→ ^∃xφ(x)]

Axiom A5 P(NE)
I by T1, A5: ^∃x[NE(x)]

Def. D3 NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]
I ^∃x[∀φ[φ ess. x→ �∃y[φ(y)]]]
I ^∃x[∅ ess. x→ �∃y[∅(y)]]
I by L1 ^∃x[> → �∃y[∅(y)]]
I by def. of ∅ ^∃x[> → �⊥]
I ^∃x[�⊥]
I ^�⊥

Inconsistency ⊥

The last step is not hard to justify semantically: we did this in the IJCAI-16 paper!
A syntactical proof is not entirely trivial: novel contribution to KI-2016
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Theorem 1 Positive Properties are possibly exemplified. ∀φ[P(φ)→ ^∃xφ(x)]

Axiom A5 P(NE)
I by T1, A5: ^∃x[NE(x)]

Def. D3 NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]
I ^∃x[∀φ[φ ess. x→ �∃y[φ(y)]]]
I ^∃x[∅ ess. x→ �∃y[∅(y)]]
I by L1 ^∃x[> → �∃y[∅(y)]]
I by def. of ∅ ^∃x[> → �⊥]
I ^∃x[�⊥]
I ^�⊥

Inconsistency ⊥

The last step is not hard to justify semantically: we did this in the IJCAI-16 paper!
A syntactical proof is not entirely trivial: novel contribution to KI-2016
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^�⊥ Implies Inconsistency: Syntactical Proof in Modal Logic K

I Syntactical proof in proof assistent Coq
I Assume: ^�⊥ (holds globally)
I Show: there exist a formula ϕ (in current world) s.t. ϕ and ¬ϕ
I Choose ϕ := ^^⊥
I ^^⊥ follows from ^�⊥

I ¬^^⊥ holds: ¬^^⊥ ≡ ��>, which easily follows by necessitation
I Hence, ^^⊥ and ¬^^⊥
I Hence, ⊥
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Gödel’s Manuscript: Identifying the Inconsistent Axioms

Inconsistency

∀φ[P(¬φ)→ ¬P(φ)]
∀φ∀ψ[(P(φ) ∧ �∀x[φ(x)→ ψ(x)])→ P(ψ)]
φ ess. x↔ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))
NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]
P(NE)
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Conclusion

Overall Achievements

I significant contribution towards a Computational Metaphysics
I novel results contributed by HOL-ATPs
I infrastructure can be adapted for other logics and logic combinations
I basic technology works well; further improvements are on the way

Relevance (wrt foundations and applications)

I Philosophy, AI, Computer Science, Computational Linguistics, Maths

Related work: only for Anselm’s simpler argument

I first-order ATP PROVER9 [OppenheimerZalta, 2011]

I interactive proof assistant PVS [Rushby, 2013]

Ongoing work

I (Awarded) Lecture course Computational Metaphysics at FU Berlin
I Landscape of verified/falsified ontological arguments
I You may contribute: https://github.com/FormalTheology/GoedelGod.git
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