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Vision of Leibniz (1646-1716): Calculemus!

Quo facto, quando orientur controversiae, non magis dispu-
tatione opus erit inter duos philosophos, quam inter duos
Computistas. Sufficiet enim calamos in manus sumere
sedereque ad abacos, et sibi mutuo ... dicere: calculemus.
(Leibniz, 1684)

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than be-
tween two accountants. For it would
suffice to take their pencils in their
hands, to sit down to their slates, and
to say to each other ...: Let us calcu- .
late. Required:

(Translation by Russell) characteristica universalis and calculus ratiocinator
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Talk Outline

A: HOL as a Universal (Meta-)Logic via Semantic Embeddings

B: New Knowledge on the Ontological Argument from HOL ATPs

C: Reconstruction of the Inconsistency of Gédel’s Axioms

D: Recent Technical Improvements

E: Other Recent Work: Free Logic & Application in Category Theory
(F: Other Recent Work: Zalta’a Theory of Abstract Object)
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Formel von Kurt Gédel: I i &til Got

Von Toblas Hrter

Kurt Godel (um das Jahr 1935): Der Mathematiker hielt seinen Gottesbewels sahrzehnici Gie
i Wasen axtsirt, des allepuskiven Egunachafien in sichverein. Das bewes derlegendire
Mathematiker Kurt Godel mit einem Zwei diesen
Gottesbeweis nun Uberprift - und fur gultig befunden.

Jetzt sind die letzten Zweifel ausgersumt: Gott existiert tatsachlich. Ein
) Montag, 09.09.2013 - 12:03 Une Computer hat es mit Kalter Logik bewiesen - das MacBook des
Computerwissenschaftiers Christoph Benzmuller von der Freien
Universitat Berlin.

& Drucken Versenden [Merken

Germany

- Telepolis & Heise

- Spiegel Online

-FAZ

- Die Welt

- Berliner Morgenpost

- Hamburger Abendpost
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Austria

- Die Presse

- Wiener Zeitung
- ORF

Italy
- Repubblica
- llsussidario

India

- DNA India

- Delhi Daily News
- India Today

us
- ABC News

International

- Spiegel International

- Yahoo Finance
- United Press Intl.
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Holy Logic: Computer Scientists 'Prove’ God Exists
By David Knight |ta|y

. - Repubblica
- llsussidario

India

- DNA India

- Delhi Daily News
- India Today

Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt

Godel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of -
how

Austrian mathematician Kut Godel kept his proof of God's existence a secret for ecades
mai ly u

us

Germany - ABC N
- Telepolis & Heise C News

- Spiegel Online

-FAZ

- Die Welt

- Berliner Morgenpost

- Hamburger Abendpost

International

- Spiegel International
- Yahoo Finance

- United Press Intl.
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Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

Von Tobias Hirter
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Von Tobias Hirter

Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight
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Von Tobias Hirter

| Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

| Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

MEDIA & CULTURE

Is God Real? Scientists ‘Prove’ His
Existence With Godel’s Theory And
MacBooks
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Von Tobias Hirter

| Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

| Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

MEDIA & CULTURE

Is God Real? Scientists ‘Prove’ His
Existence With Godel’s Theory And
MacBooks

Researchers say they used MacBook to prove Goedel's
God theorem
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Formel von Kurt Godel: Mathematiker bestitigen Gottesbeweis

Von Tobias Hirter

Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

MEDIA & CULTURE

Is God Real? Scientists ‘Prove’ His
Existence With Godel’s Theory And
MacBooks

Researchers say they used MacBook to prove Goedel's
God theorem

God exists, say Apple fanboy scientists

With the help of just one MacBoaok, two Germans formalize a theorem that confirms the existence of God.

See more serious and funny news links at
https://github.com/FormalTheology/GoedelGod/blob/master/Press/LinksToNews.md
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Part A:
HOL as a Universal (Meta-)Logic via Semantic Embeddings
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

LogicL _ Logic L
Syntax " Semantics
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HOL as a Universal (Meta-)Logic via Semantic Embeddings

HOL

LogicL _ Logic L
Syntax " Semantics

Examples for L we have already studied:

Modal Logics, Conditional Logics, Intuitionistic Logics, Access Control Logics, Nominal
Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood Semantics,
(Mathematical) Fuzzy Logics, Paraconsistent Logics, Free Logic ...

Works also for (first-order & higher-order) quantifiers
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Embedding Approach — Idea

HOL (meta-logic) @ i=
Your-logic (object-logic) o=

Embedding of Bl in I

Embedding of meta-logical notions on il in Il
valid = NG
satisfiable = NG
. = I

Pass this set of equations to a higher-order automated theorem prover
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Classical Higher-Order Logic (HOL)

Simple Types ar=olt|lpla - a
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Classical Higher-Order Logic (HOL)

Simple Types ar=olt|lpla - a

HOL S, L ii=Cqy | Xa I (/lxasﬁ)a—ﬁ | (S()z—>ﬂ t(y)ﬁ |
(_‘o%o So)o | (So Voso—o to)o | (v(aﬂo)ao(/lxato))o

(note: binder notation Vx,?, as syntactic sugar for V¥ o—o)—o(Axa1,))

C. Benzmiiller, 2016 — The Inconsistency in Gédel’'s Ontological Argument



Classical Higher-Order Logic (HOL)

Simple Types ar=olt|lpla - a

HOL S, L ii=Cqy | Xa I (/lxasﬁ)a—ﬁ | (S()z—>ﬂ ta)ﬁ |
(_‘o%o so)u | (Sa Voso—o to)o | (v(aﬂo)ao(/lxato))o

(note: binder notation Vx,?, as syntactic sugar for V¥ o—o)—o(Axa1,))

HOL with Henkin semantics is (meanwhile) well understood

Origin [Church,JSymbLog,1940]
Henkin semantics [Henkin,JSymb.Log,1950]

[Andrews, JSymblLog,1971,1972]
Extens./Intens. [BenzmillerEtAl,JSymblLog,2004]

[Muskens,JSymblLog,2007]
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Classical Higher-Order Logic (HOL)

Simple Types ar=olt|lpla - a

HOL S, L ii=Cqy | Xa I (/lxasﬁ)a—ﬁ | (Sa—»ﬂ t(y)[ﬁ |
(_‘o%o So)o | (So Voso—o [0)0 | (v(aﬂo)ao(/lxato))o

(note: binder notation Vx,?, as syntactic sugar for V¥ o—o)—o(Axa1,))

HOL with Henkin semantics is (meanwhile) well understood

Origin [Church,JSymbLog,1940]
Henkin semantics [Henkin,JSymb.Log,1950]

[Andrews, JSymblLog,1971,1972]
Extens./Intens. [BenzmillerEtAl,JSymblLog,2004]

[Muskens,JSymbLog,2007]
Sound and complete provers do exists
interactive: Isabelle/HOL, PVS, HOL4, Hol Light, Cog/HOL, ...
automated: TPS, LEO-II, Satallax, Nitpick, Isabelle/HOL, ...
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Embedding HOML in HOL

HOML o0 = e leAYle oY 0p | Opl Vx, @ dx, ¢
f
» Kripke style semantics (possible world semantics)
M,g,s E—p iff notM,g,sE ¢
M,g,sEQAY iff M,g,sEpandM,g,sE ¥
M,g,s E Op iff M,g,ul @forall s with r(s, u)
M,g, s EVx, @ ifft M,[d/x]lg,sEpforalldeD,

[BenzmdllerWoltzenlogelPaleo, ECAI, 2014]
[Muskens, HandbookOfModalLogic, 2006]
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Embedding Approach — HOML in HOL (remember my talk at SRI in 2010!)

HOL S, f = € | Xa | (/ansﬁ)a—ﬁ | (sa—>,8 ta)ﬁ | o I So V1 | vx(t 1y
HOML e = el Ayl = Y| Dp | Op | VX, @ | A @

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,
(explicit representation of labelled formulas)
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Embedding Approach — HOML in HOL (remember my talk at SRI in 2010!)
HOL s,t = Cq | X | (/Lvasﬁ)a—ﬁ | (s(x—>,8 ta)ﬁ | =80 | 8o V1, | VX 1y
HOML e = | eleAy e g 0p ] Op | Vx| dx, @

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,
(explicit representation of labelled formulas)

= A@u_odwy—ew

= /lsoyﬂo/w//lﬁo/lwu((pw A Yw)
= /lgoyao/w/uﬁo/lwy(_wow v yw)
/lhy_,(/l_,(,)ﬂW#de hdw

— /Ulyﬂ(uﬁo)/lwﬂady hdw Ax (polymorphic over y)

= AQu_odw, Yu, (mrwu V pu)
= Apyodw, du, (rwu A ou)

oo w< | >
I

valid = Agu_oYwuew

The equations in Ax are given as axioms to the HOL provers!
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Embedding HOML in HOL

Example
HOML formula
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Embedding HOML in HOL

Example

HOML formula
HOML formula in HOL
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OAxG(x)
valid (OAxG(x)) o



Embedding HOML in HOL

Example

HOML formula
HOML formula in HOL
expansion
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OAxG(x)
valid (OAxG(x)) o
(YW w)(OIAXG (X))o



Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion
Bn-normalisation

C. Benzmiiller, 2016 — The Inconsistency in Gédel’'s Ontological Argument

OAxG(x)

valid (OAxG(x)) o
(AW, w)(OAxG(X)) 0
Yw, ((OAxG(x))y—0o W)



Embedding HOML in HOL

Example
HOML formula OAxG(x)
HOML formula in HOL valid (OAxG(x)) o
expansion (AW, WY (O AXG(x)) 4o
Bn-normalisation Yw, ((OAxG(x))y—0o W)
expansion Yw, (((Apy—odw, du, (rwu A ou))IxG(x)),—0 W)
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion
Bn-normalisation
expansion
Bn-normalisation

OAxG(x)

valid (OAxG(x)) o

(A1, W OTXG())

Yw, ((OAxG(x))y—0o W)

Yw, (((Apy—odw, du, (rwu A ou))IxG(x)),—0 W)
Yw, du, (rwu A (AxG(X)) -0 1t)
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Embedding HOML in HOL

Example

HOML formula

HOML formula in HOL
expansion
Bn-normalisation
expansion
Bn-normalisation
syntactic sugar

OAxG(x)

valid (OAxG(x)) o

(A1, W OTXG())

Yw, ((OAxG(x))y—0o W)

Yw, (((Apy—odw, du, (rwu A ou))IxG(x)),—0 W)
Yw, du, (rwu A (AxG(X)) -0 1t)

Yw, du, (rwu A (A(AXG(x)))y—ott)
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Embedding HOML in HOL

Example
HOML formula OAxG(x)
HOML formula in HOL valid (OAxG(x)) o
expansion (AW, WY (O AXG(x)) 4o
Bn-normalisation Yw, ((OAxG(x))y—0o W)
expansion Yw, (((Apy—odw, du, (rwu A ou))IxG(x)),—0 W)
Bn-normalisation Yw, du, (rwu A (AxG(X)) -0 1t)
syntactic sugar Yw, du, (rwu A (A(AXG(x)))y—ott)

expansion VYw, du, (rwu A ((Ahy - o) AWy Ad, hdw)(AXG(X))) - olt)
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Embedding HOML in HOL

Example
HOML formula OAxG(x)
HOML formula in HOL valid (OAxG(x)) o
expansion (AW, WY (O AXG(x)) 4o
Bn-normalisation Yw, ((OAxG(x))y—0o W)
expansion Yw, (((Apy—odw, du, (rwu A ou))IxG(x)),—0 W)
Bn-normalisation Yw, du, (rwu A (AxG(X)) -0 1t)
syntactic sugar Yw, du, (rwu A (A(AXG(x)))y—ott)
expansion VYw, du, (rwu A ((Ahy - o) AWy Ad, hdw)(AXG(X))) - olt)

Bn-normalisation Yw, du, (rwu A IxGxu)
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Embedding HOML in HOL

Example
HOML formula OAxG(x)
HOML formula in HOL valid (OAxG(x)) o
expansion (Ap¥w, o wY(OAXG (X))o
Bn-normalisation Yw, ((OAxG(x))y—0o W)
expansion Yw, (((Apy—odw, du, (rwu A ou))IxG(x)),—0 W)
Bn-normalisation Yw, du, (rwu A (AxG(X)) -0 1t)
syntactic sugar Yw, du, (rwu A (A(AXG(x)))y—ott)
expansion VYw, du, (rwu A ((Ahy - o) AWy Ad, hdw)(AXG(X))) - olt)
Bn-normalisation Yw, Ju, (rwu A IxGxu)

Expansion: user or prover may flexibly choose expansion depth
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Embedding HOML in HOL

Example
HOML formula OAxG(x)
HOML formula in HOL valid (OAxG(x)) o
expansion (Ap¥w, o wY(OAXG (X))o
Bn-normalisation Yw, ((OAxG(x))y—0o W)
expansion Yw, (((Apy—odw, du, (rwu A ou))IxG(x)),—0 W)
Bn-normalisation Yw, du, (rwu A (AxG(X)) -0 1t)
syntactic sugar Yw, du, (rwu A (A(AXG(x)))y—ott)
expansion VYw, du, (rwu A ((Ahy - o) AWy Ad, hdw)(AXG(X))) - olt)
Bn-normalisation Yw, Ju, (rwu A IxGxu)

Expansion: user or prover may flexibly choose expansion depth

What are we doing?

In order to prove that ¢ is valid in HOML,
—> we instead prove that valid ¢,_., can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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Advantages of the Embedding Approach

1. Pragmatics and convenience:
> implementing new provers made simple (even for not yet automated logics)
2. Availability:
> simply reuse and adapt our existing encodings (THF, Isabelle/HOL, Coq)
3. Flexibility:
> rapid experimentation with logic variations and logic combinations
4. Relation to labelled deductive systems:
> extra-logical labels vs. intra-logical labels (here)
5. Relation to standard translation:
> extra-logical translation vs. extended intra-logical translation (here)
6. Meta-logical reasoning:
> various examples already exist, e.g. verification of modal logic cube
7. Direct calculi and user intuition:
> possible: tactics on top of embedding, hiding of embedding
8. Soundness and completeness:
> already proven for many non-classical logics (wrt Henkin semantics)
9. Cut-elimination:
> generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)
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Advantage: 1. Pragmatics and convenience
implementing new provers made simple (even for not yet automated logics)

A very “Lean” Prover for HOML K

1 %----The base type $i (already built-in) stands here for worlds and

2 %--—-mu for individuals; $o (also built-in) is the type of Booleans

3 thf (mu_type, type, (mu:$tType)) .

4 %$---—Reserved constant r for accessibility relation

5 thf (r, type, (r:$i>$i>$0)) .

6 %$————-Modal logic operators not, or, and, implies, box, diamond

7 thf (mnot_type, type, (mnot: ($i>$0)>$i>$0)) .

8 thf (mnot, definition, (mnot = (A[A:$i>$o0,W:$i]:~(ARW)))) .

9 thf (mor_type, type, (mor: ($i>$0)> ($i>$0)>$i>$0)) .

10 thf (mor,definition, (mor = (*[A:$i>$0,Psi:$i>$o,W:$i]: ((AQW) | (Psi@W))))) .

11 thf (mand_type, type, (mand: ($i>$0)> ($i>$0)>$i>$0)) .

12 thf (mand, definition, (mand = (~[A:$i>$0,Psi:$i>$o, W:$i]: ((AQW)& (PSi@W))))) .

13 thf (mimplies_type, type, (mimplies: ($i>$0)> ($i>$0)>$i>$0)) .

14 thf (mimplies,definition, (mimplies = (A[A:$i>$o0,Psi:$i>$o, W:$i]: ((AQW)& (PSi@W))))) .
15 thf (mbox_type, type, (mbox: ($i>$0)>$i>$0)) .

16 thf (mbox, definition, (mbox = (A[A:$i>$0,W:$il:![V:$i]: (~ (X@WEV) | (AQV))))) .

17 thf (mdia_type, type, (mdia: ($i>$0)>$i>$0)) .

18 thf (mdia,definition, (mdia = (A[A:$i>$0,W:$i]:2[V:$i]: ((r@WQV)& (AQV))))).

19 %$————Quantifiers (constant domains) for individuals and propositions

20 thf (mforall_ind type,type, (mforall ind: (mu>$i>$o)>$i>$o)) .

21 thf (mforall ind,definition, (mforall ind = (*[A:mu>$i>$o,W:$i]:![X:mu]: (AGXEW)))) .
22 thf (mforall indset_ type,type, (mforall indset: ((mu>$i>$0)>$i>$0)>$i>$0)) .

23 thf (mforall_indset,definition, (mforall indset = (*[A: (mu>$i>$0)>$i>$o, W:$i]:! [X:mu>$i>$o] : (ARXEW)))) .
24 thf (mexists_ind type, type, (mexists_ind: (mu>$i>$0)>$i>$0)) .

25 thf (mexists_ind, definition, (mexists_ind = (A[A:mu>$i>$o,W:$i]:?[X:mu]: (ARXEW)))) .
26 thf (mexists_indset_type,type, (mexists_indset: ((mu>$i>$0)>$i>$0)>$i>$0)) .

27 thf (mexists_indset,definition, (mexists_indset = (A[A: (mu>$i>$0)>$i>$o, W:$i]:? [X:mu>$i>$0]: (ARXRW)))) .
28 $————Definition of validity (grounding of lifted modal formulas)

29 thf (v_type, type, (v: ($i>$0)>$0)) .
30 thf (mvalid, definition, (v = (*[A:$i>$0]:![W:$i]: (AQW)))) .

TPTP THFO syntax: [SutcliffeBenzmuiller, J.Formalized Reasoning, 2010]
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Advantage: 1. Pragmatics and convenience
implementing new provers made simple (even for not yet automated logics)

Approach is competitive

> First-order modal logic: see experiments in
[BenzmdillerOttenRaths, ECAI, 2012]
[BenzmiillerRaths, LPAR, 2013]
[Benzmiiller, ARQNL, 2014]
> Higher-order modal logics:

There are no other systems yet!
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Advantage: 2. Availability

simply reuse and adapt our existing encodings (THF, Isabelle/HOL, Coq)

HOML in Isabelle/HOL

abbreviation mnot i "o=0o" ("—_"[52153)
where "—p = Aw. —p(w)"

abbreviation mand "o=o=>0" (infixr"A"51)
where "oAY = Aw. @(w)AP(w)"

abbreviation mor i1 "o=o=0" (infixr"v"50)
where "V = Aw. @(w)Vip(w)"

abbreviation mimp 11 "o=>o=>o" (infixr"—"49)
where "p—ip = Aw. @(w)—(w)"

abbreviation mequ 11 "o=o0=0" (infixr"«—"48)
where "pesp = Aw. @(w)e—p(w)"

abbreviation mall 1 "(la=o)=o" ("V")

where "V& = Aw.Vx. ®(x)(w)"
abbreviation mallB '('a=0)=0" (binder"V"[8]9)
where "Vx. ¢(x) =
abbreviation mexi " (laso)=ot ("3Y)
where "3% = Aw.3x. ®(x)(w)"
abbreviation mexiB :: "('a=-0)=>0c" (binder"3"[8]9)
where "3Ix. ¢(x) =

abbreviation meq "p=p=c" (infixr"="52) -- "Equality"
where "x=y = Aw. X y"

abbreviation meqL 1t "p=p=ro" (infixr"=L"52) -- "Leibniz Equality"
where "x=ly = Vp. p(x)—p(y)"

abbreviation mbox i "o=0o" ("O_"[52153)
where "Op = Aw.Vv. w r v — p(v)"

abbreviation mdia 11 "o=o" (“o_"[52]53).

—0 0 0 0 —0 —0 —0 —0 —0 —0 —0 —0 —O0

where "op = Aw.3v. w r v A o(v)"

/ Avven imdnen | lndata | Canech - 1nne -

B v Output Query Sledgehammer Symbols

See formalisations at https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations
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https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations

Advantage: 3. Flexibility

rapid experimentation with logic variations and logic combinations

Postulating modal axioms or semantical constraints

HOL

’Syntactical’ Sahlqvist axioms ’Semantical’ constraints
M:  valid Ve(@O'v — ¢) o Vx(rxx) (reflexivity)
B: valid Ye(p — OO0 p) o VaVy(rxy — ryx) (symmetry)
D: valid Ye(@'¢ — ¢"p) o Vxdy(rxy) (serial)
4: validVe(@'y —» 0'0y) o Va¥yVzlrxy Aryz — rxz)  (transitivity)
5 valid Yo(O'p — O'0Tp) & VxVyVz(rxy Arxz — ryz)  (euclidean)
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Advantage: 3. Flexibility

rapid experimentation with logic variations and logic combinations

Possibilist vs. Actualist Quantification

Vo = AhyL oy dw, N d, hdw (constant domains)
becomes
VY = Ahys oy dw, Vd, (EXINW dw — hdw) (varying domains)

where ExInW is an existence predicate
(additional axioms: non-empty domains, denotation of constants & functions)
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Advantage: 4. Relation to labelled deductive systems
extra-logical labels vs. intra-logical labels (here)

dork

Selﬂsh
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liﬂl

hig head

o Naive
enuugh dulalnr J[]|]|Egs |

] Difficult S
nude gﬂ - emSluhhnml cuuragllem:s % . |a|.sl:|hm|lllm
gl §§ -— 5 aggroant procrasting nr =
& mlg"“ anuughm * "-" Unworlhy - unluveahle
ay h Il[l l][l -BN0UGN oo

=
—

cheater 010

=

poor

=

Rebel [ Di i == Aogant
[[Elhead wnme SIU |d=N9”dylnnnmpelem:
fe St Hnmeweakal %stmlk

Unwanled = = gt

==}
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=

= sin

Dumb

&AxG(x) Worldlabel ((©IxG(x)),—, Worldlabel )
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmiillerPaulson, LogicaUniversalis, 2013]
[BenzmllerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(O¢) @

(@P)y—0 @)

((Apu—so AWy Muy (mrwu N @u)) ¢)y-0 a)
Vuy (mrau vV ¢y u)

L1
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmiillerPaulson, LogicaUniversalis, 2013]
[BenzmllerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(O¢) @

(@P)y—0 @)

((Apu—so AWy Muy (mrwu N @u)) ¢)y-0 a)
Vuy (mrau vV ¢y u)

L1

We have extended this also for first-order and higher-order quantifiers!

(Vx ¢(x)) @

C. Benzmiiller, 2016 —The istency in Godel's O ical Argument



Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmiillerPaulson, LogicaUniversalis, 2013]
[BenzmllerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(O¢) @

(@P)y—0 @)

((Apu—so AWy Muy (mrwu N @u)) ¢)y-0 a)
Vuy (mrau vV ¢y u)

L1

We have extended this also for first-order and higher-order quantifiers!

(Vx ¢(x)) @
— (Vx ()0 @)
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmiillerPaulson, LogicaUniversalis, 2013]
[BenzmllerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(O¢) @

(@P)y—0 @)

((Apu—so AWy Muy (mrwu N @u)) ¢)y-0 a)
Vuy (mrau vV ¢y u)

L1

We have extended this also for first-order and higher-order quantifiers!

(Vx ¢(x)) @
(Vx ()0 @)
(V(Ax ¢(x)))y=0 @)

—
—
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmiillerPaulson, LogicaUniversalis, 2013]
[BenzmllerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(O¢) @

(@P)y—0 @)

((Apu—so AWy Muy (mrwu N @u)) ¢)y-0 a)
Vuy (mrau vV ¢y u)

L1

We have extended this also for first-order and higher-order quantifiers!

(Vx ¢(x)) 2

(VX (X))o @)

(V(Ax §(x)))p=0 @)

(((/lhyﬁ(;zﬁo)/lwy\{dy hdw)(Ax ¢(x)))/1—>0 a)

L
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Advantage: 5. Relation to standard translation
extra-logical translation vs. extended intra-logical translation (here)

[BenzmiillerPaulson, LogicaUniversalis, 2013]
[BenzmllerWoltzenlogelPaleo, ECAI, 2014]

Intra-logical realisation of the standard translation
(O¢) @

(@P)y—0 @)

((Apu—so AWy Muy (mrwu N @u)) ¢)y-0 a)
Vuy (mrau vV ¢y u)

L1

We have extended this also for first-order and higher-order quantifiers!
(Vxp(x)) @

(Vx ¢(x))p—0 @)

(Y (Ax ¢(x)))p—0 @)

(((/lhyﬁ(;zﬁo)/lwy\{dy hdw)(Ax ¢(x)))/1—>0 a)

Vdy (¢(d)y—o a)

LEL
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Advantage: 6. Meta-logical reasoning

various examples already exist, e.g. verification of modal logic cube
[Benzmuiller, FestschriftWalther, 2010]
[BenzmuillerClausSultana, PxTP, 2015]

54} [S5] = m5=MB5 = M4B5
= M45 = M4B = D4B
= D4B5 = DB5

oP - P

P — ooP
oP — OP
oP — ooP
OP - OoP

gahroD=

Lt

- >B

C

I_U_I

L]
AR—>=

K4} K45 [KB5] = K4B5 = K4B

[K} kB
Verification of cube in less than 1 minute in Isabelle/HOL
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Advantage: 7. Direct calculi and user intuition
abstract level tactics (here in Coq) on top of embedding, hiding of embedding

[BenzmiillerWoltzenlogelPaleo, CSR'2015]

Lemma mp_dia:

[mforall p, mforall q, (dia p) m-> (box (p m-> q)) m-> (dia qg)].

Proof. mv.
intros p q H1 H2. dia_e H1. dia_i wO. box_e H2 H3. apply H3. exact HI1.
Qed.

vp

Wo —E

Oq
Op — (O — q)) — (0q)
Vp.¥q.0p — (O(p — q)) — Oq

1.2
—1, 2
Vi, V1

C. Benzmiiller, 2016 — The Inconsistency in Gédel’s Ontological Argument
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Advantage: 8. Soundness and completeness
already proven for many non-classical logics (wrt Henkin semantics)

Soundness and Completeness
EL o iff Ax EHOL yalid Gu—o

Henkin

Logic L:
» Higher-order Modal Logics [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]
> First-order Multimodal Logics [BenzmiillerPaulson, LogicaUniversalis, 2013]
> Propositional Multimodal Logics [BenzmdillerPaulson, Log.J.IGPL, 2010]
» Quantified Conditional Logics [Benzmiiller, IJCAI, 2013]
» Propositional Conditional Logics [BenzmiillerEtAl., AMAI, 2012]
> Intuitionistic Logics [BenzmiillerPaulson, Log.J.IGPL, 2010]
» Access Control Logics [Benzmiiller, IFIP SEC, 2009]
» Logic Combinations [Benzmiiller, AMAI, 2011]

> ...more is on the way ... including:
> Description Logics
> Nominal Logics
> Multivalued Logics (SIXTEEN)
> Logics based on Neighborhood Semantics
> (Mathematical) Fuzzy Logics
> Paraconsistent Logics
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Advantage: 9. Cut-elimination
generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)

Soundness and Completeness

EL o iff  Ax EHOL valid @, o

Henkin

Logic L:

>

>

>

Higher-order Modal Logics [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]
First-order Multimodal Logics [BenzmiillerPaulson, LogicaUniversalis, 2013]
Propositional Multimodal Logics [BenzmdillerPaulson, Log.J.IGPL, 2010]

Quantified Conditional Logics
Propositional Conditional Logics

[Benzmdiller, IJCAI, 2013]
[BenzmuillerEtAl., AMAI, 2012]

Intuitionistic Logics [BenzmiillerPaulson, Log.J.IGPL, 2010]

Access Control Logics

Logic Combinations
.. more is on the way ... including:

> Description Logics
> Nominal Logics
> Multivalued Logics (SIXTEEN)
> Logics based on Neighborhood Semantics
> (Mathematical) Fuzzy Logics
> Paraconsistent Logics

C. Benzmiiller, 2016 —The istency in Godel's O ical Argument
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Advantage: 9. Cut-elimination
generic indirect result, since HOL enjoys cut-elimination (Henkin semantics)

Soundness and Completeness and Cut-elimination
EL o iff Ax EHOL yalid Gu—o iff Ax FHOL  yalid Guo

Henkin cut-free

Logic L:
» Higher-order Modal Logics [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]
» First-order Multimodal Logics [BenzmiillerPaulson, LogicaUniversalis, 2013]
> Propositional Multimodal Logics [BenzmdillerPaulson, Log.J.IGPL, 2010]
» Quantified Conditional Logics [Benzmiiller, IJCAI, 2013]
> Propositional Conditional Logics [BenzmiillerEtAl., AMAI, 2012]
> Intuitionistic Logics [BenzmiillerPaulson, Log.J.IGPL, 2010]
» Access Control Logics [Benzmiiller, IFIP SEC, 2009]
» Logic Combinations [Benzmiiller, AMAI, 2011]

> ...more is on the way ... including:
> Description Logics
> Nominal Logics
> Multivalued Logics (SIXTEEN)
> Logics based on Neighborhood Semantics
> (Mathematical) Fuzzy Logics
> Paraconsistent Logics
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Part B:
New Knowledge on the Ontological Argument
from HOL ATPs

C. Benzmiiller, 2016 — The Inconsistency in Gédel’s Ontological Argument
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Vision of Leibniz (1646-1716): Calculemus!

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than be-
tween two accountants. For it would
suffice to take their pencils in their
hands, to sit down to their slates, and
to say to each other ...: Let us calcu-
late.

(Translation by Russell)

Quo facto, quando orientur controversiae, non magis dispu-
tatione opus erit inter duos philosophos, quam inter duos
Computistas. Sufficiet enim calamos in manus sumere
sedereque ad abacos, et sibi mutuo ... dicere: calculemus.
(Leibniz, 1684)

Required:
characteristica universalis and calculus ratiocinator

C. Benzmiiller, 2016 — The Inconsistency in Gédel's Ontological Argument 24



Our Contribution: Towards Computational Metaphysics

Ontological argument for the existence of God

» Focus on Gddel’s modern version in higher-order modal logic

» Experiments with HO provers and embedding approach

C. Benzmiiller, 2016 — The Inconsistency in Gédel’s Ontological Argument
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Our Contribution: Towards Computational Metaphysics

Ontological argument for the existence of God

» Focus on Gddel’s modern version in higher-order modal logic

» Experiments with HO provers and embedding approach

Different interests in ontological arguments

» Philosophical: Boundaries of metaphysics & epistemology
» Theistic: Successful argument could convince atheists?

» Ours: Computational metaphysics (Leibniz’ vision)
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Our Contribution: Towards Computational Metaphysics

Ontological argument for the existence of God

» Focus on Gddel’s modern version in higher-order modal logic

» Experiments with HO provers and embedding approach

Different interests in ontological arguments

» Philosophical: Boundaries of metaphysics & epistemology
» Theistic: Successful argument could convince atheists?

» Ours: Computational metaphysics (Leibniz’ vision)

Related work: only for Anselm’s simpler argument

» first-order ATP PROVER9 [OppenheimerZalta, 2011]
» interactive proof assistant PVS [Rushby, 2013]
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A Long History

pros and cons

@) (%) o
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Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

To show by logical, deductive reasoning:
“God exists.”
AxG(x)
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A Long History

pros and cons
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Anselm’s notion of God (Proslogion, 1078):
“God is that, than which nothing greater can be conceived.”

Godel’s notion of God:
“A God-like being possesses all ‘positive’ properties.”

To show by logical, deductive reasoning:
“Necessarily, God exists.”
O0dxG(x)
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Godel’s Manuscript: 1930’s, 1941, 1946-1955, 1970
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOVYI(P(¢) A BYx[p(x) = ¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property possessed by it and necessarily implying
any of its properties: ¢ ess. x & d(x) A Yy (x) = OVy((y) = ()
Being God-like is an essence of any God-like being: Vx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Yol ess. x — Odyp(y)]
Necessary existence is a positive property: P(NE)
Necessarily, God exists: 0dxG(x)
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOVYI(P(¢) A BYx[p(x) = ¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property poss it and necessarily implying

any of its properties: ¢ ess. x «f d(x) A|YY @ (x) = OVY(() = ¥()))
Vx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its

essences: NE(x) & Yol ess. x — Odyp(y)]
P(NE)

O0dxG(x)

Being God-like is an essence of any God-like bemng:

Necessary existence is a positive property:
Necessarily, God exists:

Difference to Gédel (who omits this conjunct)
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is posilive:

VYOVY[(P(9) X[¢(X) - Y] - PW)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]

The property of being God-like is positive:
Possibly, God exists:

P(G)
Positive properties are necessarily positive: Vo[ P(¢)
An essence of an individual is a property possessef by it and necessarily#hplying
any of its properties: ¢ ess. x & Jx) A Y (x) » oHlo(y) = ()
ng: Vx[G(x) = G ess. x]
Necessary existence of an individual is the negessary exgafplification of all its
essences: WL (x) & Yoo ess. x — Odyd(y)]
P(NE)
O0dxG(x)

Being God-like is an essence of any God-like bg

Necessary existence is a positive property:
Necessarily, God exists:

Modal operators are used
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not
A property necessarily implied by a positiy,

Yoyl

Positive properties are possibly exemplffied:
A God-like being possesses all positivg properties:
The property of being God-like is posifjve:

Possibly, God exists:
Positive properties are necessarily posltive:
An essence of an individual is a proper

both: Vo[P(—¢) & —P(d)]
ty is positive:

(P(¢) A OYx[¢(x) = y(x)]) = P(Y)]

Yo[P(d) — ©Ixg(x)]

G ¢) = ¢

P(G)

OAxG(x)

V¢[P($) — OP(§)]

possessed by it andAecessarily implying

any of its properties: dkss. x & d(x) A Yyl(x) — OVY(d(Y) — ¥()))

Being God-like is an essence of any Go

Necessary existence of an individual is t
essences:

Necessary existence is a positive property
Necessarily, God exists:

Yx[G(x) — G ess. x]

¢ exemplification of all its
NE(x) & Yol ess. x — Odyp(y)]

P(NE)
O0dxG(x)

second-order quantifiers

C. Benzmiiller, 2016 — The Inconsistency in Gédel’s Ontological Argument

31



Godel’s God in TPTP THF

>
>
> Beweise-mit-Leo2 Notwendigerweise-existiert-Gott.p

Leo-1I tries to prove

Goedel's Theorem T3: "Necessarily, God exists"
thf(thmT3,conjecture,
(v
@ ( mbox
@ ( mexists_ind
@ " [X: mu] :
(gex)))).

Assumptions: D1, C, T2, D3, A5
. searching for proof ..
RRRRRRRRR R
*  Proof found *
skkkkbkkkkkkRR Rk

% SZS status Theorem for Notwendigerweise-existiert-Gott.p

. generating proof object

Url to movie: http://www.christoph-benzmueller.de/papers/Moviel.mov
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Godel’s God in Isabelle/HOL

MT@d@0 & 9¢ K0 @ - EHEE B & @ |e»
[ Scote_S5U.thy (~/GITHUBS/ compmeta/iectures/ Demo)) 3
T theory Scott_S5U imports QML_S5U
begin
consts P :: "(pu=o)=0o"
axiomatization where

T Al: "|[VE. P("®) < —P(P)|" and

A2: "|VD.VW. (P(P) A O(Vx. ®(x) — W(x))) — P(¥)|"
T definition G where

D1: "G(x) = (V®. P(®) — P(x))"
c[ axiomatization where
[
[
[

oA alElS DIEPIS UoKRNALMOG (B

A3: "[P(G)]|" and

Ad4: "|VO. P(P) — O(P(D2))]|"
definition ess (infixr "ess" 85) where

D2: "® ess x = ®(x) A (VV. U(x) — O(Vy. ®(y) — ¥(y)))"
definition NE where

D3: "NE(x) = (V®. & ess x — O(Ix. #(x)))"
axiomatization where

AS: "[P(NE)|"

theorem (* Notwendigerweise, existiert Gott *)

(¥ Proof state  ( Auto updare | Update | Search: [ ~] 100% =

2~ | Output Query Sledgehammer Symbols
18,1 28/1169) Gsabelle.isabelle,UTF- 8- Isabello) UG B/ 1176V 251 P

Url to movie: http://www.christoph-benzmueller.de/papers/DemoMovieLehrpreis2.mov
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Godel’s God in Coa

800, Coglde.

Flle Edit Navigation TryTactics Templates Queries Display Compile Windows Help

HEHXY22F200

Orscratcht |em.|.v | @Modaiciassicatv Ficoedelcos-scotty

(* Constant that positive *) =517 ?-ﬂ;qoals
arameter Positive: (u -> o) -> o. 208 .
1 : Positive p w
(* Axiom Al: either a property or its negltxon is positive, but not both * [iz : box (m- (mexists x : u, p X)) w
ion axiomla : V (mforall p, (Positive (fun x: u => m-(p x))) m-> (m~ (Positive p))). SEoTaTT AT —
iom axiomlb : V (mforall p, (m- (Positive p)) m-> (Positive (fun x: u => m~ (p x))) ). X (utorailyxypurguey D

(* Axiom A2: a property necessarily implied by a positive property is positive

(On axion2s V" (nborall b, méorall a, Positive Bm/\ (box- (nforall x, (b x) A (@ x)3) | oI5

(* Theorem T1: positive properties are possibly exemplified *

[fheoren theoreml: V (mforall p, (Positive p) m-> dia (mexists x, p X) ).
[proof.

lintro.

[proof_by_contradiction H2.
lapply not_dia box_not in

(1/2)

(2/2)

lassert (H3: ((box (mforall x, m= (P X))) ®)): (* Lemma from Scott's notes *)
box_intro wl RL.

intro x.

ssgert (H4: ((m (mexists x & u, p X)) W1)).
box_elim H2 wl Rl G2.
exact G2.

Fieos () o 6 o

exact H5.
assert (H6: ((box (mforall x, (p X) m-> m~ (x m= x))) w)). (* Lemma from Scott's notes *
box_intro wl R1.

box elm\ B3 vl Rl G3.

annTer 02w

See verifiable Cogq document at:
https://github.com/FormalTheology/GoedelGod/tree/master/Formalizations/Coq
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“God is dead.”

- Nietzsche, 1883

“Niectzsche is dead.”

- God, 1900

Findings from our study
[BenzmiillerWoltzenlogelPaleo, ECAI, 2014]
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

Al
A2
T1
D1
A3

A4
D2

D3
AS

MC

FG

MT

co

DY
co’

HOL encoding dependencies

V812 By o (X (X)) £ “(ph)]
[Y@H'r- vw,tl—‘ﬂ'(p(lt4|r')?y¢ AYX,.(9X D yX)) D py]

Ydy-o- Pu—c)—cd > 3X,-$X] Al(2),A2
. Al,A2

Bu-o = A Nuoe Plum oy o S X

[p'(‘.'(—rv']—ra'gﬂﬁlr

[63X,n g0 X] T1,D1,A3
A1,A2,D1,A3

Véyson Pu—so)-o$ S Opgl . .

€8Sy = Apuso AX e SX AVY - (X S OVY . (Y D YY)

VX £ X S (€58 (um ) 8 X)] Al1,D1,A4,D2

Al1,A2,D1,A3,A4,D2
NE,.; = AX,. Vo (es5 X S5 (1AY .. 6Y)

[Py—c)~oNE,—o.

[B3X, g e X1 D1,C,T2,D3,AS
Al1,A2,D1,A3,A4,D2,D3,AS
D1,C,T2,D3,A5
Al1,A2,D1,A3,A4,D2,D3,A5

[ss D Os,] D2,T2,T3

. i Al,A2,D1,A3,A4,D2,D3,A5
Ve VX (g e X D (H(Plum)-e ) 5 2($X)))] AL, D1
Al1,A2,D1,A3,A4,D2,D3,A5
VX VY (8o X D (g Y 35X =) DLFG
Al1,A2,D1,A3,A4,D2,D3,A5

0 (no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3,A5

€511 = Wesrr AXe Wy (PX 3 BVY, (BY SYT))

0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS
Al,A2,D1,A3,A4,D2°,D3,A5

logic

KB
KB

KB
KB
KB
KB
KB
KB

KB

KB
KB

status

THM
THM

THM
THM

THM
THM

CSA
CSA
THM
THM

THM
THM
THM
THM
THM
THM

SAT

UNS
UNS

LEO-IT
const/vary

0.1/0.1
0.1/0.1

0.0/0.0
0.0/0.0

19.1/18.3
12.9/14.0

——

_/_
0.0/0.1
_/_

17.9/—
_/_
16.5/—
12.8/15.1
_/_
_/_

——

7.5/7.8
——

Satallax
const/vary

0.0/0.0
0.0/5.2

0.0/0.0
52/313

0.0/0.0
0.0/0.0

—)—

_/_
0.1/53
_/_

33/32
_/_
0.0/0.0
0.0/5.4
0.0/3.3
_/_

—f—

—f—
—f—

Nitpick
const/vary

—/—
—f—

—f—
—/—

—f—
—/—
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding dependencies logic status LEO-II Satallax Nitpick
Al Vo Pyor-o(AXye 5($X)) = 5(pg)]
A2 Yoo YW om (Pucyoo® A OV X, (9X DY X)) S py]
Tl Voo Pumarmod D OIX,-$X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 ——
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——
D1 Bu-c = /IX#' VPuor Plu—c)—o® SéXx
A3 [p_h-_l‘*LTJAGrgﬂ‘"T
C [63X - 2,0 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
A1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—
A4 [Vuo Ppoorod S Opdl . .
D2 S (u0) s = Ay AX X AV, o- (PX D TVY,. (§Y D YY)
T2 VX guoX D (€8Suo)pogX)] Al1,D1,A4,D2 K THM 19.1/18.3 0.0/0.0 ——
Al1,A2,D1,A3,A4,D2 K THM 12.9/14.0 0.0/0.0 ——
D3 NE,_o = AX,.Vd, .o (ess $X 5 OAY .. 6Y)
A5 [Ply-o1-oNEye
T3  [B3X,g.--X] D1,C, T2,D3,AS K CSA —/— —— 3.8/6.2
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —— 82/75
D1,C,T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 —f—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— —/—
MC [syS0sq] D2,T2, T3 KB THM 179/— 3.3/3.2 ——
. . Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
FG  [Vu—oe VX (8o X D ((Plyo )~ P) D H(9X)))] Al,D1 KB THM 165/— 0.0/0.0 ——
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/151 0.0/5.4 ——
MT VX VY (guoX D (gue0¥ 3X=Y)] DI1,FG KB THM —/— 00/33  —/—
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— — —
CO  0(no goal, check for consismgcy) Aly, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —f— 13/74
D2 eSSquao)mpmo = Auoar AX Yo (WX D OVY,- (Y S9Y))
CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —f— —f—
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al [Vymn Pluaoro (X (@X)) £ +(p)]
IWvrs YA L =

Ao PW RSV AL

Tl Voo Pu—e)mc® D SIX,.6X] Al1(2),A2 K THM 0.1/0.1 0.0/0.0 —
Al,A2 K THM 0.1/0.1 0.0/5.2 ——

Lo S RS YA ey e e

A3 [Pyor=oBu-v

C  [03Xugu-oX] T1,D1,A3 K THM 00/00  00/0.0 —/—
A1,A2,D1,A3 K THM  0.0/0.0 52/313 —/—

A4 [Vuo Ppoorod S Opdl . .

D2 eSSu-g)p—o = Ao AXyn X AVY o (PX S AVY,.. (Y SYY))

T2 VX gy X D (€55c)pog D Al,D1,Ad,D2 K THM 191/183 00/00 —/—
ALA2 DI A3 A4 D2 K THM__12.9/140 __00/00 —/—

NEyr = AX,u ¥y (d
[Pty—c)~oNEy—¢]
(69X, e X]

Automating Scott’s proof script

T1: "Positive properties are possibly exemplified"
proved by LEO-Il and Satallax
> in logic: K

5 » from assumptions:
VXV ; > A1 and A2
MT VXYY, (g..cXD(g
e ! > A1(>) and A2
CO  0(no goal, check for con > notion of quantification
D2 eSS(uag)mpmo = APuoo T .
CO" 0 (no goal. check for con > possibilist quantifiers (constant dom.)

> actualist quantifiers for individuals (varying dom.)
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

MT

co
DY
co’

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

Al Vo B0 (Ko 5B X0) £ (p9)]

A2 Vo Ve Buoyooh A BV K (X 2 YX0) 3 py]

Tl V8o Pluoe)-o® D OAX,-$X] Al(3), A2 K THM 0.1/01  00/00 —/—

. Al,A2 K THM 0.1/0.1 0.0/5.2 ——

Dl guo = XYy on Pluoyo$ 3 X

Al o o]

C [63X,n g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
A1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—

D2 eSSy = Ao A BX A Ve (X S BV, (Y 5 PF))

T2 VX guoX D (€8Suo)pogX)] Al,D1,A4,D2 K THM 19.1/18.3 0.0/0.0 ——
Al1,A2,D1,A3,A4,D2 K THM 12.9/14.0 0.0/0.0 ——

D3 NE,., = AV, .o (

[Pty—c)~oNEy—¢]
(69X, e X]

VX VY (guee X 5 (g4

0 (no goal, check for con:

[ |
0 (no goal, check for con:

Automating Scott’s proof script

C: "Possibly, God exists”
proved by LEO-Il and Satallax
> inlogic: K
> from assumptions:
> T1,D1, A3
> for domain conditions:

> possibilist quantifiers (constant dom.)
> actualist quantifiers for individuals (varying dom.)
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

MT

co
DY
co’

VX VY (guee X 5 (g4

0 (no goal, check for con:

[ |
0 (no goal, check for con:

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

Al [V¢,Ha- Pu—o)-o(AXye "(¢X))‘ “(pd)]

A2 [Vlﬁ,H.r Yoo (Pumoy 2o ABYX,. (9X DyX) > py]

Tl Voo Pu—oimoe® D 63X, 6X] Al(2),A2 K THM 01/01  00/0.0  —/—

. Al,A2 K THM 0.1/0.1 0.0/5.2 ——

D1 Bu-c = Ay NPyson Plu-r o > X

A3 [p_h-_l‘*LTJAGrgﬂ‘"T

C [63X - 2,0 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
A1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—

A4 [Vﬁ,Hv- Po)—o® D Opdl

02 — 14 L A X AL (LY S BUY (Y S e

T2 [vx,, Lo X 5 (€580 08 X)] Al1,D1,A4,D2 K THM 19.1/183 00/0.0  —/—
Al1,A2,D1,A3,A4,D2 K THM 12.9/14.0 0.0/0.0 ——

A5  [Puoo)— NE - ] a q

T3 [B9Ke, ﬁ:]’ Automating Scott’s proof script

T2: "Being God-like is an ess. of any God-like being”

proved by LEO-Il and Satallax
> inlogic: K
> from assumptions:
> A1, D1, A4, D2
> for domain conditions:

> possibilist quantifiers (constant dom.)
> actualist quantifiers for individuals (varying dom.)
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

Al [V¢,Ha- Pu—o)-o(AXye "('ﬁ‘X)) = =(pd)]

A2 [Vlﬂ,H.r A{/ (P(,Hupulﬁ ABYX,. (9X DyX) > py]

Tl Voo Pu—oimoe® D 63X, 6X] Al(2),A2 K THM 01/01  00/0.0  —/—

. Al,A2 K THM 0.1/0.1 0.0/5.2 ——

D1 Bu-c = Ay NPyson Plu-r o > X

A3 [p'(&—rv']—fa'g‘lﬁlr

C [63X - 2,0 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
A1,A2,D1,A3 K THM 0.0/0.0 52/313 —/—

A4 [vﬁpav" F(;Hp-po-¢ > tipg] 5 .

D2 eSSy = Ao A BX A Ve (X S BV, (Y 5 PF))

T2 VX guoX D (€8Suo)pogX)] Al,D1,A4,D2 K THM 19.1/18.3 0.0/0.0 ——
A1 AN TV A2 A4 1Y) K THA 17.0/14 0 nn/mnn /

D3 NE,.. = 1X,-Yé,.-(q  Automating Scott’s proof script

T3 [B3XuguoX]

T3: "Necessarily, God exists”

MT

co
DY
co’

proved by LEO-Il and Satallax
> in logic: KB
> from assumptions:
> D1, C, T2, D3, A5
> for domain conditions:

0 (no goal, check for con > possibilist quantifiers (constant dom.)
€55u)rp—r = APy > actualist quantifiers for individuals (varying dom.)

0 (no goal, check for con
For logic K we got a countermodel by Nitpick

VX VY (guee X 5 (g4
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding dependencies logic status LEO-II Satallax Nitpick
Al Voot Plum)o (AN S($X)) = 5(pp)]
A2 Vo Vpor Pluciso® A VX, (@X 5 YX)) S py]
Tl Voo Pu—e)mc® D SIX,.6X] Al1(2),A2 K THM 0.1/0.1 0.0/0.0 ——
Al,A2 K THM 0.1/0.1 0.0/5.2 ——
D1 Bu—c = AXps v'ﬁ#*v-l’@wv)ﬂv’ﬁ S¢Xx
A3 [Pyororo8u-e
C [03X e g0 X1 T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
A1,A2,D1,A3 K THM  0.0/0.0 52/313 —/—
AL NVyoPyoci-o® > Opg] ) .
D2 e884uc)umo = Wysa A $X AV e (BX S OVY,. (BY 5 YY)
T2 VX e X D (€55-0)pno 8 X1 A1,D1,A4,D2 K THM 19.1/183 00/00  —/—
A1,A2,D1,A3, A4,D2 K THM 129/14.0 0.0/0.0 ——
D3 NE,_o = AX,. Vi, .o (epamikatiatitat il
A5 [pu-c)-oeNE,¢] i 2 i
B e Automating Scott’s proof script
Summary
— > proof verified and automated
MC  [s;0Osc]
G [M > KB is sufficient (critisized logic S5 not needed!)
sgs VX >
MT VX V¥l X5 ) possibilist and actualist quantifiers (individuals)
> exact dependencies determined experimentally
co o al, check ft =
€0 lnogoal chee Ao » ATPs have found alternative proofs
(U= 0) =0
CO™ 0(no goal, check for con e.g. self-identity Ax(x = x) is not needed
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary

Al Voot Plum)o (AN S($X)) = 5(pp)]

A2 Vo Vo (P A nvx @XDyX) 3 py]

T1 [V¢”Hv_ P(A—ur)—«r¢3 ¢ A1) A0 A4 THM _(01/01 00/00 L

Dl gyw = X iy oepi Con5|stency check: Gédel vs. Scott

A3 [Pyororo8u-e

C 63X, g0 X] 5 n .

s » Scott’s assumptions are consistent;
Ad NPy 020D shown by Nitpick
o
> (e88y-) » Godel’s assumptions are inconsistent;
X, V.o ( shown by LEO-II (new philosophical result?)

Al AZ DI, A3 A4, D2, D3, A5 K CSA™T —/— —— 8.2[1.5
D1,C,T2,D3,A5 KB THM 00/01  0.1/53  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

MC  [s, S 0s,] D2,T2,T3 KB THM 179/— 33/32  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— —f—

FG Voo VX (8o X 5 (M(Pluo)-c ) D 2(@X))]  Al,D1 KB THM 165/—  0.0/0.0 ——
A1,A2,D1,A3,A4,D2,D3,A5 KB THM 128/151 00/54  —/—

MT VX VY (guoX D (gue0¥ 3X=Y)] DI1,FG KB THM —/— 00/33  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——

CO  0(no goal, check for consismgcy) Aly,A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 13/74

D2 e85uo0)mpmo = Moo AX s Vo (PX D OVY,. (Y D YY)

CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —— ——
Al,A2,D1,A3,A4,D2°,D3,AS KB UNS —/— —/— —/—
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Vo P (AX (X)) = 5(pg)]
A2 Yoo YW om (Pucyoo® A OV X, (9X DY X)) S py]
Tl Voo Pumarmod D OIX,-$X] Al(2),A2 K THM  0.1/0.1 0.0/0.0  —/—
. Al,A2 K THM 0.1/0.1 0.0/5.2 ——
D1 8u—o = AXp NPy o P s
A3 [Ply-o)=oBu-o Further Results
C [03X,n g0 X] -
o Wlopuoo o200 » Monotheism holds
o
T2 X = —o)- A
X3 sy » God is flawless
D3 oo = AV o (€
[Py—0)-oNEy-0]
[63X,. 840 X] D1,C, T2,D3,AS K CSA —/— —— 3.8/6.2
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —— 82/75
D1,C,T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 —f—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— —/—
MC [syS0sq] D2,T2, T3 KB THM 179/— 3.3/3.2 ——
Al A2 D A2 A4 D9 D1 AS IR MNSLY /
FG Voo VX (8o X D (2(Pluo)-c ) D 2(@X)))] Al,D1 KB THM 165/—  0.0/0.0 —
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/151 0.0/5.4 ——
MT VX VY (guoX D (gue0¥ 3X=Y)] DI1,FG KB THM —/— 00/33  —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —)— —/—
CO  0(no goal, check for consismgcy) Aly, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 13/74
D2 eS80 = Ao AXy- Vo (X 5 OVY, (Y YY)
CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —— ——
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding

Modal Collapse (Sobel)

Y8yt Plus) o (AN
Yoo W Py
Vo Pu—c)-o$ > 03

Bu—o = AX “Ima,-p@‘,
[p'b-_l‘*v']‘*a'gﬂ"l’

[63X,-2,-.X]

) = Mﬂ—»ﬂ'l
Xy 8o X D (eSS40

NEio = XV, .on (e
[p(ﬂ“D']A*O'NEK“W]

Yo(e D Op)

> proved by LEO-Il and Satallax
» for possibilist and actualist quantification (ind.)

> there are no contingent truths

Main critique on Godel’s ontological proof:

B B3 g-oX] » everything is determined / no free will
e 7 ' ;
MC [syS0sq] D2,T2, T3 KB THM 179/— 3.3/3.2 ——
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
TG V@u—o YA 8o A S CAPlu—) = s D— .U/U. ——
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 128/151 00/54  —/—
MT VX VY (guoX D (gue0¥ 3X=Y)] DI1,FG KB THM —/— 00/33  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— — —)—
CO  0(no goal, check for consismgcy) Al, A2,D1,A3,A4,D2,D3,A5 KB SAT —/— —— 13/14
D2 eSSquoc)mpmo = Mo AXy- Vo (WX D OVY,. (Y S YY)
CO’ 0 (no goal, check for consistency) Al1(2),A2,D2°,D3,AS KB UNS 17.5/7.8 —— ——
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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Main Findings [BenzmiillerWoltzenlogelPaleo, ECAI, 2014]

HOL encoding dependencies

Al V8o oo (WX (B X)) £ (pg)]

A2 Vyo Vo (Puapso A OV X, (BX 5 Y X)) S py]

Tl Voo Puorecd D S3X,.6X] Al(0),A2

. Al A2

D1 Bu-c = Ay NPyson Plu-r o > X

A3 [Pyororo8u-e

C  [63XueguoX] T1,D1,A3
Al1,A2,D1,A3

AL NVyoPyoci-o® > Opg] ) .

D2 eSSuoyuse = Ay AKX AV 0 (X S OVY,. (Y D YY)

T2 VX gumo X D (€55pmc)pno 8 X)] Al1,D1,A4,D2
Al1,A2,D1,A3,A4,D2

D3 NE,_o = AX,.Vd, .o (ess ¢X 5 OAY,.. 6)

A5 [py-o)-oNEy-o]

T3 (03X gu-cX]

DI1,C,T2,D3,AS

DI1,C,T2,D3, A5
Al A2. D1 A3, A4.D2

Al,A2,D1,A3,A4,D2,D3,A5

3,A5

Observation
> good performance of ATPs

> excellent match between
argumentation granularity in
papers and the reasoning strength
of the ATPs

3,A5
3,A5
3,A5

3,A5

D3, A5

logic

ksl

KB

KB
KB
KB
KB
KB
KB

KB

KB
KB

status

THM
THM

THM
THM

THM
THM

CSA

THM

THM
THM
THM
THM
THM
THM

SAT

UNS
UNS

LEO-IT Satallax Nitpick
const/vary const/vary const/vary
0.1/0.1 0.0/0.0 ——
0.1/0.1 0.0/5.2 ——
0.0/0.0 0.0/0.0 ——
0.0/0.0 52/313 —/—
19.1/18.3  0.0/0.0 ——
12.9/14.0 0.0/0.0 ——
—— —— 3.8/6.2
—)— — 82/75
0.0/0.1 0.1/5.3 —f—
—— ==
17.9/— 3.3/3.2 ——
—— D= -
16.5/— 0.0/0.0 ——
12.8/15.1 0.0/5.4 ——
—— 0.0/3.3 ——
—— == ==
—— —— 7.3/14
7.5/7.8 —— ——
—/— —— —/—
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Avoiding the Modal Collapse: Recent Variants

SOME EMENDATIONS OF GODEL'S
ONTOLOGICAL PROOF

C. Anthony Anderson

Kurt Godel's version of the ontological argument was shown by J. Howard
Sobel to be defective,
in a version which is immune to Sobel’s objection. A definition is suggested
‘which permits the proof of some of Gédel’s axioms.

Der Mathematiker und die Frage der Existenz Gottes
(betreffend Gédels ontologischen Beweis)

e g i
i
Sy
1. Einfiibrung
1

e R
e 3
e = o o

et s e ophicnen Rzum Wit e ettn e b i e
|ober Godels o P

Jinaer 1990), e Vs
‘chrfliche Verion gebeten var.
fde, entschlo ich mich, schnell eine erweiterte Kurzfassung* | zu schreiben, oine aus ik einen

Gaodel’s Ontological Proof Revisited *

C. Anthony Anderson and Michacl Gettings
University of California, Santa Barbara,
Department of Philosophy

Godel's version of the modal ontological argument for the existence of
God has boen iz by J. Howazd Sobel (] and modified by C. Authony

Magari and others on Gddel’s ontological
proof

Petr Héjek
Institute of Computer Science, Academy of Sciences
182 07 Prague, Czech Republic
e-mail: hajek@uivt.cas.cz

. In the. extent to
emendation is defeated by the type of objection first offered by prog i
Gaunilo to St. Anselm’s original Ontological Argument. And we try to push
the analysis of this Godelian argument a bit further to bring it into closer
agreement with the details of Godel’s own formulation. Finally, we indicate
what seems to be the main weakness of this emendation of Godel’s attempted
proof.

A New Small Emendation of
Gédel’s Ontological Proof

PETR HAIRK

Keyuords: Ontological proef, Giide, modal lgie, compaehension, posicive propestics

1. Introduction

Gédel’s ontalogical proof of necessary existence of a godlike being was finally
published in the third volume of (i6del’s collected works [7]: bt it became
known in 1070 when Gédel showed the proof to Dana Scoti and Scott pre-
sented it (in fact & variant of it) at & seminar at Princeton. Detailed history
i found in Adams’introciuctory remarks to the ontological pmuf in [7]. The
proof uses modal logic and its analysis is an exc in systems of
formal ol logic. Noodies 10 sny, formal sodal o s foumd soversl
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1 Totroduct
Thiaphpee d omtimusion oy peper (1] comomonion s
sively to ical ies of logical systems underlying Gédel's on-
tological proof [G] and its variant by Anderson [A}, with special care paid to

cal pr
Magari’s criticism [M]. Since [H) is written in German, we shall try to summa-
tize ts content in such a way that knowledge of (] will be not obligatory for
reading the present paper (even it remains advantageous). Here we describe

Understanding Godel’s
Ontological Argament

FRODE BIGRDAL *

11 1970 Kurt Gidel, in a hand-sritten note entitled “Ontologischer Boweis',
put forward an ontological argument for the existenze of God, making use of
second-order modal logical principics. Let the second-order formala P(F)
stand for “the property F is positive”, and lot “God” signify the property of
buing God-like. Gocel presapposes the following dofinizions:
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Magari and others on Gddel’s ontological

- - — proof
Gaodel’s Ontological Proof Revisited *
Petr Hajek
N C. Anthony Anderson and Michael Getting
SOME EMENDATIONS OF GODEL'S —— il T ST C T TTeT SeTes, FERIeRY oY STTeees
ONTOLOGICAL PROOF Department of Philcsophy 182 07 Praguf, Czech Republic
e-mail: haflek@uivt.cas.cz

Gadel's version of the modalontological argument for the existence of

C. Anthony Anderson God has been criticized by J. Hodgrd Sobel [5] and modified by C. Anthony
] In the it consider the extent to which Anderson’s 1 Introduction
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11 1970 Kurt Gidel, in a hand-sritten note entitled “Ontologischer Boweis',

put forward an ontological argument for the existenze of God, making use of
second-order modal logical principics. Let the second-order formala P(F)
stand for “the property F is positive”, and lot “God” signify the property of
buing God-like. Gocel presapposes the following dofinizions:
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Computer-supported Clarification of Controversy
1st World Congress on Logic and Religion, 2015
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Results Obtained with Fully Automated Reasoners
A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:Al' A2' A3' A4 A4' H:A4 A5 A5' H:A5 T3 T3' MC
Scott (const) - - - - N/I - - N/L - - P - P

Scott (var) - - - - N/I - - N/L - - P - P

Anderson (const) - - - - R (K4B) - - - R - - P CS
Anderson (var) - - - - R (K4B) - - - R - - P CS
Anderson (mix) - - - - R (K4B) - - - - - CS CS
Hdjek AOE' (var) - - CS S/l - - - S/ - - P(KB) CS
Hdjek AOE'_0 (var) - - - CS R - - - S/U - - P(KB) CS
Hdjek AOE" (var) - - - - S/ - - S/l - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdal (const) R (K4) - R R - R (KT) - - N/I - - P(KB) CS
Bjgrdal (var) CS - R R - R (KT) - - N/ - - P(KB) CS

C. Benzmiiller, 2016 — The Inconsistency in Gédel’s Ontological Argument

49




Results Obtained with Fully Automated Reasoners
A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:Al' A2' A3' A4 A4' H:A4 A5 A5' H:A5 T3 T3' MC
Scott (const) - - - - N/I - - N/L - - P - P

Scott (var) - - - - N/I - - N/L - - P - P

Anderson (const) - - - - R (K4B) - - - R - - P CS
Anderson (var) - - - - R (K4B) - - - R - - P CS
Anderson (mix) - - - - R (K4B) - - - - - CS CS
Hdjek AOE' (var) - - CS S/l - - - S/ - - P(KB) CS
Hdjek AOE'_0 (var) - - - CS R - - - S/U - - P(KB) CS
Hdjek AOE" (var) - - - - S/ - - S/l - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdal (const) R (K4) - R R - R (KT) - - N/I - - P(KB) CS
Bjgrdal (var) CS - R R - R (KT) - - N/ - - P(KB) CS

Leibniz (1646-1716)

C. Benzmiiller, 2016 — The Inconsistency in Gédel’s Ontological Argument

characteristica universalis and calculus ratiocinator

If controversies were to arise, there would be no more need of disputation between two
philosophers than between two accountants. For it would suffice to take their pencils in
their hands, to sit down to their slates, and to say to each other ... : Let us calculate.

But: Intuitive proofs/models are needed to convince philosophers
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Part C:
Reconstruction of the Inconsistency of Gédel’s Axioms
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Scott’s Version of Godel’s Axioms, Definitions and Theorems

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: Vo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOVYI(P(¢) A BYx[p(x) = ¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property posse t and necessarily implying

any of its properties: ¢ ess. x ] @t WY (W(x) — OVY((Y) = ¥(y)))
Yx[G(x) — G ess. x]

Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Yol ess. x — Odyp(y)]

P(NE)
O0dxG(x)

Being God-like is an essence of any God-like being:

Necessary existence is a positive property:
Necessarily, God exists:

Difference to Gédel (who omits this conjunct)
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Inconsistency (Godel): Proof by LEO-Il in KB

DemoMaterial — bash — 166x52
@sVB)@sv3)=Sfalse) | (((p@(~[SXB:mu,SX1:Sil: $False))@sV3)=strue))),inference(prim subst, [status(thm)l 166: [bind (SV11, Sth7(~[SV23imu, SV24:81): s7alse))])).
th¥ (B4, plain, (| (5V22 (mus{$i>¢o) ), V3151, SVBs (mu($150)) 1 0((SVB@l [ (sK2_SY33ESV3)a(~[SXB:nu, SKLs (~ ([SV2265K0)@SX11)) )@SVB) dal ( (sK1_SY31e(~[SXBsnu, SK1séil: (
~ ((5V22B5X0)@5X1))) JESVBIESVI ) )=strue) | (((p@SvRIGSV3)=sTalse) | (((pB(5KB:my, SXI:S1l: [~ ((svu@sm@sxn)))@svn =struel}), interence (prin_subst, [status(tha) ], (66
: [bind(SV11,Sthe(~[SV28:my, SV21: (~ [(sV22ESv28)esvai) ) )11,
EnFB5, plain, (! (5V4:61,5V0: (mus(5i-50)) 13 ({{(p@(~[SY275mu, SY2B:61]: [~ ((SVOESY27)@SY28))))esv4)=stalsel | ((1(peSwa)@sve) =
@svzaJJ))@5\/4)J=sfalse))J.mferenze(fac;estr, [status(tnm)l,[sa 1}

= ((p@l~5¥27:mu,5¥28:$1): (~ ((SVIE5Y27)
h(86, plain, (1[SY4:51,5V0: (mu>(Si>S0) ) J: ((((p@(~[SY29:mu,§Y38:5i]: (~ ((SVOESY29)@SY3R))))@SV4)=Strue) | ((((p@SVI)ESV4) = ((p@(*[SY20:mu,5Y30:51): (~ ((SVOESY29)@
5Y38))) J@SV4) )=s7alse) )}, inferencel fac_restr, [status(thal], [57))).

th(B7,plain, (! [SV4:$1,5Va: (mu=(Si>Se))): ((((~ (((p@SVa)@Sv4) | ((p@(~[SY27:mu,S¥28:%1]: (~ ((SWOESY27)@SY28))))@s¥4))) | (~ ((~ ((p@sva)@sva)) | (~ ((p@l~[Sy27:mu,
SY28:8i]: (~ ((SVOESY27)@SY28))))@svd)))) Lse) | (((p@(~[SY27:mu,5Y28:83): (~ ((SVOESY27)@SY2H))))@SV4)=5False)) ), inference(extcn?_equal neg, [status(thm)], [85]))

thf(88,plain, (! [S¥4:51,5V8: (mu=(Si>Su)) )z ((((~ (((p@SVI)@SVA) | ((p@(~[SY28:mu,SY30:51): (~ ((SVBESY20)ESYIR)))I@EV4))) | (~ ((~ ((p@SVE)@sv4)) | (~ ((p@(*[SY29:mu,
5Y38:5i]: (~ ((5VOE5Y20)@5Y3R))))@sv4)))))=sfalse) | (((p@(*[5Y29:mu,5Y3B:81): (~ ((SVAESY20)@5Y3R))))@sV4)=strue))), inference(extcn?_equal_neg, [status(thm)], [ .

th(92,plain, (! [SV4:$1,5Va: (mu=(Si>Se))): (((~ ((~ ((p@SV9)@SV4)) | (~ ((p@(~[SY27:mu,5¥2B:$i]: (~ ((SVO@SY27)@SY28))))@sva))))=stalse) | (((p@(~[SY27:mu,S5Y28:$1]:

alse))], inference(extcn?_or_neg, [status(thm)], (871)).
5VB.(mu>t$J}$nll| G~ (((p@Svo)@sv4) | ((p@(~ISY29:mu,5Y30:8i]):

(~ ((5¥9E5Y20)@SY30) ) ) )@sv4) ) )=s7alse) | (((p@(~[SY29:mu,5Y3B:81): (~ ((SVo@
5Y29)@5Y30) ) ) )@sva)=strue)) ), inference(extenf_or_neg, [status(thm)], (89)))
£hF196, plain, (1 (SV4:51,5V0: (mu>(5i>S0) 1 1: ((T(~ ((peSVOIESVEN) | [~ (Eu@( [SYZ? mu, SY28:$i): (~ ((SV9@SY27)@SY28))))@SVA)))=5true) | (((pE(~SY27:mu,5¥28:5il: (~ ((S
false))), inferencelextcn?_not_neg, [status(thm) ], [92])
£n#(97, plain, (! (Sv4:51,5V9: (mu={5i-50) ) 1 (((((pESVSIasva) | ((pal™ [svza nu, 5Y3ﬂ $il: (~ ((Svo@SY20)@sy3e))))esva))=strue) | (((p@(~[SY29:mu,SY38:51): (~ ((SVIESY29)
©5Y38))))@5V4) =St rue))) , inference (extcn_not_neg, [status(thm)], [93])
th7(168, plain, (! [SV4:81,500; (mu>($l>$nl)|

(((~ ({peSVI)ESVA) )= Strue} | U~ ((p@(~[SY27:mu,SY28:5i): [5¥27:mu, 5Y28: 5113
se))), inference(extenf_ar_pos, [status(tha)], [96])).

thf(101,plain, (! [SV4:$i,5v0: (mu>($1>$n))l ((((p@sVEJ@S\M] strue) | (((p@l ("[SYZE mu,5Y30:8i): (~ ((SVI@SY29)@SY38))))@Sva)=strue) | (((p@(~[SY29:mu,SY30:51]
985Y20)E5Y38) )))@SY4)=Strue) ) ), inference extcn? or_pos, [status(thm)], (87

(163, plain, (1 [SV4:41,509: (mum (S15801 )1+ (1 ((paSVOIESV4)=statse) | tt~ ((p@( [5¥27:mu,5¥28:81] [~ [(SVOGSY27)@SY28))))@SV4) )=strue) | (((p@i*(5Y27:mu, SY28:8i): (
HSVE@SYZ?)@SVZE]]])@S\MJ false))), inference(extenf_not_pos, [status(thm)], [108)))

th7(185, plain, (1 [SV4:Si,5V0: (mu>(53>$0) ) ): ((((p@(~[SY27:mu, SY28:5i): [~ ((sw@svumsvza)nmsvm sfalse) | (((p@SVD)@SV4)=Sfalse) | (((p@(*ISY27:mu,5Y20:8i):
SVBESY27)@5Y281)) )@SV4)=4alse))) , inference exten?_not_pos, [status(thm)l, [183])

th(107,plain, (! [SVB: (mu>(Si>S0)),5V3:5i,5v22: (mu>($i>50) )] : c(((svu@tt(us,svn@sva)@( [5xe

(~ ((SV2265X8)ESX1)) ) JESVB)ESV3) )=Strue) | (((pESVB)@SV3)=SFalse] | (((p@i™(SXE:mu,SXL:Sil:
1, 1781)).

th#(188, plain, (! [S¥11: (mu=($i2$0)),5¥3: $1,5V15: (mu=($1250) ) ):
SX1:8i): (~ ((SV15ESX8)@sx1))))@sv3))=stalse) | (((p@(~[Sxe:
sitha)l, (81))).

tnf(m,plam (1[5¥4:81,5V0: (mu=($1250) )]

(~ ((5¥9@SY27)@SY28) ) ) )@sva!

((SVB@eSY27)@5Y28) ) ) )@Sv4) b=strue) | (((p@(*

ol (hsy

(LN
u (~ ((Sv22@SX8)@Sx1))))@SVe) )@( ((sK1_Sy31@(~[Sx@:mu,5X1:51]:
(~ ((svzz@sxa)@sxl)m@sv]) Struel)), inerence (exten?_not_neg, [statusithn

(((5¥156( ((5K2_5Y33@5V3)@SV11) @i~ [SKB:mu, 5X1:$1)
u,5X1:81]

s i~ ((SVIS@SKR)@SX1))1) )@l {{sK1_SYIIesVI1)e(* (SXBznu,
(~ ((SV15@5X8)@SX1))) )@S¥3)=sfalse) | (((p@S¥11)@sv3)=strue))),inferencelextent_not_pos, [statu
(0 (p@A[5Y27:mu, 5Y28: 1)t (~ ((SWORSY27)@SY2B))))@Svd)=salse) | (((p@SVa)@sv4)=sfalse))), inferencelsim, [status(tha)], (18
({0 (peSVOIESV4)=Strue) | (((p@(~[SY29:mu,5Y30:81):
thf(111,plain, (! [S¥3:$1,5VB: (mu=(Si=$e))): ((((p@SVB)@SVI)=$false) | (((p@(~[Sxa:: : Strue))@sv3)=strue))),inference(sim, [status(thm)], [76])).
ERE(112,plain, (1 [SV11: (s (S1o30] ), 8V0L 31 ((( (BOIA 9K mu, X161 Sfaee) |CSV3-5alea) | (((RESVIT)ESHa)-strue) ) ) inserance | sin, (status (thal 1, (B011).
7113, plain, ((($talse)=strue) ), inferencel fo_atp_e, [status(thn |, (25,112, 111,118,109, 108,187, 64, 83,82, 75, 74, 73,72, 71,78, 69, 68, 67,66, 65, 62,57, 56,51, 42,2811
thi(114,plain, ($7alse) , inference(solved_all_splits, [solved_all_splits(join

sh
th(110, plain, (! [SV4: $1,5V0: (nu=(5i>Sa))]: (~ ((SV9@SY29)@SY38))))ESV4)=Strue) )), inference(sim, [status(thm) ], [181]
n.

S0, 11131)).
% SZS output end (NFRefutation

derivation protocol s
clauses in derivation: 97 s
Sprce Clause counter: 113 meex

% SZS status Unsatisfiable for ConsistencyWwithoutFirstConjunctinD2.p : (rf:@,axiom:
extenf_combined: true,expand_extuni:false, foatpie,atp_tineout:25,atp_calls_frequenc
ation: fof_full)

ontole

/Ps:3,ut6,ude: false, rLeibEQ: true, rANdEQ: true, use_choice:true, use_extuni:true, use.
8, ordering: none, proof_output:l, clause_count:113,loop_count:8, foatp_calls

:2,transt
emoMaterial cbenzmuellers [
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Inconsistency (Godel): Verification in Isabelle/HOL (KB)

I@dE & 9 ¢ X[Oh @ 0BT

5 GoedelGodWithoutConjunctinEss_KB.thy

| oG

oedelGodWithoutConjunctinEss_KB.thy (~/GoedelGod/Talks/2015/LogicAndReli

on/DemoMaterial /)

-

-

@

theory GoedelGodwithoutConjunctInEss_KB imports QML

and A2: '[V(A®. V(AT. (P & maA O (V(Ax. & x m

-- {* Positive properties are possibly exemplified. *}
theorem T1: "[¥(A®. P @ m— o (3 €))1"

definition ess (infixr "ess" B5) where "® ess x = ¥(AU. ¥ xm

-- {* The empty property is an essence of every individual. *}
lemma Lemmal: "[(%(Ax.( (Ay.\w. False) ess x)))]"

definition NE where "NE x = ¥(AP. ® ess x m— O (3 ®))"
axiomatization where sym: "x ry — y r x"

-- {* Exemplification of necessary existence is not possible. *}
lemma Lemma2: "[m— (o (3 NE))]"

axiomatization where AS: "[P NE]"

-- {* Now the inconsistency follows from A5, Tl and Lemma2 *}

lemma False

end

> Output Query Sledgehammer Symbols

begin
consts P ! "(p = o) = o
axiomatization where Ala: "[¥(A®. P (Ax. m= (@ x)) m— m—= (P ®))1"

> W ox))) m— P W)Y

by (metis Ala AZ2)

> O (V{Ay. & y m— T y)))"

by (metis ess_def)

by (metis sym Lemmal NE_def)

by (metis AS Tl LemmaZ)

1

SIMORYL  IDPPIS  uonBIUAWNIOQ

[ 11,1 @477/1005)
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Inconsistency (Godel): Verification in Isabelle/HOL (K)

¢ CoedelCodWithoutConjunctinEss_K.thy

TE@dME & 49¢ {0 @ DRI B & © e

| [ GoedelCodWithoutConjunctinEss_K.thy (~/GoedelGod/Talks/2015/LogicAndReligion/DemoMaterial/)

¥ |theory GoedelGodWithoutConjunctInEss_K imports QML

begin
consts P :: "(p = og) = o"
definition ess (infixr "ess" 85) where "® ess x = ¥(AW. ¥ x m— O (¥(Ay. & y m— ¥ y)))"
definition NE where "NE x =Y%M, ® ess x m— O (3 &))"

axiomatization where Ala: "[V(AP. P (M. m= (@ %)) m— m— (P ®))]"
and AZ: "[V(AD. V(M. (P @ mA O (V(Ax. & x m— ¥ x))) m— P ¥))1"

-- {* Positive properties are possibly exemplified. *}
- theorem T1: "[V(AP. P & m— < (4 ®))]" by (metis Ala AZ2)

L == {* The empty property is an essence of every individual. *}
lemma Lemmal: "[(¥(Mx.((Ay.Aw. False) ess x)))]" by (metis ess_def)

axiomatization where A5: "[P NE]"

== {* Now the inconsistency follows from A5, Lemmal, NE_def and T1 *}

@| lemma False

-- {* sledgehammer [remote_leo2] *}

& by (metis A5 Lemmal ME_def T1)

* J|end I

B w Qutput Query Sledgehammer Symbeols

4

S2U0aYl  HIINRPIS  UOIRUBWNRIOQ

[ 21,7 (980/982) (isabelle,sidekick,UTF-8-1sabelle) UGHEE
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Inconsistency (Godel): Informal Argument (in KB and K)

Def. D2 ¢ ess. x o DL Y (Y(x) — OVy(@(y) = ¥(»)

C. Benzmiiller, 2016 — The Inconsistency in Godel's Ontological Argument
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Inconsistency (Godel): Informal Argument (in KB and K)

Def. D2* ¢ ess. x & D7 YY((x) — av¥y(e(y) — ¥())

Lemma 1 The empty property is an essence of every entity.
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Inconsistency (Godel): Informal Argument (in KB and K)

Def. D2 @ ess. x & DT VY (x) — OVy(d(y) = ()
Lemma 1 The empty property is an essence of every entity. Vx (0 ess. x)
Theorem 1 Positive Properties are possibly exemplified. Vo[P(¢p) — Odxp(x)]
Axiom A5 P(NE)
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Inconsistency (Godel): Informal Argument (in KB and K)

Def. D2* ¢ ess. x © BT YY) — DY) = ¥()))
Lemma 1 The empty property is an essence of every entity. Vx (0 ess. x)
Theorem 1 Positive Properties are possibly exemplified. Vo[P(¢) — OAxgp(x)]
Axiom A5 P(NE)
> by T1, A5: OIx[NE(x)]

Def. D3 NE(x) & Yol ess. x = Oyd(y)]

> by L1
by def. of 0

A\
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Part D:
Recent Technical Improvements
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Usability: More Intuitive Syntax for Embedded Logics in Isabelle

definition ess :: "(p = o) = pu = o" (infixr "ess" 85) where
" ess x = x mA V(A, ¥ x m— O (V(Ay, &y m—» & y)))"

definiiion ess (infixr “ess_II 85) where
"® ess x = P(x) A (VP. U(x) — O(Vy. o(y) — W(y)))"
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Improved Embedding of Modal Logic S5: S5U

Modal Logic S5
> Reflexivity: Vx.(r x x)
> Symmetry: Vx.¥Vy.(rxy) = (ryx)
> Transitivity: Yx.Yy.Vz.(rx y)A(ryz) = (rxz)

Modal Logic S5U: with universal accessibility
> Universality: Vx.Vy.(r x y)

S5
Op = w.Vv. Fimu o(v) and O = Aw. v A=A o(v)

S5U
Op = Aw.Vv.p(v) and O = Aw.v.p(v)

C. Benzmiiller, 2016 — The Inconsistency in Gédel’s Ontological Argument
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Godel’s God in Isabelle/HOL

MT@d@0 & 9¢ K0 @ - EHEE B & @ |e»
[ Scote_S5U.thy (~/GITHUBS/ compmeta/iectures/ Demo)) 3
T theory Scott_S5U imports QML_S5U
begin
consts P :: "(pu=o)=0o"
axiomatization where

T Al: "|[VE. P("®) < —P(P)|" and

A2: "|VD.VW. (P(P) A O(Vx. ®(x) — W(x))) — P(¥)|"
T definition G where

D1: "G(x) = (V®. P(®) — P(x))"
c[ axiomatization where
[
[
[

oA alElS DIEPIS UoKRNALMOG (B

A3: "[P(G)]|" and

Ad4: "|VO. P(P) — O(P(D2))]|"
definition ess (infixr "ess" 85) where

D2: "® ess x = ®(x) A (VV. U(x) — O(Vy. ®(y) — ¥(y)))"
definition NE where

D3: "NE(x) = (V®. & ess x — O(Ix. #(x)))"
axiomatization where

AS: "[P(NE)|"

theorem (* Notwendigerweise, existiert Gott *)

(¥ Proof state  ( Auto updare | Update | Search: [ ~] 100% =

2~ | Output Query Sledgehammer Symbols
18,1 28/1169) Gsabelle.isabelle,UTF- 8- Isabello) UG B/ 1176V 251 P

Url to movie: http://www.christoph-benzmueller.de/papers/DemoMovieLehrpreis2cut.mov
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Part E:
Free Logic (Scott) & Application in Category Theory
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Free Logic: Elegant Approach to Deal with Undefinedness
Principle 1: Bound individual variables range over domain E c D

Principle 2: The domain E may be empty.

Principle 3: The values of terms and free variables are in D, not necessarily in E
only.

D: raw objects

values of free variables

E: existing objects

*
undefined
values of bound variables

Figure: lllustration of the Semantical Domains of Free Logic
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Free Logic in HOL: Application in Category Theory (jww Dana Scott)

B0 & 9 X0 QS

h wS)
typedecl i — "the type for indiviuals"

consts fExistence "i=+bool" ( ) — "Existence predicate"

consts fStar:: "i* ("«") — "Distinguished symbol for undefinedness"

axiomatization where fStarAxiom: "-E(x)"

abbreviation fNot:: "bool=bool” (*-")
where "~y = —p
abbreviation fImplies:
where "p—
abbreviation fForall:: "(i=bool)=rbool" ("V")
where "V& = vx. E(x x)"
abbreviation fForallBinder:: "(i=bool)=bool" (binder "V" [8] 9)
where "Vx. ¢(x) = V,
abbreviation fThat:: "(i=>bool)=i" ("I*)
where "I® = if 3x. E(x) A ®(x) A (¥y. (E(y) A ®(y)) — (y = X))
then THE x. E(x) A ®(x)
else x*
abbreviation fThatBinder:: "(i=bool)=i" (binder "I' [8] 9)
where "Ix. ¢(x) = I(p)
abbreviation for (infixr "V" 51) where "oVi = (-p)—i"
abbreviation fAnd (infixr "A" 52) where "pAu = =(=pV-u)"
abbreviation fEquiv (infixr "e" 50) where "perw = (p—u) A(U—p)"
abbreviation fEquals (infixr "=" 56) where "x= y"
abbreviation fExists ("3") where "3b = —(V(\y.~(® ¥)))"
abbreviation fExistsBinder (binder [819) where "3x. p(x) = 3p"

0

"bool=bool=bool" (infixr *

o

pra—r

0

>

»

o

D: raw objects
values of free variables
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E: existing objects o
—  Proof state ¥/ Auto update Update | Search: v 100%
undefined
values of bound variables
consts
fForall :: "(i = bool) = bool"
B~ Output Query Sledgehammer Symbols
17,24 511/4534) (isabelle,isabelle,UTF-8-Isabelle) - UG IEEEIBEIIMB 1:36 AM



Free Logic in HOL: Application in Category Theory (jww Dana Scott)

NORTH-HOLLAND :
MATHEMATICAL LIBRARY

| (utegories,
nllegunes
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1.1. BASIC DEFINITIONS

The theory of CATEGORIES is given by two unary operations and a
binary partial operation. In most contexts lower-case variables are used
for the ‘individuals’ which arc called morphisms or maps. The values of
the operations arc denoted and pronounced as:

Ox  the source of x,
x0  the target of x,

xy the composition of x and y .
The axioms:

™ xyis defined iff x0=0y,

Do (000 =0x and OeO) =3, PSS

B @x)x=x and x(x0)=x, b

A () = O(@y) and ()3 = (DO, 45

B xy2) = )z
1.11. The ordinary cquality sign = will be used only in the symmetric
sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the

previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.

1.12. We shall use a venturi-tube >= for directed equality which means: if
the left side is defined then so is the right and they are equal. The axiom
that O(xy) = O(x(0y)) is equivalent, in the presence of the earlier
axioms, with C(xy) =Ox as can be seen below.

113, O(0x) = Ox because O(0x) = O(Ox)0) = (090 = Ox. Simi-
larly (x0)0 = x01.
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BXxZE S e XpE R@ CBE 1X & @

h MS/)

consts source

target “("_O" [110] 111)
composition:: "i=i=i" (infix "-* 110)
abbreviation OrdinaryEquality:: "i=i=bool" (infix "~" 60)

where "x ~ y = ((E x) « (Ey)) A x =y"

axiomatization FreydsAxiomSystemReduced where
Al: "E(xy) & ((xO) ~ (Jy))" and

A2a: "((0x)0) ~ Ox" and
A3a: "(Ox)x ~ x" and
A3b: “x-(x0) =~ x" and
A5: "xe(yz) & (xy)z"

Ox" by (metis Al A2a A3a)
O(x-(Oy))* by (metis Al A2a A3a)
((x0)-y)O" sledgehammir (Al A2a A3a A3b AS)

¥ Proof state ¥/ Auto update | Update | Search - 100
Sledgehammering. . .
“spass": Try this: by (metis Al A2a A3a) (44 ms).
: Try this: by (metis Al A2a A3a) (24 ms).
"z3": Try this: by (metis Al A2a A3a) (83 ms).
“cved": Try this: by (metis Al A2a A3a) (21 ms).

@ v Output Query Siedgehammer Symbols

23,43 (635/4324) (isabelleisabelle,UTF-8-Isabelle)

SUOIL IS PIRPIS  UOREIAWINIG

UG EEEIEGIMB 2:00 AM
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Free Logic in HOL: Application in Category

C. Benzmiiller, 2016 — The

1.1. BASIC DEFINITIONS

NORTH-HOLLAND
MATHEMATICAL LIBRARY

The theory of CATEGORIES is given by two unary operations and a
binary partial operation. In most contexts lower-case variables are used
for the ‘individuals’ which are called morphisms or maps. The values of

-
tutegn"es e i
( 4

Ox  the source of x ,

Rllegories cum
xy  the composition of x and y .

The axioms:
PETER J. FREYD
ANDRE SCEDROV ‘ M o isdeined U DR
P, (@90 =0 and O W0, Bee=
B (Oox=x and x(x0)=1x, b

TP it 0. B
<) - e

111, The ordinary equality sign = will be used only in the symmetric
sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms cquational, is called an ESSENTIAL-
LY ALGEBRAIC THEORY.

1.12. We shall use a venturi-tube = for directed equality which means: if
the left side is defined then so is the right and they are equal. The axiom
that O(xy) = O(x(0y)) is equivalent, in the prescnce of the earlier
axioms, with O(xy) =[x as can be scen below.

113, O(0x) = O because O(0x) = D(O)D) = (B0 = Ox. Simi-
larly (x0)3 = xO.
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Conclusion
Overall Achievements

> significant contribution towards a Computational Metaphysics

> novel results contributed by HOL-ATPs

> infrastructure can be adapted for other logics and logic combinations
> basic technology works well; however, improvements still needed

Relevance (wrt foundations and applications)

» Philosophy, Al, Computer Science, Computational Linguistics, Maths

Related work: only for Anselm’s simpler argument

> first-order ATP PROVER9 [OppenheimerZalta, 2011]
> interactive proof assistant PVS [Rushby, 2013]

Ongoing/Future work

> (Awarded) Lecture course Computational Metaphysics at FU Berlin
> Landscape of verified/falsified ontological arguments
> You may contribute: https://github.com/FormalTheology/GoedelGod.git
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