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Part A
Logic Zoo
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“If we had it [a characteristica universalis],
we should be able to reason in metaphysics
and morals in much the same way as in
geometry and analysis.”

(Leibniz, 1677)
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(A) Logic Zoo

Classical Logic, of order
0. Propositional Logic
1. First-order Logic
2. Second-order Logic

n. Higher-order Logic

Non-Classical Logics

>

Intuitionistic/Constructive Logics (incl.
Univalent Foundations)

Modal Logics, Conditional Logics,
Temporal Logis, Spatial Logics

Many-valued Logics
Paraconsistent Logics
Free Logics, Inclusive Logics

Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...
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(A) Logic Zoo

Non-Classical Logics
> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)
» Modal Logics, Conditional Logics,
Temporal Logis, Spatial Logics
1. First-order Logic > Many—valued LOgiCS
2. Second-order Logic » Paraconsistent Logics

0. | Propositional Logic

» Free Logics, Inclusive Logics

n. Higher-order Logic » Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Example Application in Maths:
> Pythagorean Triples Problem solved by SAT-Solving in 2016

C. Benzmidiller, 2016 — Calculemus! — Progress in Universal Logic Reasoning and Computational Metaphysics



(A) Logic Zoo

Non-Classical Logics

Classical Logic, of order
0. Propositional Logic >

1. | First-order Logic

2. Second-order Logic .

n. Higher-order Logic .

Intuitionistic/Constructive Logics (incl.
Univalent Foundations)

Modal Logics, Conditional Logics,
Temporal Logis, Spatial Logics

Many-valued Logics
Paraconsistent Logics
Free Logics, Inclusive Logics

Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Example Applications in Maths:

> First-order Set Theories: ZF, ZFC,
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(A) Logic Zoo

Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)

0. Propositional Logic » Modal Logics, Conditional Logics,

1. First-order Logic Temporal Logis, Spatial Logics

2. Second-order Logic > Many-valued Logics

» Paraconsistent Logics

n. I Higher-order Logicl » Free Logics, Inclusive Logics
» Logics for special applications: Ethics,

Social Choice, Legal Reasoning, ...

Example Applications in Maths:
> Four-Colour Theorem: Formal verification by Gonthier in 2005 (Coq)
> Kepler's Conjecture: Formal verification by Hales in 2014 (HOL-light)
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(A) Logic Zoo: Keplers Conjecture — Higher-order Logic —
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Kepler (1571-1630)
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Proved in 1998 by Hales: 300 page proof, with code and data

Submitted to the Annals of Mathematics: referees gave up to verify it all
Flyspeck project (completed in 2014):

> A formal verification of the proof in HOL Light

» 27,223 proved theorems, 228 definitions, 30 person-years
Recent work of Cezary Kalyszik & Josef Urban:
Combination of Machine Learning & Automated Theorem Proving
Result: more than 50% of the proofs can already be fully automated
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(A) Logic Zoo

Non-Classical Logics
> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)
0. Propositional Logic » Modal Logics, Conditional Logics,

1. First-order Logic Temporal Logis, Spatial Logics

2. Second-order Logic > Many-valued Logics

» Paraconsistent Logics

n. I Higher-order Logicl » Free Logics, Inclusive Logics

» Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Own Research: Utilise Higher-order Logic (HOL) as Meta-Logic
This turns

> HOL into a (quite) universal logic

> HOL provers into (quite) universal reasoners
Applications in Maths, CS, Al, Philosophy, Computational Linguistics, . ..
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(A) Logic Zoo

Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)

0. Propositional Logic » Modal Logics, Conditional Logics,

1. First-order Logic Temporal Logis, Spatial Logics

2. Second-order Logic > Many-valued Logics

» Paraconsistent Logics

n. I Higher-order Logicl » Free Logics, Inclusive Logics

» Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Higher-order Logic: Don'’t be afraid of it!

Paradoxes (e.g. Russel’'s Paradox) eliminated by Types
Incompleteness avoided by Henkin Semantics
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(A) Logic Zoo

Non-Classical Logics
> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations)

0. Propositional Logic > | Modal Logics }, Conditional Logics,

1. First-order Logic Temporal Logis, Spatial Logics
2. Second-order Logic > Many-valued Logics
» Paraconsistent Logics

n. | Higher-order Logic > Free Logics, Inclusive Logics

> Logics for special applications: Ethics,
Social Choice, Legal Reasoning, . ..

Example Application in Metaphysics/Philosophy: Rest of this talk!
Necessarily, God exists: O3dx.Gx
Kurt Gédel’s definition of God: Gx := YO.Positive ® — Ox
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(A) Logic Zoo

Non-Classical Logics

> Intuitionistic/Constructive Logics (incl.
Classical Logic, of order Univalent Foundations}
» Modal Logics, Conditional Logics,

0. Propositional Logic
) P ) g Temporal Logis, Spatial Logics
1. First-order Logic .
) » Many-valued Logics
2. Second-order Logic ) )
» Paraconsistent Logics

> | Free Logics |, Inclusive Logics

n. I Higher-order Logic I

» Logics for special applications: Ethics,
Social Choice, Legal Reasoning, ...

Example Application in Maths: (own jww with Dana Scott)
> Free Logics are well suited for for modeling undefinedness and partiality
> Flaw detected in category theory textbook by Freyd and Scedrov (1990)
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(A) Logic Zoo: Theory Exploration in Category Theory — Free First-order Logic —

NORTH-HOLLAN

D 1.1. BASIC DEFINITIONS
LIBRARY

| Lutegories,
| Rllegories

|| PETERJ.FREYD
ANDRE SCEDROV

The theory of CATEGORIES is given by two unary operations and a
binary partial operation. In most contexts lower-case variables are used
for the ‘individuals’ which arc called morphisms or maps. The values of
the operations are denoted and pronounced as:

Ox  the source of x ,
x0O  the rarget of x ,
xy  the composition of x and y .

The axioms:

™ xyis defined iff xO =0y,
@(Dx)lﬂ =0x and OGDO)=x0, RS

B (Oxx=x and x(x0)=1x, b
i A O) = Ox(@y) and ()0 = (GONO, f&b
B x(y2)=()z.

> Joint work with: Dana Scott (Berkeley) and students at FU Berlin

» Logics: Free Logic — well suited for modeling undefinedness and partiality
> Results:

> development of 6 related (equivalent) axiom systems for category theory

> from Monoids ... via Scott’s (1977) axiom system ...to Freyd/Scedrov (1990)
> for Freyd and Scedrov (1990) we revealed some flaws/issues

> Further Reading: [Benzmiiller&Scott, ICMS'2016], [Benzmiiller&Scott, arXiv'2016]
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(A) Logic Zoo: Theory Exploration in Category Theory — Free First-order Logic —

1.1. BASIC DEFINITIONS

| NORTH-HOLLAND
|| MATHEMATICAL LIBRARY

The theory of CATEGORIES is given by two unary operations and a

5 e

‘ ‘ lutEgnrles’ binary partial operation. In most contexts lower-case variables are used
‘\ ‘ n“EgnriES for the ‘individuals’ which arc called morphisms or maps. The values of
|

the operations are denoted and pronounced as:

| |
{| PETERJ.FREYD {
{| ANDRE SCEDROV | Ox  the source of x ,
|

“Constricted Inconsistency” or “Missiné Axioms/Conditions”

The axioms:

™ xyis defined iff xO =0y,
@(Ux)ﬂ =0x and OGDO)=x0, RS

B (Oxx=x and x(x0)=1x, b
s A O0) = Ox(@y) and ()0 = (N0, Hb
B x(y2)=()z.

> Joint work with: Dana Scott (Berkeley) and students at FU Berlin

» Logics: Free Logic — well suited for modeling undefinedness and partiality
> Results:

> development of 6 related (equivalent) axiom systems for category theory
> from Monoids ... via Scott’s (1977) axiom system ...to Freyd/Scedrov (1990)
> for Freyd and Scedrov (1990) we revealed some flaws/issues

> Further Reading: [Benzmiiller&Scott, ICMS'2016], [Benzmiller&Scott, arXiv'2016]
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Part B
Universal Logic Reasoning in HOL
via Shallow Semantical Embeddings

jww:
Larry Paulson (Cambridge, UK), Bruno Woltzenlogel-Paleo (ANU, Australia),
Alex Steen and Max Wisniewski (both FU Berlin)
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(B) Universal Logic Reasoning in HOL

HOL

Logic L Logic L
Syntax Semantics
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(B) Universal Logic Reasoning in HOL

HOL

Logic L Logic L
Syntax Semantics

Examples for L we have already studied:

Modal Logics, Description Logics, Conditional Logics, Intuitionistic Logics, Access Control
Logics, Nominal Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood
Semantics, (Mathematical) Fuzzy Logics, Paraconsistent Logics, Free Logic ...

Embedding works also for quantifiers (first-order & higher-order)
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(B) Universal Logic Reasoning in HOL

HOL

Logic L Logic L
Syntax Semantics

Examples for L we have already studied:

Modal Logics, Description Logics, Conditional Logics, Intuitionistic Logics, Access Control
Logics, Nominal Logics, Multivalued Logics (SIXTEEN), Logics based on Neighborhood
Semantics, (Mathematical) Fuzzy Logics, Paraconsistent Logics, Free Logic ...

Embedding works also for quantifiers (first-order & higher-order)

HOL provers become universal logic reasoning engines!
interactive: Isabelle/HOL, PVS, HOL4, Hol Light, Cog/HOL, ...
automated: TPS, LEO-II, Satallax, Nitpick, Isabelle/HOL, ...
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(B) Universal Logic Reasoning in HOL

HOL (meta-logic)
L (object-logic)

Embedding of Bl in I

Pass this set of equations to a HOL theorem prover
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(B) Universal Logic Reasoning in HOL

HOL s, = Cqy | Xa | (/Lvasﬁ)a—ﬁ | (s(l—>,3 t(x)ﬁ | 8o I So Vi, | vx(l 1y
HOML e¥ u= el AY e =g Op| Op | Vx| dxy e

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,
(explicit representation of labelled formulas)
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(B) Universal Logic Reasoning in HOL
HOL S, L= € | Xa | (/ansﬁ)a—ﬁ | (s(x—>ﬁ ta)ﬁ | o I So V1o | vxa 1y
HOML oY = o oeleAyle oy op| e VX, @] Ay e

HOML in HOL: HOML formulas ¢ are mapped to HOL predicates ¢,
(explicit representation of labelled formulas)

= Apu_odwy—ew

= AQuoYyodwu(ew A Yw)
= /lgo/tao/w/uﬁo/lwy(_wow v yw)
/Uly_,(#_,(,)ﬂW#de hdw

- ﬂhy—»(p—»o)ﬂWMEdy hdw Ax (polymorphic over y)

= Apuodw, Nu, (mrwu V ou)
= Apuodw, du, (rwu A pu)

oo w< | >
I

valid = Agu_oYwuew

The equations in Ax are given as axioms to the HOL provers!
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(B) Universal Logic Reasoning in HOL
Example
HOML formula
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(B) Universal Logic Reasoning in HOL
Example

HOML formula
HOML formula embedded in HOL
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OAxGx
valid (¢3dxGx)



(B) Universal Logic Reasoning in HOL

Example
HOML formula OdxGx
HOML formula embedded in HOL valid (¢3AxGx)
expansion (1YW, w)(OdxGx)
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(B) Universal Logic Reasoning in HOL

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (1YW, w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
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(B) Universal Logic Reasoning in HOL

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3AxGx)
expansion (1YW, w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
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(B) Universal Logic Reasoning in HOL

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (1YW, w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation Yw, du, (rwu A (AxGx)u)
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(B) Universal Logic Reasoning in HOL

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (1YW, w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation Yw, du, (rwu A (AxGx)u)
syntactic sugar Yw,Ju, (rwu A (I(AxGx))u)
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(B) Universal Logic Reasoning in HOL
Example

HOML formula

HOML formula embedded in HOL
expansion

Bn-normalisation
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(B) Universal Logic Reasoning in HOL
Example

HOML formula

HOML formula embedded in HOL
expansion

Bn-normalisation

C. Benzmidiller, 2016 — Calculemus! — Progress in Universal Logic Reasoning and Computational Metaphysics

valid (¢3dxGx)
(1YW, w)(OdxGx)
Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation Yw, du, (rwu A (AxGx)u)
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(B) Universal Logic Reasoning in HOL

Example
HOML formula OAxGx
HOML formula embedded in HOL valid (¢3xGx)
expansion (1YW, w)(OdxGx)
Bn-normalisation Yw, ((OAxGx) w)
expansion Yw, (((ApAw,uy, (rwu A @u))AxGx) w)
Bn-normalisation Yw, du, (rwu A (AxGx)u)
syntactic sugar Yw, Jdu, (rwu A (A(AxGx))u)
expansion Yw, Jdu, (rwu A ((Ahy - ooy AW, Id, hdw)(AxGx))u)
Bn-normalisation Yw, Ju, (rwu A IxGxu)

What are we doing?

In order to prove that ¢ is valid in HOML,
—> we instead prove that valid ¢ can be derived from Ax in HOL.

This can be done with interactive or automated HOL theorem provers.
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(B) Universal Logic Reasoning in Isabelle/HOL

D@RdE & $¢ X0 R N DEE B & ©RA |e»

| 0 GodProof.thy (~/chris /trunk/tex/talks /2016-BMS/)

I3

theory GodProof imports Main

begin

typedecl i -- "type for possible worlds"

typedecl 1 -- "type for individuals"

type_synonym o = "(i=-bool)"

(* Shallow embedding modal logiclconnectives in HOL

abbreviation mneg ("—-_"[52153) where "=y . —p(w) "
abbreviation mand (infixr"A"51) where "pAy (W) AY(w) "
abbreviation mor (infixr"v"50) where "oVi) (W) v (w) "

abbreviation mimp (infixr"—"49) where "p—
abbreviation mequ (infixr"«"48) where "pe)
abbreviation mnegpred ("7_"[52153) where ""@

- pw)—h(w)"
- (W) e—rp(w) "
Aw. @ (x) (w) "

(* Shallow embedding of generic box and diamnond operators *)
abbreviation mboxgen ("0") where "Or ¢ AW, YW. rwv — p(v)"
abbreviation mdiagen ("<¢") where "Or ¢ = Aw. 3v. rw v A o(v)"

(* Shallow embedding of constant domain quantifiers in HOL *)

abbreviation mall_const ("Vc") where "Vc & = Aw.¥x. ®(x)(w)"

abbreviation mallB_const (binder"Vc"[8]19) where "Vc x. p(x) = Vc ¢

abbreviation mexi_const ("3c") where "Jc ® = Aw.Ix. D(x)(w)"

T 23| abbreviation mexiB_const (binder"3c"[8]9) where "3Jc x. ¢(x) = Jc "
24
( Proof state ¥/ Auto update | Update | Search: v 100% v
B ~ Output Query Sledgehammer Symbols
7,33 (185/4922) (isabelle,isabelle,UTF-8-Isabelle) UG IEFRIRIISMB 8:28 AM

Sou0BUL SIS PDIPPIS  UONEIUBWINIOQ
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(B) Universal Logic Reasoning in HOL
Which modal logic?

oOP — OP

S4} [S5] =M5=MBS = M4B5
= M45 = Md4B = D4B
= D4B5 = DB5

: OP—=P
P—00P
apP — op
op — 0OOP
OP—0O0P

=
=

5]

AR——2 MEYFER

El
=
HE

45 [KB5] = K4B5 = K4B

=]
&

(]

Which notion of quantification?

> possibilist quantifiers — constant domain semantics
> actualist quantifiers — varying domain semantics
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“If we had it [a characteristica universalis],
we should be able to reason in metaphysics
and morals in much the same way as in
geometry and analysis.”

(Leibniz, 1677)

Part C
Computational Metaphysics

jww: Bruno Woltzenlogel-Paleo (ANU, Australia), and others
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(C) Computational Metaphysics

Ontological Proofs of God’s Existence
A Long and Continuing Tradition in Philosophy

In anotfier worfd

PR 49t
@
9002-906}

|

16 WouLd Be WoRse

OSTERREICH €0.55

St. Anselm Descartes Leibniz Godel

Types, Tableaus,

and Godel’s God Y
Atrguing
About
. Gods
Melvin Fitting
[T
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(C) Computational Metaphysics: Kurt Gédel’s Ontological Argument

Onie b :'-!rﬁeg/ Rotrew Ry, 1fro
e —————

. # /A:‘ré‘ e ?"EP‘J
Ar 7} "(yr}: '?’((fr Wyt ,q,z ?,T)y_gzy’,)
(L 6e) = (p) [P/?)Dxﬂ(x] el )

2 § Bax = (Y’)[Y’{’””"’}’[FOPV’{;)JMFM'/X
P Sy '—/V(/nr) M““‘}

AA;L ?[f) > str} } Rt comse Pf/»ﬁ'fm
MY > N ~rep T s 1] 1l

TR 606> Geuy /M/’wg’

b

i F(x) = ﬂﬁ((ffmxbujx ?0()] /hrrm?\g Eci ifreg
Axs Pre)

gL G(()a Niyg) 6

)Gy > /\/(](J)(?/)

" M’j(l((( )/'PN’(jg}rz-‘(J) M‘f&nr‘ﬂﬂ‘f
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i y:d-ds« d
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(C) Computational Metaphysics: Scott’s Variant of Gédel’s Ontological Argument

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: VYo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOYYI(P(¢) A BYx[p(x) = ¢¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & YP[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property possessed by it and necessarily implying
any of its properties: @ ess. x & d(x) A Y (x) = OVy(() = ()
Being God-like is an essence of any God-like being: Vx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Yol ess. x — Odyp(y)]
Necessary existence is a positive property: P(NE)
Necessarily, God exists: 0dxG(x)
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(C) Computational Metaphysics: Scott’s Variant of Gédel’s Ontological Argument

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor. C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: VYo[P(—¢) & —P(d)]
A property necessarily implied by a positive property is positive:

VOYYI(P(¢) A BYx[p(x) = ¢¥(0)]) = P)]
Positive properties are possibly exemplified: Yo[P(d) — Odxp(x)]
A God-like being possesses all positive properties: G(x) & YP[P(p) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]
An essence of an individual is a property poss it and necessarily implying

any of its properties: ¢ ess. x < d(x) A|YY W (x) = OVY(() = ()
Yx[G(x) — G ess. x]
Necessary existence of an individual is the necessary exemplification of all its

essences: NE(x) & Yol ess. x — Odyp(y)]
P(NE)

O0dxG(x)

Being God-like is an essence of any God-like bemng:

Necessary existence is a positive property:
Necessarily, God exists:

Difference to Gédel (who omits this conjunct)
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(C) Computational Metaphysics: Scott’s Variant of Gédel’s Ontological Argument

Axiom A1 Either a property or its negation is positive, but not both: VYo[P(—¢) & —P(d)]
Axiom A2 A property necessarily implied by a positive property is positiye:

YOVy[(P(¢) X[¢(X) - Y] - PW)]

Thm. T1 Positive properties are possibly exemplified: Yo[P(p) — OTAxp(x)]

Def. D1 A God-like being possesses all positive properties: G(x) & YP[P(p) — ¢(x)]

Axiom A3 The property of being God-like is positive:
Cor. C Possibly, God exists:
Axiom A4 Positive properties are necessarily positive:
Def. D2 An essence of an individual is a property possessg

any of its properties: ¢ ess. x & Jx) A Yy (x) - Oy

Thm. T2 Being God-like is an essence of any God-like befing:
Def. D3 Necessary existence of an individual is the negessary exge

essences:

Axiom A5 Necessary existence is a positive property:
Thm. T3 Necessarily, God exists:

P(G)

() = v
Vx[G(x) = G ess. x]
plification of all its

ME(x) © Yol¢ ess. x — OAyd(y)]

P(NE)
O0dxG(x)

Modal operators are used
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(C) Computational Metaphysics: Scott’s Variant of Gédel’s Ontological Argument

Axiom A1 Either a property or its negation is positive, but not both:
Axiom A2 A property necessarily implied by a positive.prap

erty is positive:

Vo[P(~¢) & —P(¢)]

(P(#) A BYA[6(x) = YD) — PW)]

Thm. T1 Positive properties are possibly exempjfied:

Def. D1 A God-like being possesses all positivg properties: G(x)

Axiom A3 The property of being God-like is posifjve:
Cor. C Possibly, God exists:
Axiom A4 Positive properties are necessarily posltive:

Def. D2 An essence of an individual is a proper

Y[P(¢) — OTxd(x)]
(¢) = ¢(x)]

P(G)

OAxG(x)
Yé[P(¢) — OP(¢)]
possessed by it andAecessarily implying

any of its properties: Plss. x © ¢(x) A Yy(x) — OVy(¢() = ¥ ()

Thm. T2 Being God-like is an essence of any God-like being:

Def. D3 Necessary existence of an individual is the necessa
essences:

Axiom A5 Necessary existence is a positive property
Thm. T3 Necessarily, God exists:

Yx[G(x) — G ess. x]

¢ exemplification of all its
NE(x) & Yol ess. x — Odyp(y)]

P(NE)
O0dxG(x)

second-order quantifiers
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(C) Computational Metaphysics: Vision of Leibniz (1646—-1716) — Calculemus!

If controversies were to arise, there
would be no more need of disputa-
tion between two philosophers than be-
tween two accountants. For it would
suffice to take their pencils in their
hands, to sit down to their slates, and
to say to each other ...: Let us calcu-
late.

(Translation by Russell)

Quo facto, quando orientur controversiae, non magis dispu-
tatione opus erit inter duos philosophos, quam inter duos
Computistas. Sufficiet enim calamos in manus sumere
sedereque ad abacos, et sibi mutuo . ..dicere: calculemus.
(Leibniz, 1684)

Required:
characteristica universalis and calculus ratiocinator
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(C) Computational Metaphysics: Scott’s and Gédel’s Variants — Demo

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor.C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

Either a property or its negation is positive, but not both: YP[P(~¢) & —P(d)]
A property necessarily implied by a positive property is positive:

YOVY[(P(d) A OVx[¢(x) — Y(X)]) — P)]
Positive properties are possibly exemplified: Vo[P(¢) = OTxp(x)]
A God-like being possesses all positive properties: G(x) & Yo[P(¢) — ¢(x)]
The property of being God-like is positive: P(G)
Possibly, God exists: OAxG(x)
Positive properties are necessarily positive: VYo[P(¢) — OP(¢)]
An essence of an individual is a property possessed by it and necessarily implying
any of its properties: ¢ ess. x & dp(x) A YY(x) — av¥y(e(y) — v(»)))
Being God-like is an essence of any God-like being: Vx[G(x) = G ess. x|
Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x) & Voo ess. x — Odyd(y)]
Necessary existence is a positive property: P(NE)
Necessarily, God exists: OdxG(x)
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(C) Computational Metaphysics: Scott’s and Gédel’s Variants — Demo

Axiom A1
Axiom A2

Thm. T1
Def. D1
Axiom A3
Cor.C
Axiom A4
Def. D2

Thm. T2
Def. D3

Axiom A5
Thm. T3

YPLP(=¢) & =P(¢)]

YOVY[(P(9) A OYx[$(x) = Y(x)]) = P)]
Vo[P(¢) — OTxp(x)]

G(x) © Vg[P(p) = ¢p(x)]

P(G)

OAxG(x)

Y¢[P($) — OP($)]

¢ ess. x & ¢(x) A VY((x) - OVy(d(y) = ()
Vx[G(x) — G ess. x]

NE(x) & Yo[¢ ess. x — Odyd(y)]
P(NE)
O0dxG(x)
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(C) Computational Metaphysics: Scott’s and Gédel’s Variants — Demo

Axiom A1
Axiom A2

Def. D1

Axiom A3

Axiom A4

Def. D2

Def. D3

Axiom A5
Thm. T3

YoLP(~¢) & —P(¢)]

YoYyl(P(9) A OYx[¢(x) = Y()]) = P(Y)]

G(x) & Yo[P($) — ¢(x)]
P(G)

Yo[P(¢) — OP(¢)]

¢ ess. x & d(x) A YYp(x) — o¥y(@d(y) = ¥()))

NE(x) & Yo[¢ ess. x — Odyd(y)]

P(NE)
OdxG(x)

C. Benzmidiller, 2016 — Calculemus! — Progress in Universal Logic Reasoning and Computational Metaphysics 27



(C) Computational Metaphysics: Scott’s and Gédel’s Variants — Demo

O@d@EF &9 ¢ DB B 0 FX # @@&

| 1 GodProof.thy (~/chris /trunk/tex/talks/2016-Dagstuhl/)

115
116|
117
118|
119
1209
121
122|
123
124
125
126
127
128|
129
130
131
132
133|
134

definition ess (infixr "ess" 85) where
"® ess x = P(X) A (VPT. T(x) — OViy. &(y) — T(y)))"

(* T2: Being God-like is an essence of any God-like being *)
theorem T2: "|Vix. G(x) — G ess x|" by (smt Alb A4 G_def ess_def)

(* NE: Necessary existence of an individual is the necessary

exemplification of all itsBessences *)
definition NE where "NE(X) = (VP®. @ ess x — O(Iix. &(x)))"
(* A5: Necessary existence is a positive property *)

axiomatization where A5: "[P(NE)]"
(* T3: Necessarily, God exists *)

theorem T3: "|O(3J'x. GfIx))|" by (metis A5 C T2 G_def NE_def S5)

(* Consistency is confirmed by Nitpick *)
lemma True nitpick [satisfy, user_axioms] oops

¥ Proof state (¥ Auto update Update | Search: ~ 100% x
proof (prove)
goal (1 subgoal):
1. |(Aw. |S5 w — mexi_prop G|)]|
B ~ Output Query Sledgehammer Symbols
129,27 (4671/4977) (isabelle,isabelle, UTF- bell. uG 11:54 AM
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“God is dead.”

- Nietzsche, 1883

“Nietzsche is dead.”

- God, 1900

Results of Experiments
see e.J. [ECAI-2014, IJCAI-2016]
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(C) Computational Metaphysics: Results of Experiments

Al
A2
T1
D1
A3

A4
D2

D3
A5

MC

FG

MT

co

DY
co’

HOL encoding dependencies

Vi Pluoio (UKo 5B XN = (p9)]
Ve W Plpryoa A BV X, (GX 5 YX0) S )
Y8y Plyary-ah > OIX - $X] A1(5), A2

. Al,A2
Bu-c = A NPy on Plumr -0 D X

Py 8o

(63X, g0 X] T1,D1,A3
Al1,A2,D1,A3

Yo P ® > Opd] 3 .

€81 = Myare A BX AV e (X D BV, (Y S YY)

VX guo X D (e88¢0) o0 gX)] Al,D1,A4,D2

A1,A2,D1,A3,A4,D2
NEy .o = AX;n Vs (€55 $X 3 EY,. 1)

[P(ua:r)aaNEﬂmr

[B3X,. g X] D1,C,T2,D3,AS
Al,A2,D1,A3, A4,D2,D3,AS
D1,C,T2,D3,A5
Al1,A2,D1,A3,A4,D2,D3,A5

[s D 05, D2,T2,T3

. i Al,A2,D1,A3,A4,D2,D3,A5
Ve VX r (8o X S (H(Plums - o ) S 2($X)))] AL, D1
o Al,A2,D1,A3,A4,D2,D3,A5
VX VY (g0 X D (g s Y SX =) DLFG
Al,A2,D1,A3,A4,D2,D3,A5

0 (no goal, check for consistency) Al,A2,D1,A3,A4,D2,D3, A5

€501 = M Xy Ve (X S EVY, (BY SyY))

0 (no goal, check for consistency) Al(2),A2,D2°,D3,AS5
Al,A2,D1,A3,A4,D2’,D3,AS

logic

AR

lalal

EEE BB™"

KB

2

KB

KB

status

SAT

UNS
UNS

LEO-II
const/vary

0.1/0.1
0.1/0.1

0.0/0.0
0.0/0.0

19.1/18.3
12.9/14.0

——

_/_
0.0/0.1
_/_

17.9/—
_/_
16.5/—
12.8/15.1
_/_
_/_

—

7.5/7.8
—

Satallax
const/vary

0.0/0.0
0.0/5.2

0.0/0.0
52/313

0.0/0.0
0.0/0.0

_/_
_/_
0.1/53
_/_
33/32
_/_
0.0/0.0
0.0/5.4
0.0/3.3
_/_

—f—

—f—
—f—

Nitpick
const/vary

—l—
—f—

—f—
—l—

—f
—l—

C. Benzmidiller, 2016 — Calculemus! — Progress in Universal Logic Reasoning and Computational Metaphysics

30



(C) Computational Metaphysics: Results of Experiments

HOL encoding dependencies logic status LEO-II Satallax Nitpick

AL Y8y Pluso) oo WX 5B X) 2 (p9)]

A2 Vs VWoo Puoro A OVX, (BX S YX) S pY]

Tl Voo Puo)—c® D $IX,.6X] Al(D),A2 K THM 0.1/0.1 0.0/0.0 ——
Al,A2 K THM 0.1/0.1 0.0/5.2 ——

D1 Bu—c = AXjn v'ﬁ#*v-l’@wv)ﬂo—'ﬁ S¢X

A3 [pu.'t—fo']—ru'gll*’v

C [63X,n g0 X] T1,D1,A3 K THM 0.0/0.0 0.0/0.0 ——
Al,A2,D1,A3 K THM 0.0/0.0 52/313 —/—

A V8y o P8 Opgl . .

D2 eS50iis = Mysr Ay BX AV o X S VY, (BY 5 9T))

T2 VX guoX D(eSSpuo)p.cgX)] Al,D1,A4,D2 K THM 19.1/18.3 0.0/0.0 ——
Al A2 D _A3 A4 T2 K THM __129/140 _00/00 —l

D3 NE,., = AX,.Vd, .o (@ : f -
A5 By W NEL] Automation of Scott’s Variant

T3 [O3X g0 X]

Summary
> Proof verified and automated

Me l% » Logic KB is sufficient (the often critised S5 not
FG Vo VI 5 needed!)

MT VX VY (g0 X 5 (g Possibilist & actualist quantification (for ind.)

v

v

G0 Hinocend dhedifo om Exact dependencies determined

D2 eSSquno)mpso = APy .
CO" 0 ooat hock fes von Theorem provers found alternative Proofs

e.g. self-identity Ax(x = x) not needed

v
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(C) Computational Metaphysics: Results of Experiments

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al Vo Pluoc)c (A S($X)) £ 5(pg)]
A2 Vo Vo (P A nvx @X5yX) 3 py)
T1 [v¢[l—ﬂr p(ﬂ—vﬂ')—'(r¢3° Al() AD 74 THM __01/01 00,00 L
Dl gyw = X Viyoni Con5|stency. Gébdel vs. Scott
A3 P(u—+a)-+a 8u-o-
C (03X, gu0 X] 5 n .
e > Scott’s assumptions are consistent;
A Vb Py -c8 300 shown by Nitpick
D2 e8SGug)ru— g Py y P
T2 VX gl (€554io) » Godel’s assumptions are inconsistent;
D3 o= X V8,0 (8 shown by LEO-II (new philosophical result)
A5 ho-oNE, o]
B3X,0 gy r X1
Al AZ,DI,A3A4,D2, D3, A5 K CSA™ —/— —— 8.2[1.5
D1,C,T2,D3,A5 KB THM 00/01  0.1/53  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
MC  [s, S0s,] D2,T2, T3 KB THM 179/— 33/32  —/—
. . A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— —/—
FG Vot VX (8o X 3 (APl o)-o®) D 2(@X))]  Al,D1 KB THM 165/—  00/00  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM 128/151 00/54  —/—
MT VX VY (guoX D (gu0¥ 3X=Y))] DI1,FG KB THM —/— 00/33  —/—
A1,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
CO  0(no goal, check for consistegcy) Aly‘AZ‘Dl‘A3, A4,D2,D3,A5 KB SAT —/— —— 73/74
D2 eSSuoompmo = Aucor AX e Y, (WX D OVY,- (Y DY)
CO’ 0 (no goal, check for consistency) Al(2),A2,D2°,D3,AS5 KB UNS 7.5/7.8 —f— —f—
A1,A2,D1,A3,A4,D2’,D3,A5 KB UNS —/— —/— —/—
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(C) Computational Metaphysics: Results of Experiments

HOL encoding dependencies logic status LEO-II Satallax Nitpick
const/vary const/vary const/vary
Al VDo 5@XNE (P
A2 Yo Voo (Puo oy A OV X, (9X DY X)) D py]
Tl Voo Pumarmad D OIX,$X] Al(2),A2 K THM 0.1/0.1 0.0/0.0 gl
Dl g, =AX.V3,0-p-  Further Results
A3 [PyoroBu-e
c [03X,- g0 X]
5 ) > i
M o Pnrred 33D Monotheism holds
D2 = | A
s N > God is flawless
D3 e = AV, e (e GREE
(Pluo1-oNEys]
(63X, g4 0 X] L1y, Lay Loy Ao n won  —— —— Jwojui
Al,A2,D1,A3,A4,D2,D3,A5 K CSA —/— —— 82/75
D1,C,T2,D3,A5 KB THM 0.0/0.1 0.1/5.3 —f—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— —— ——
MC [sy S0sg] D2,T2, T3 KB THM 179/— 3.3/3.2 ——
Al A2 DA Ad D2 D1 AS IR MNSAY L L
FG Voo VX (8o X D (M(Pluo)-c ) D 2(@X)))]  Al,D1 KB THM 165/—  0.0/0.0 —f—
Al1,A2,D1,A3,A4,D2,D3,A5 KB THM 12.8/151 0.0/5.4 ——
MT VX VY (guoX D (gu0¥ 3X=Y))] DI1,FG KB THM —/— 00/33  —/—
Al,A2,D1,A3,A4,D2,D3,A5 KB THM —/— P —
CO  0(no goal, check for consistegcy) All‘AZ,Dl‘A3, A4,D2,D3,A5 KB SAT —/— —f— 73/14
D2 esSguo)mmo = ApumoAXy- VYo (PX D OVY,- (Y S YY)
CO’ 0 (no goal, check for consistency) Al(2),A2,D2°,D3,AS5 KB UNS 7.5/7.8 —f— —f—
Al,A2,D1,A3,A4,D2°,D3,A5 KB UNS —/— —— —/—
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(C) Computational Me*

HOL encoding

Y By (X =
Yy W (Blar
Yo+ Py—o1-a$ > O3

Bu—o = AX “I¢)P,-p(“,
[Pgy—)-+0 8u-o
(63X, -0 X]

2 e = Ay
X 8o X D (€550
NE,_; = AX,u V.o (e
[Pusrc)=oNE;g]

PPN TP DRPEPR . PRPEY O I SRR R

Modal Collapse (detected flrst by Sobel)

Yo(e — Op)

> proved by LEO-II and Satallax

» already in logic KB

» for possibilist and actualist quantification (ind.)

Modal Collapse can be read as:

> There are no contingent truths

> Everything is determined / there is no free will

D2,T2,T3
Al,A2,D1,A3, A4,D2,D3,A5

iz ?
Al1,A2,D1,A3,A4,D2,D3,A5

VX VY80 X D (gueY 3X=Y))] DILFG

Al1,A2,D1,A3,A4,D2,D3,A5

Al,A2,D1,A3,A4,D2,D3,A5

€85010)mimcr = APpmsrn AX e Ve (P X D OVY,- (Y S YY)

T3 O3 gu0X]

MC [s,D0Os,]

TG V@u—o YA 8o A D C Pl ) o
MT

CO  0(no goal, check for consistency)
D2

CO’ 0 (no goal, check for consistency)

Al(2),A2,D2’,D3,AS
Al,A2,DI,A3, A4,D2’,D3,AS

KB
KB

KB
KB
KB
KB

KB
KB

THM
THM

THM
THM
THM
SAT

UNS
UNS

17.9/—
_/_
128/15.1
_/_
_/_

—

7.5/7.8
—

33/32
_/_
0.0/5.4
0.0/3.3
_/_

—f—

—f—
—f—
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(C) Computational Metaphysics: Avoiding the Modal Collapse

SOME EMENDATIONS OF GODEL'S
ONTOLOGICAL PROOF

C. Anthony Anderson

Kurt Gédel's version of the ontological argument was shown by J. Howard
ity g - o v

in a version which is immune to Sobel’s objection. A definition is suggested
‘which permits the proof of some of Godel’s axioms.

Der Mathematiker und die Frage der Existenz Gottes
(betreffend Gédels ontologischen Beweis)
B i wier,

et gauben, ca i Got i,
o, i)

1. Einfihrung

ol : .

isens bt sowohl pilosophisccsasauch mathmatches Intrsse e Zwock dec vor-

Godelschen Textes beizutragen, 1. durch Kom-

Viodeheore, Di

B et socoghtan . Wil o oon e e il il
er Godels

Janoer 1991), doch habe ich i Vaeﬂnm
prterig

de, cntschlo ich mich, schnell cine ,erweiterte Kurzfassung’" | zu sshreiben, oine aus ifr einen

Gaodel’s Ontological Proof Revisited *

C. Anthony Anderson and Michacl Gettings
University of California, Santa Barbara.
Department of Philosophy

Godel's version of the modal ontological argument for the existence of
God has boen itz by J. Howard Sobel [] and modified by . Authony
] In

Magari and others on Gddel’s ontological
proof
Petr Héjek
Institute of Computer Science, Academy of Sciences

182 07 Prague, Czech Republic
e-mail: hajekQ@uivt.cas.cz

1 Trtroduct

extent to

cmrndnlmn is defeated by the type of objection first offered by prog i

Gaunilo to St. Anselm’s original Ontological Argument. And we try to push

the analysis of this Godelian argument a bit further to bring it into closer

eement with the details of Godel's own formulation. Finally, we indicate

what seems to be the main weakness of this emendation of Gédel’s attempted
proof.

A New Small Emendation of
Gédel’s Ontological Proof

PETR HAIRK

Keyuords: Ontological proef, Giide, modal lgie, compaebension, posicive propestics

1. Introduction

Gédel’s ontalogical proof of necessary existence of a godlike being was finally
published in the third volume of Gédel's collected works [7); bat. it bocame
known in 1070 when Gédel showed the proof to Dana Scoti and Scott pre-
sented it (in fact & variant of it) at & seminar at Princeton. Detailed history
i found in Adams’introciuctory remarks to the ontological Dum[ in [7]. The

proof uses modal logic and its analysis is an exc in systems of
formal ol logic. Neodles 10 sny, formal siodal o s foumd soversl

‘This paper is a continuation of my paper [H] and concentrates almost exclu-
sively to mathematical properties of logical systems underlying Godel's on-
wlogul proof [G) and its variant by Anderson [A], with .p«.u care paid to

iticon M. Snc E] e writen in Ge, weshll 7 bo sz
nxxnm'emmmehnwly lcd;ed[ﬂ]wdlbenmnbhyuxyl’
reading the present paper (even % Bt advantageous). Here we describe

Understanding Godel’s
Ontological Argament

FRODE BIGRDAL *

11 1970 Kurt Gidel, in a hand-sritten note entitled “Ontologischer Boweis',
put forward an ontological argument for the existenze of God, making use of
second-order modal Iogical prnciplcs. Let the second-order formula P(F)
stand for “the property F is positive”, and lot “God” signify the property of
buing God-like. Gocel presapposes the following dofinizions:
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(C) Computational Metaphysics: Avoiding the Modal Collapse

Magari and others on Gddel’s ontological

- - — proof
Gaodel’s Ontological Proof Revisited *
. Petr Hijek
" C. Anthony Anderson and Michael Getting
SOME EMENDATIONS OF GODEL'S il il T ST T TTeT Sees, FCRIeRY oY STTeees
T 2
ONTOLOGICAL PROOF Department of Philosophy 182 07 Pragug, Czech Republic
e-mail: hgfek@uivt.cas.cz

Gadel's version of the modalontological argument for the existence of

C. Anthony Anderson God has been criticized by J. Hodgrd Sobel [5] and modified by C. Anthony

]. In the it consider the extent to which Anderson’s 1 Introduction

emendation is defeated by the typof objection first offercd by the Monk
Gaunilo to St. Anselm’s original Ontogical Argument. And we try to push fof ot v piger [H] and concentrates almost exclu-
Kurt Gédel's version of the ontological dgument was shown by J. Howard  the analysis of this Godelian argumen\a bit further to bring it into closer ies of logical systems underlying Gadel's on-
Sabel ions i agreement with the details of Godel's oNn formulation. Finally, we indicate ical pro ; g by Anderson [A], with special crepaid o

definition is suggested  what seems to be the main weakness of th\emendation of Gdel’s attempted (M] fince [H] is written in German, we shall try to summa-
proof. tizeits conteat in sugffa way that knowledge of [H] will be not obligatory for
reading the preseniffaper (even it remains advantageous). Here we describe

in a version which is immune to Sobel's object?
‘which permits the proof of some of Godels axior

A New Small Enkndation of
Gédel’s Ontologicd Proof

Der Mathematiker und die Frage der Existenz Gottes
(betreffend Gédels ontologischen Beweis)

T Understanding Godel’s
i e G Kepuonds: Ontalogcal proof, GO Ontological Argament
FRODE BIGRDAL *

1. Einfiibrung 1. Introduction

1 " 2
Wesens hat sowoh philosophisches als auch maihematisches Interosse geweckt. Zweck der vor-
i i s, 20 cine Deuun dos Godlcen Tetes et | durch Ko
Imentierung dr Literau odelltheorie. Di
arbeit ..,m e egcen Ag. Wit I e e ohciehe Ml st o (m fact a variant ,“) b 8 semminar P
sty is found in Adams’ introcuctory remarks Lo the ontolos)

Janner 1991), doch habe ich eabsichighone Vereffonds, 1 forn in Adauas’ introcuctory remarks 1o the ontolog
‘it Varion sbetn . 100f s 0dil g and it »\nal}mi s an exctig exe

11 1970 Kurt Gidel, in a hand-sritten note entitled “Ontologischer Boweis',
put forward an ontological argument for the existenze of God, making use of
second-order modal logical principics. Let the second-order formala P(F)
stand for “the property F is positive”, and let “God” signify the property of
bing God-like. Godel presapposes the following definicions:

genden Arbei

fde, entschlo ich mich, schnell eine erweiterte Kurzfassung" | zu schreiben, oine aus i einen

Computer-supported Clarification of Controversy
1st World Congress on Logic and Religion, 2015
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(C) Computational Metaphysics: Avoiding the Modal Collapse

A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:Al' A2' A3' A4 A4' H:A4 A5 A5' H:A5 T3 T3' MC
Scott (const) - - - - N/I - - N/ - - P - P

Scott (var) - - - - N/I - - N/l - - P - P

Anderson (const) - - - - R (K4B) - - - R - - P CS
Anderson (var) - - - - R (K4B) - - - R - - P CS
Anderson (mix) - - - - R (K4B) - - - - - CS CS
Hdjek AOE' (var) - - (& S/l - - - S/l - - P(KB) CS
Hdjek AOE' O (var) - - - CS R - - - S/U- - P(KB) CS
Hdjek AOE" (var) - - - - S/l - - S/ - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdal (const) R(K4) - R R - R(KT) - - N/ - - P(KB) CS
Bjgrdal (var) cs - R R - R(KT) - - N/ - - P(KB) CS

S/l = superfl. & indep.; R = superfl. & redund.; S/U = superfl. & unknown whether redund. or indep.; N/I = non-superfl. & indep.; P = provable; CS = counter-satisfiable
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(C) Computational Metaphysics: Avoiding the Modal Collapse

A controversy between Magari, Hajek and Anderson regarding the redundancy of some axioms

Proof D1’ A:Al' A2' A3' A4 A4' H:A4 A5 A5' H:A5 T3 T3' MC
Scott (const) - - - - N/I - - N/ - - P - P

Scott (var) - - - - N/I - - N/l - - P - P

Anderson (const) - - - - R (K4B) - - - R - - P CS
Anderson (var) - - - - R (K4B) - - - R - - P CS
Anderson (mix) - - - - R (K4B) - - - - - CS CS
Hdjek AOE' (var) - - (& S/l - - - S/l - - P(KB) CS
Hdjek AOE' O (var) - - - CS R - - - S/U- - P(KB) CS
Hdjek AOE" (var) - - - - S/l - - S/ - P(KB) CS
Anderson (simp) (var) - R R R (K4B) - - - -

Bjgrdal (const) R(K4) - R R - R(KT) - - N/ - - P(KB) CS
Bjgrdal (var) cs - R R - R(KT) - - N/ - - P(KB) CS

S/l = superfl. & indep.; R = superfl. & redund.; S/U = superfl. & unknown whether redund. or indep.; N/I = non-superfl. & indep.; P = provable; CS = counter-satisfiable

Leibniz (1646-1716)

characteristica universalis and calculus ratiocinator

If controversies were to arise, there would be no more need of disputation between two
philosophers than between two accountants. For it would suffice to take their pencils in
their hands, to sit down to their slates, and to say to each other ... : Let us calculate.

But: Intuitive proofs/models are needed to convince philosophers
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(C) Computational Metaphysics: See our Recent Publications

>

Computer-Assisted Analysis of the Anderson-Hajek Controversy, In Logica
Universalis, 2017.

Analysis of an Ontological Proof Proposed by Leibniz, Chapter in Death and
Anti-Death, Volume 14, Ria University Press, 2017.

An Object-Logic Explanation for the Inconsistency in Gédel’s Ontological
Theory, Kl 2016, Springer, LNCS, 2016.

The Inconsistency in Gédel’s Ontological Argument: A Success Story for Al in
Metaphysics, [UJCAI 2016, AAAI Press, 2016.

The Modal Collapse as a Collapse of the Modal Square of Opposition, Chapter in
The Square of Opposition: A Cornerstone of Thought (Collection of papers related to
the World Congress on the Square of Opposition IV, Vatican, 2014), Springer, Studies
in Universal Logic, 2016.

On Logic Embeddings and Gédel’s God, WADT 2014, Springer, LNCS, 2015.
Experiments in Computational Metaphysics: Gdédel’s Proof of God’s Existence,
In Science & Spiritual Quest, 9th All India Students’ Conference, Bhaktivedanta
Institute, Kolkata, 2015.

Invited Talk: On a (Quite) Universal Theorem Proving Approach and Its
Application in Metaphysics, TABLEAUX 2015, Springer, LNAI, 2015.

Automating Godel’s Ontological Proof of God’s Existence with Higher-order
Automated Theorem Provers, ECAI 2014, IOS Press, Frontiers in Artificial
Intelligence and Applications, 2014.

Further papers in preparation
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Rational Reconstruction of the
Inconsistency of Gédel’s Axioms
[Benzmiiller&WoltzenlogelPaleo, IJCAI-2016]
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(C) Computational Metaphysics: Rational Reconstruction of Inconsistency

Axiom A1 Either a property or its negation is positive, but not both: VYo[P(—¢) & —P(d)]

Axiom A2 A property necessarily implied by a positive property is positive:

VVYI(P($) A OVX[p(x) = y(xX)]) = P(Y)]

Thm. T1 Positive properties are possibly exemplified: Yo[P(p) — OAxp(x)]
Def. D1 A God-like being possesses all positive properties: G(x) & YP[P(p) — ¢(x)]
Axiom A3 The property of being God-like is positive: P(G)
Cor. C Possibly, God exists: OAxG(x)
Axiom A4 Positive properties are necessarily positive: Yo[P(¢) — OP(¢)]

Def. D2 An essence of an individual is a property possegsed by it and necessarily implying
any of its properties: ¢ ess. x o g Py (x) — a¥y(g(y) = ¢¥(v)

Thm. T2 Being God-like is an essence of any God-like being:

Yx[G(x) — G ess. x]

Def. D3 Necessary existence of an individual is the necessary exemplification of all its

essences:
Axiom A5 Necessary existence is a positive property:
Thm. T3 Necessarily, God exists:

NE(x) © Vé[¢ ess. x = OFyd(y)]

P(NE)
O0dxG(x)

Difference to Gédel (who omits this conjunct)
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(C) Computational Metaphysics: Rational Reconstruction of Inconsistency

DemoMaterial — bash 166x52

@SVE)@SVA)=8False) | (((p@(~[SXB:mu,SX1:8il: Sfalse))@sV3)=strue))), inference(prin_subst, lsmus(tnm)l [66: [bind(SV11,5thf(~[SV23:mu,5V24:51]: Sfalse))]])).
thei84,plain, (1 [S¥22: (mu>($i>50)),5¥3:$1,5VB: (mu=($i$0) )+ ((((SVB@(((SK2_5Y33ESV3)@(*[SXB:mu,5K1:6i]: (~ ((5V22@SXA)@5X1))))@SVE) )@l ( (sK1_SY31@(*(SXB:mu, SK1:8il: (
~ ((5v22@ESX8)@sX1) ) ) JESve)@sv3) ) strue) | (((p@sve)@sv3)=stalse) | (((p@("[SX@:mu,SX1:51i]: (~ [(5V22@SX®)@SX1))))@SV3)=Strue))), inference prim subst, [status(tnm)l (66
lbm(svu stnr( stza mu, SV21; ~ ((5V22ESV20)esv21) ) )10,

thi(BS,plain, (1 [SV: SUB: (mus (83600 ) | ((((palIS¥27:mu, S¥2B:611 ¢ (~ {(SWOESY27)@SY20)) ) I@Sv4)=statse) | [(((p@Sva)esva)
1.

ESYEEJJ))@SW)J sralse))J inference(fac_restr, [status(thm)], [56

CNTI(86, plain, (1 (SV4:53, 500 (u>(5i>S0)) 1 (({(pa(~ISY29:mu, §Y38:54]: [~ ((SVBESY20105Y3R))IESV4)=Struel | ((((pBSVIIESVA) =
5Y38))1 /@S¥4) J=sfalse) ), inerence( fac_restr, [statustthal |, (5711)

tNF(B7,plain, (! [S¥4:S1,5Va: (mus(5i>S0) )] ((((~ (((pasva)asv4) | ((p@c [5Y27:mu,SY28:51]: (~ ((SVOBSY27)@SY28))))@swa))) | (~ ((~ ((p@sva)@sva)) | (~ ((p@l(~[S¥27:mu,
5¥20:8i): [~ c(sw@svzn@sns))))@swl))) | (((p@(*[SY27:mu,5Y28:51): (~ ((SVOESY27)@SY2H))))eSV4)=Stalse)) ), inference(extcnt_equal_neg, [status(thm)], [851)).
(89, plain, (1(5V4:51,5V8; (mu>(sins0) )z (il(~ (ttwsva)@sw) | ((po{~[5Y28:nu, 5Y38: 511 : [~ ((SVD0SY201GSY30) N IESHEI ) | (~ ([~ ((paS¥B)@SVAD] | [~ ((p@i*[5¥20:mu,
5¥38:5i): (~ t(SVE@SVZB)@SY]B))))@5\/4)))) false) | (((pe(~[SY29:mu,5Y30:51]: [~ ((SVAaSY20)@S¥3))))GSV4)=Struel}) , inerence (extcn?_equal_neg, status(th) ], [851)).

s~ ([~ E(p@svu)@svan | {~ ((p@(~[SY27:mu,5¥28:81]: (~ tcs\m@svzn@svza)1))@5\:5):)) sfatse) | (((p@(~[SY27:mu,5Y28:5i): (

_or_neg, [status(thn)], (87

© (U~ (((paSVOIESE) | ((pe(~ISY2Bimu,5¥30:51): (~ ((SVAESY20)@SY3R))))aSV4) )
trueJJ) inference (extent_or_ne, [status(thall, (83]))
1,508 (mu>(3i>80) ) 1: ((T(~ (Eu@SV!J@SW)) [~ (cu@( (5Y27:mu, 5¥20:8i) s

e))),inferencelextcn?_not_neg, [status(thm) ], 1921)).

1(SV4:81,5Va: (ﬂ\u»fsﬁSﬂ))l (((((p@SVaI@sVa) | ((p@(~[S¥29:mu,5Y38:51]: (~ ((SVORSY28)@SY38))))@sva))=strue) | (((p@(~[SY29:mu,5¥3@:51]: (~ ((SVoESY29)
@SVSBJJ))@S\M) =struel)), mr:r:n:e(;—xtcm not_neg, [status(thm}, (931)).

thi(100,plain, (1 [SV4:$i,5V0: { u>(s;=snnl (((~ [ (peSVO)ESHA))=strue) | ((~ ((p@(~[SY27:mu,5Y28:51]:
(=~ ((SVORSY27)@5Y28) ) ) ) @54 se))), inference(exten?_ar_pos, [status{tha)], [96])).
th(181,plain, (! [SV4:51,5va: (1u>($1>50))| ((((p@Sve)@sva)=strue) | (((p@ ("[svza mu, 5Y30:81):

= ((p@(~5Y27:mu,5Y28:81]: (~ ((SV9ESY2T)

((p@(~(SY29:mu,5Y30:51): (~ ((SVOESY29)E

false) | (((p@(*[5Y20:mu,5Y38:81): (~ ((5V9g
(~ ((SVOESY27)@SY28))))@SV4)) )=Strue) | (((p@~ISY27:mu,S¥28:51): (~ ((S

{(SYDESY27)@5Y28) ) ) )@SV4) )=strue) | (({p@(*(5Y27:mu,5¥28:34):

i~ ((Sva@sY29)@sy3e)) ) )@sva)=strue) | (((p@(~[SY29:mu,SY3@:54]: (~ ((SW
985Y20)65Y36) ) ) J@SW4)=Strue) ) ) , inference(extcn? or_pos, [status(tha)], (971]).
©hF(103, plain, (! [SV4:61,5V0; (mum(3280) )15 ((( (paSV3)@SWA)=statse) | ([~ ((pe(~[SY2Timu,5Y2B:s1l: [~ ((SVAGSY27)@SY28))))ESV4))=strue) | (((pal*[SY27imu,5¥28: 8115 (
ctsva@svzn@svza))))@sva) #alse))), inference(extcnt_not_pos, [status(thm)], [188))).

8]
(185, plain, (! [SV4:S1,500: (mu>(5i>80) )]z ((((p@(~[S¥27:mu,5¥28:51): [~ ((SVOBSY27)@SY20))))@SN4)=SFalse) | (((p@SYO)@SVA)=STalse) | (((p@(%(SY2T:mu,5Y28:8i)s (~ ((
SVBeSY27]65Y281)) )@SV4)=¢alse) ) ), inference (extent_not_pas, [status(thm)l, 11831)).
thf(lﬂ?,plam,(,‘[SVE:Emuaisusnli.i\.’]:sl,svll:(1\u>[51>$n))| [((lEVZZ@EE(SKZ}V]}@SV])@( [5xs
(~ ((SV2265X8)E51) ) ) JESVBIESV3) )=Strue) | (((pESVE)@SVA)=S7alse] | (((p@(™(SXE:mu,SKL:Sil:
1, 178100,
th7(188, plain, (! [SV11: (mu=($1>60)1,5¥3: 81,5V15: (mu»(8i>50) ) I+
SX1:8i]: (~ ((SV15ESX8)@SX1))))esv3))=sfalse) | (((p@(~Isxa:
s(tha)l, [81])).
thi(100, plain, (1 [SV4:$1,500: (mu(si50) )z ((((p@(~1S¥27:mu,5¥28:51] ¢
sh.

w0, SX1:81]: (~ ((SV22@SXB)@SX1))) )@SVE))@( ( (sK1_SY31@(~[SX8:mu,5X1:54]:
%] ((SVEE@SXE)@SXI))JJ@SV]) strue))),inference(extcnf_not_neg, [status(thm

(1(5¥15( { (sK2_5Y33@5V3)@SV11)@i~ [SXBsmu, SK1:$il: (~ ((SV15@SXA)@SX1)))))@l ¢ (sK1_SYalesviliel~
u,5X1:81]

B [5XB:mu,
(~ ((5V155X0)@SX1))) )@sv3)=sfalse) | (((p@SV11)@svi)=strue))),inference(extent_not_pos, [statu

~ ((5¥9@5Y27)@5Y28) ) ) J@Sv4)=stalse) | (((p@sva)@sva)=stalse))),inferenceisim, [status(thm)], (18

the(110,plain, (1 [SV4:$1,5¥9: (mu>($i>§0) )] ((((p@SVO)@SV4)=Strue) | (((p@(~[SY29:mu,$YI0:il: (~ ((SVIESY20)ESY3L))))ESV4)=Strue))), inference(sin, [status(thm)], [161]
M.

th(111,plain, (! [S¥3:$1,5V8: (mu=(Si=Se) ) ]: ((((p@SVB)@SV3)=sfalse) | (((p@(~[SX@:mu,5X1:$i]: Strue))@Sv3)=Strue))),inference(sim, [status(thm)], (76])).
thf(112,plain, (! [SV11: (mu>(§3>$0)),5¥3: il ((((p@(~[SKBimu,SX1:51]: $false))@SV3)=Sfalse) | (((p@SV11)@SV3)=Strue))),inference(sin, [status(tha)], (88])).
thf(113,plain, (( ($false)=strue)), inference(o_atp_e, [status(thm)], [25,112,111,118,189,148,187,64,83,82,75,74,73,72,71,78,69, 68, 67,66, 65, 62,57,56,51, 42,201 ) ).
thf(114,plain, (Stalse),inferencelsolved_all_splits, [solved_all_splits(join, [1)],[113])).

% SZS output end (NFRefutation

Spree End 0F derivation protocol e
S N0, 07 clauses in derivation: 97 s
Sproex Clause counter: 113 weex

% S75 status Unsatisfiable for ConsistencywithoutFirstConjunctinD2.p : (rf:e,axiom:

extenf_conbined: true, expand_extuni:false, foatp:e,atp_tineout:25,atp_calls_frequenc
ation:fof_full)
ontoleo:DemoMaterial coenzmueliers [|

/P5:3,Ut6,ude: false, rLeibEQ: true, rAndEQ: true, use_choice:true, use_extuni:true,use_
8, ordering: none, proo?_outputi1, clause_count:113,loop_count:8, foatp_calls:2,transl
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(C) Computational Metaphysics: Rational Reconstruction of Inconsistency
[BenzmiillerWoltzenlogelPaleo, IJCAI, 2016]

Def. D2 ¢ ess. x o DL Y (Y(x) — OYy(@() — ¥(»)
I Lemma 1 I The empty property is an essence of every entity. Vx (0 ess. x)
Theorem 1 Positive Properties are possibly exemplified. Yo[P(¢) — OAxg(x)]
Axiom A5 P(NE)
> by T1, A5: OIAx[NE(x)]
Def. D3 NE(x) & Yol ess. x = Odyp(y)]
> by D3 OAx[VPlep ess. x — OAy[p(y)]]1]
> OAx[0 ess. x —» OFAY[O(y)]]
» by Lemma 1 O[T — oy[0()]]
> by def. of 0 OAx[T - O]
> Odx[OL]
> ool
Inconsistency 1
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(C) Computational Metaphysics: Rational Reconstruction of Inconsistency

DemoMaterial — bash — 166x52 =,

@SV8)@sV3)=sfalse) | (((p@(*[SX8:mu,SX1:$1): Sfalse))@SV3)=strue))
tht(84,plain, (! [SV22: (mu>($1>$0) ), 5V3: 81, 5V8: (mu>($i>$0))): ((((S . X1:8i): (
~ l(SVZZ@SXG)@SXI)))l@SVB)@SV])) strue) | (((p@SvB)@sv3)=sfalse) ] (((p@(~[5X8:mu,5X1:$i) ((5V22@5X8)@SX1))))@Sv3)=strue))), inference(prim_subst, [status(thm)], (66
: [bind(SV11, Sthf(~ mu, SV21:81) : (~ (( .

tht(85,plain, (! [SV4:$1,5V9: (mu>($i>$0))): ((((p@(~[SY27:mu, svzs < svoesy27)
@SY28))))@sv4))=sfalse))),inference(fac_restr, ls(a(us(thm)l lSG]))
thf(86,plain, (! [SV4:$1,SV! s

M ((ipe(™ Jvoesv29)e

§Y308))))@sv4))=sfalse))),inference(fac_restr, Istatus(thm)], 157))).
: 1[sva: : : em t ro ert = (s¥27:mu,
isif: : . 1, (850).
1[sva: : i [ ] [5Y29:mu,

SY30:51: (~ ((SVS@SY20)@5Y38))))@SVa)))))=sFalse) | (((p@(~[SY29: , 186]))
tht(92,plain, (! [SVA:$1,5V9: (mu>($i>80))): (((~ ((~ ((peSvI)@sv4)) 28:81): (
~ ((SV9@SY27)@5Y28) ) ) )@sV4)=stalse) ) ), inference(extcnt_or_neg, [stal
thf(93,plain, (! [SV4:$1,5V9: (mu>($1>S0))): (((~ (((p@SVOI@sV4) | ( (~ ((svee
5Y29)@5Y38)) ) )@sv4)=strue) ) ), inference (extcnf_or_neg, [status(tha) ]

tht (96, plain, (! [SV4:$1,5V9: (mu>($1>$0))): ((T(~ ((p@Sva)@sv4)) | I: (~ (s
V9@SY27)@SY28)) ) )@sva)=sfalse))), inference(extcnf_not_neg, [status(
h?(97, plain, (! [SV4:$1,5V9: (mu>($i>$0))): (((((p@SVOIESV4) | ((pe] also denoted svoesv29)

@SY30))))@sv4)=strue))),inference(extcnf_not_neg, [status(thm)], (93|

th?(100,plain, (! [SV4:$1,5V9: (mu>($i>80))): (((~ ((p@SVA)@SVA))=st] 5v28:51) :
(~ ((SV9@SY27)@SY28))) )@své)=sfalse))), inference(extcn?_or_pos, [s|
th(101,plain, (! [SV4:$1,5V9: (mu>($i>S0))): ((((p@SVO)@SV4)=Strue) : (~ sV

9@5Y29)@5Y38) ) ) )@SV4)=Strue) ) ), inference(extcnf_or_pos, [status(t
thf(103,plain, (! [SV4:$1,5V9: (mu>($i>S0))): ((((p@SV)@Sv4)=sfalse) | ((~ ((p@(~[SY27:mu,SY28:$i): (~ ((SVO@SY27)@SY28))))@SV4))=Strue) | (((p@(~[SY27:mu,SY28:$i): (~
((SV9@5Y27)e5V28))) )@své)=sfalse) ), inference exten? _not_pos, [status (thm)] , (160])).

th(105,plain, (! [SV4:$i,5V0: (mu>($i>S0))): ((((p@(~[SY27:mu,SY28:81): (~ ((SVOESY27)@SY28))))esv4)=sfalse) | (((pesvo)@sva)=sfalse) | (((p@(~[SY27:mu,SY28:81): (~ ((

SV9@sY27)@sY28)) ) )@sv4. Sfalse))).)r\ference(extcnf»r\nt_pus,lstatus(thm)l 103))).

th(107,plain, (! [SV8: (mu>($1>S0) ), SV3:$1,5V22: (mu>($i>S0) )): ((((SV22@( ((sK2_SY33@SV3)@(~ [SX@:mu,SX1:$i) 1)))@sv8) )@l ((sK1_SY31@(~[SX0:mu,SX1:$i):
(~ ((5V22@5X8)@SX1))))@SVB)@SV3) )=strue) | (((peSvB)@sv3)=sfalse) | (((p@(~[SX:mu,SX1:$i): ((5v22@5xa)@5x1))))@5v3) strue))),inference(extcn?_not_neg, [status(thm
)1, 1780)).

th?(188,plain, (! [SV11: (mu>(Si>S0)),5V3:$1,5V15: (mu>($i>$0))): ((((SVIS@(((sK2_SY33@SV3)@SV11)@(~[SX8:mu,SX1:Si): (~ ((SV15@5X8)@SX1)))))@( ((sK1_SY31@svil)@(~[Sxe:mu,
SX1:$i): (~ ((SV15@SX8)@SX1))))@SV3))=sfalse) | (((p@(~[SXB:mu,SX1:$i): (~ ((SV15@SXB)@SX1))))@Sv3)=sfalse) | (((p@SV11)@SV3)=Strue))),inference(extcnf_not_pos, [statu
s(thm)], (81))).

thf(les plain, (1[SV4:$1,5V0: (mu>($i>$0))): ((((p@(~[SY27:mu,S¥28:81): (~ ((SVO@SY27)@SY28))))@SV4)=sfalse) | (((p@SV9)esv4)=sfalse))),inference(sin, [status(thm)], (18

s1))
tht{110,plain, (1 [SV4:$1,5V0: (mu>(i>$0))1: ((((pesva)esva)=strue) | (((pe(~ :mu, SY38:511: (~ (( 38))))@SV4)=strue))), inference(sim, [status(thm)], (101)

tllwf(ul.nlam,(!lSV3:S).$VB:('m>(51>Sn)) ((((p@svB)@sv3)=sfalse) | (((p@(~[Sx@:mu,SX1:$i): Strue))@SV3)=Strue))),inference(sim, [status(thm)],[76])).
thf(112,plain, (! [SV11: (mu>($i>S0)),SV3:81): ((((p@(~[SX@:mu,SX1:$1): Sfalse))@sv3)=sfalse) | (((peSV11)@sv3)=strue))),inference(sim, lsta(us(thm)] IEBI))
Strue)), inference(fo_atp_e, [status(thn)] , [25,112,111,118,109, 108, 107,84,83,82,75,74,73,72, 71,70, 69, 68,67, 6, 65, 62,57,56,51,42,29) ) )

th#(113,plain
thf(lu.nlamMnfarence(solv:d all_splits, (solved_all_splits(join, (1)1, (1131)).
% SZS output er Wtation 97 C | au SeS

Spocex n0. 0f clauses in derivat.

Spcex clause counter: 113

extcn?_conb TR extuns false.sostpee,oth-tineuts 2 ach CoLLS Treauency 10, order ing:nane:praot sutputi1.d 281 52 h t

elentTor ) Characters

Spooex End of derivation protoco
% 525 statul Ilnsahshahlz or ConsistencyWithoutFirstConjunctinD2.p : (rf:@,axiom: :6,ude: false, rLeibEQ: trus
ontoleo:DemoMaterial cbenzmuellers
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(C) Computational Metaphysics: Godel’s Manuscript — Inconsistent Axioms
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(C) Computational Metaphysics: Godel’s Manuscript — Inconsistent Axioms
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e o P i m%/ NE() < Vo[6 ess. x — 03yd(y)] D3
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Computational Metaphysics
— Recent and Ongoing Work —

jww: Ed Zalta (Stanford, US), Dana Scott (Berkeley, US), Bruno Woltzenlogel Paleo
(Canberra, Australia), Alex Steen and Max Wisniewski (Berlin), many others
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(C) Computational Metaphysics: Lecture Course on Computational Metaphysics

Metaphysics: Foundational Branch in Philosophy, that ...
... studies the fundamental nature of being and the world that encompasses it
... looks beyond experience in the real world

Adresses ultimate questions, such as:

- What is there?

- What is it like?

- Is there a God?

- What can | know?

Method: Rational Argumentation

i
N
°
T
7
5
E
£
Kl
[

Lecture Course won the 2015 Central Teaching Award of FU Berlin
(jww: Alex Steen, Max Wisniewski, and others)

» MSc students in Maths, CS, Philosophy and Physics from FU, TU and HU
> Invited Lectures by Philosophers (Zalta & Lenzen) and Computer Scientists
> First course of this kind worldwide!
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(C) Computational Metaphysics: Principia Metaphysica (Zalta)

NOTE: This is an excerpt from an incomplete draft of the monograph Prin-
cipia Logica-Metaphysica. The monograph currently has four parts:
Part I: Prophilosophy
Part IT: Philosophy
Part ITI: Metaphilosophy
Part IV: Technical Appendices, Bibliography, Index

This excerpt was generated on October 18, 2016 and contains:

ABSTRACT o

OBIECTS ., Chapter 7: The Language 166

Chapter 8: The Axioms 185

—since ‘83— Chapter 9: The Deductive System 203

Chapter 10: Basic Logical Objects 309

Chapter 11: Platonic Forms 354

Chapter 12: Situations, Worlds, and Times 378

Chapter 13: Concepts 438

Chapter 14: Numbers 505
* Part IV:

Appendix: Proofs of Theorems and Metarules 634

Bibliography 849

Principia Logico-Metaphysica

> Objective: Formalisation/Automation of Principia Metaphysica
> Joint work with: Daniel Kirchner (student of mine), Ed Zalta (Stanford)
> Logics: Hyper-Intensional Higher-Order Modal Logic
> Results:

> PLM fully formalised (by Daniel), only minor issues detected
> good degree of automation, abstract level theorem prover

Sources: https://github.com/ekpyron/TAO

v
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https://github.com/ekpyron/TAO

(C) Computational Metaphysics: Intensional Version of Ontological Argument

14 TYPES, TABLEAUS, AND GODEL'S GOD

JEERN8 BN LOGIC 2 STOOIA LOCICA LEARY Since = does not occur fre i the consoquent, (11.1) s quivalent o the
ollowing

(36 > (@ > D0Fu)(G(w) > @)} 1)

We have Corollry 11,28, from which

Types, Tableaus,
and Goédel’s God 920059 wn

Since Q has o froe variables, (117) i cquivalent to the following:

s

@>[OEFw)Gw) >0Q) 9
Finally (119), aad Corolary 1125 agan, ive the ntended sl

"
Melvin Fitting 4200 wm

A Solution

> Objective: Formalisation/Automation of Fitting’s Book
> Joint work with: David Fuenmayor (student of mine)
> Logics: Intensional Higher-Order Modal Logic

> Results:

> essential parts are formalised (by David), only minor issues detected so far
> good degree of automation

» Sources: https://github.com/cbenzmueller/TypesTableauxAndGoedelsGod
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https://github.com/cbenzmueller/TypesTableauxAndGoedelsGod

(C) Computational Metaphysics: Provability Logic

OOASA)>0A

George Boolos

SA>O®A
> Objective: Formalisation/Automation of Boolos’ Book
> Joint work with: David Streit (student of mine)
> Logics: Provability Logic
> Results:

> essential parts are already formalised, no issues detected so far
> good degree of automation

» Sources: will-soon-be-made-public
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will-soon-be-made-public

Conclusion

» Formal Proofs Increasingly Relevant in Maths, CS and Beyond
Significant Improvements in Interactive and Automated Theorem Proving
Universal Logic Reasoning in HOL via Shallow Semantic Embeddings
Deep Analysis of Rational Arguments on the Computer

> significant contribution towards a Computational Metaphysics
> even novel results contributed by theorem provers
> related work: only for Anselm’s simpler argument

v

v

v

> first-order ATP PROVER9 [OppenheimerZalta, 2011]
> interactive proof assistant PVS [Rushby, 2013]

> approach works well in practice: matches granularity of human arguments
> approach can be adapted for other logics and logic combinations

Outlook: Many relevant other applications (but | need resources!)

» Maths, Computer Science, Artificial Intelligence

> Philosophy, Natural Language Processing

> Legal-, Ethical- and Moral-Reasoning in Intelligent Machines
> Rational Argumentation in general
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