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Logical/Mathematical Imperialism

Choose some logical foundation and don’t question them ever again.

For example, commit to a priori assumptions like:

dx.x =X existence of objects, non-empty types

dx.x=1/0 terms always denote, undefinedness exists
Vo.pV @ law of excluded middle, classical logic
Voy. (@ =w) D (p =) boolean extensionality

Voy.(Vx.px =wx) D (¢ =) tunctional extensionality

tHF @ then Hyyw - @ monotonicity

Such choices are typically made in maths formalisation projects (like MathLib etc.)
They might be completely innaceptible for formalisations in philosophy, law, ...



Logical/Mathematical Pluralism

Make logical foundations flexible and negotiable.

Support reflection on them within proof assistants.

dx . x=Xx
dx.x=1/0

Vo.pV @

Voy. (9 =y) D (¢ =)
Voy.(Vx.px =wx) D (¢ = y)
tH b ¢@then Hy = @

AS010POYPRA AXMID0]

This way proof assistants may support formalisations also in philosophy, law, ...



Logical/Mathematical Pluralism

Make logical foundations flexible and negotiable.

Support reflection on them within proof assistants.

TR = 5 =20 5 u u Comparative Study (Scott vs. Freyd)

e o = b L6 Free Logic

V.(p. s &P v Ll Axiom Systems for Category Theory

Ve == y) - (@ = )
VU e VX a6 == Y D o (G2 == Y1) Free Logic

tH b ¢@then Hy = @
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Meta-Logic (HOL)




Logical/Mathematical Pluralism

Make logical foundations flexible and negotiable.

Support reflection on them within proof assistants.
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LogiKEy: Logic-pluralistic KR&R Methodology

ELSEVIER

Artificial Intelligence

Artificial Intelligence

Designing normative theories for ethical and

legal reasoning: LociKEy framework,

methodology, and tool support

2020
The term “LogiKEy"”
was introduced here.
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Meta-Logic (HOL)

LogiKEy: tocused so tar on shallow embeddings
Origins: 2007-2008

This talk: integration of deep and shallow embeddings



LogiKEy: Logic-pluralistic KR&R Methodology

Selection of logic embeddings:

Multimodal Logics [Andrews Festschrift, 2008}
Access Control Logic [SEP, 2009]

Intuitionistic Logic [LJ IGPL, 2010]

Quantified Multimodal Logic [Log Univers, 2012]
Quantified Conditional Logic [J Phil Log, 2016]
Multivalued Logic [LLP, 2016]

Free Logic [JAR, 2020]

Dyadic Deontic Logic [AlJ, 2020] [JANCL, 2024]
(Hyper-)Intensional Higher-Order Modal Logic [RSL, 2020]
Public Announcement Logic [JLC, 2022]

Logic of Right to Know [ECAI, 2025]
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Abstract

Notes on Kurt Gédel’s modal ontological argument and Dana Scott’s variant of it are presented.
These remarks, supported by experimental studies with a proof assistant system for classical
higher-order logic, implicitly answer some questions the authors have received over the last

decade(s). In addition, some new insights resulting from the conducted experiments are reported.
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What is Isabelle?

Isabelle is a generic proof assistant. It allows mathematical formulas to be
expressed in a formal language and provides tools for proving those formulas in
a logical calculus. Isabelle was originally developed at the University of

Overview

Cambridge and Technische Universitat Munchen, but now includes numerous

Installation contributions from institutions and individuals worldwide. See the |sabelle Oth e r p rove rS CO u ‘d be U Sed i n Stea d :

overview for a brief introduction.
Documentation

— Now available: Isabelle2025 (March 2025) ® |TPs: Lean, HOL4, COq , Ag da L.

Cambridge (.uk)
Munich (.de)
Sydney. (.au)

E— 3o e ® ATPs: Vampire, E, Zipperpin, CVC5, ...

Download for Linux (Intel) - Download for Linux (ARM) - Download for
Windows - Download for macOS

Isabelle/HOL.: Still my favorite tool for logic education (and choice for this work)
* Proof automation with Sledgehammer (FO & HO ATPs, SMT solvers)
e Model- and countermodel-tinding with Nitpick

e Powerful User Interface



LogiKEy in education started a decade ago

Forschen lernen im digitalen Zeitalter e C.Benzmiiller, M. Wisniewski, and A. Steen.
“Computational Metaphysics™. 2015 central
teaching award of FU Berlin. 2015. url: https://
dx.do1.org/10.13140/RG.2.1.3535.2568

Projekt von Informatiker Christoph Benzmuiller mit dem Lehrpreis der Freien
Universitat Berlin ausgezeichnet

02.05.2016

Die Entscheidung sei in diesem Jahr besonders \ e M. Wisniewski, A. Steen, and C. Benzmiiller.
schwergefallen, sagte Klaus Hoffmann-Holland, - PN “Einsatz von Theorembeweisern 1in der Lehre”. In:
Vizeprasident filr Forschung und Lehre der Frei- > . Hochschuldidaktik der Informatik: 7. Fachtagung
en Universitat Berlin und Mitglied der Jury fur ‘ 1 algne des GI-Fachbereichs Informatik und Ausbildung/
den Lehrpreis, anlasslich der Preisverleihung. LA A ' b ‘.'\’;Lﬁ Didaktik der Informatik. Ed. by A. Schwill and U.
Deshalb wurde in diesem Jahr nicht nur ein her- e S | Lucke. Commentarii informaticae didacticae (CID).
Potsdam, Germany: Universititsverlag Potsdam,

Vielfalt der Angebote zur forschungsorientierten 2016, pp. 81— 92. url: https://publishup.uni-

Lehre an der Freien Universitit ist, zeigte eine ‘ | | - potsdam.de/opus4-ubp/tfrontdoor/index/index/docld/
Ausgezeichnet mit dem Lehrpreis: Informatiker Christoph 9485

ausragendes Lehrprojekt ausgezeichnet, es wur-
den auch zwei weitere gewtirdigt. Wie grol3 die

Podiumsdiskussion im Anschluss an die Banzmiiller

Preisverleihung. Bildquelle: Manuel Krane

https://page.mi.fu-berlin.de/cbenzmueller/papers/LogiKEy in Education.pdf



https://dx.doi.org/10.13140/RG.2.1.3535.2568
https://dx.doi.org/10.13140/RG.2.1.3535.2568
https://publishup.uni-potsdam.de/opus4-ubp/frontdoor/index/index/docId/9485
https://publishup.uni-potsdam.de/opus4-ubp/frontdoor/index/index/docId/9485
https://publishup.uni-potsdam.de/opus4-ubp/frontdoor/index/index/docId/9485
https://page.mi.fu-berlin.de/cbenzmueller/papers/LogiKEy_in_Education.pdf

Many related papers on deep and shallow embeddings in HOL since the
early 1990s — see references in CADE 30 paper (and reterences therein)

Rest of the talk:

® |nterlinked logic enbeddings in LogiKEy: deep & shallow
® Reasoning at meta- and object level
® Faithfulness proofs — can they be automated?

® Evaluation — which type of embedding performs best in practice?



ML

2 Propositional modal logic (PML)

The syntax of PML is defined by the grammar ) ' . 0, |
where a € S are propositional symbols declared Tn a”
Further logical connectives can be defined as usual, e.g.: © V ¢ : ,
o A= (p DY), G :=-0-p, T :=p D p (for some p € S), and L := T,
A semantics for PML, called relational semantics or possible-world semantics,
determines the truth of a formula ¢ relative to a so-called possible world w and
a relational model. A relational model is a tuple (W, R, V), where W is a set
of possible worlds (called the universe), R is a binary relation on W (called the
accessibility relation), V is a valuation function that assigns a truth value to each
symbol a € & in each world w € VW, where § is the signature of propositional
symbols. (W, R) is called a frame. Formally, the truth of a formula ¢ with respect
to a given model (W R,V) and a poqqible world w € W is defined as follows:

W R V w |: a iff V(a)(w) is true

W, R, V), w = - iff not (W, R,V),w = ¢
W, R, V),w =9 D¢ it  W,R,V),w = p impliess (W,R,V),w =¢ |
W R, V , W |= Df,a 1ff for all v Wlth va we have <W ’R V) |= @ ;

Semantics

K
X
| (

N ote t.ha.t n t.hls recursive deﬁmtlon of tluth the only pa.la,meter that may
be recursively modified is the possible world w in the [-clause, which states that
a formula ¢ is “necessary” in a world w iff ¢ is true at all reachable worlds v
from w. Based on the above definitions a notion of validity can be defined: A
formula ¢ is valid (in so called base modal logic K) iff (W, R, V), w = ¢ for all
W, R.V,and w € W.



Deep vs. Shallow (deep)

Gibbons & Wu (2014) Folding domain-specific languages: deep and shallow embeddings (functional pearl). Doi: 10.1145/2628136.2628138

“|...] adeep embedding consists of a
representation of the abstract syntax as an
algebraic datatype, together with some
functions that assign semantics to that syntax
by traversing the algebraic datatype.

p,y:=alla)| "o | Oy 7 (a € 95)
o, y:= a | @leOy @ (a € 5)
(W,R, V), w E al(a) iff V(a)(w) is true

(W,R,V),w @ iff not (W,R,V),wE ¢
(W,R,V,wE @ D wift (W,R,V),wE @ implies (W,R,V),w E y
(W,R,V),wE [ | iff forall v € W with Rwv : (W,R, V), v E ¢

o Iff (W, R,V),vEq@forall W.R,V,v




Deep vs. Shallow (deep)

Gibbons & Wu (2014) Folding domain-specific languages: deep and shallow embeddings (functional pearl). Doi: 10.1145/2628136.2628138

“|...] adeep embedding consists of a
representation of the abstract syntax as an
algebraic datatype, together with some
functions that assign semantics to that syntax
by traversing the algebraic datatype.

Superscript
—<Deep embedding (of propositional modal logic in HOL)>» d
datatype PML = AtmD S (" _9") | NotD PML ("—~9") | ImpD PML PML (infixr "59" 93) | BoxD PML ("C19") .
for "deep”

11]—< Definition of truth of a formula relative to a model <(W,R,V)> and a possible world w»>
primrec RelativeTruthD :: "W=R=-V =w=-PML=-bool" ("(_, , ), EY ") where
"(W,R,V), w |9 ad (Vaw)"

| "(W,R,V), w =9 -9 (- (W,R,V), w =1 )"

| "(W,R,V), w =9 ¢ D9 (W,RV), wE=9p — (W,RV), wgEdy)"

| "(W,R, V), w =904 (VVv:W. Rw v — (W,R,V), v =9 )"
17|—< Definition of validity»
18| definition ValD ("2 ") where "(E9 ¢) = (VW R V. Yw:W. (W,R,V),w 9 )"

|:d —d (jd ad) :»d —d (:\d (ﬂd (ad Dd bd)))




Deep vs. Shallow

Gibbons & Wu (2014) Folding domain-specific languages: deep and shallow embeddings (functional pearl). Doi: 10.1145/2628136.2628138

“|...] adeep embedding consists of a
representation of the abstract syntax as an
algebraic datatype, together with some

functions that assign semantics to that syntax

by traversing the algebraic datatype.

@,y
@, :

(W,R,V),w
(W,R,V),w
(W,R,V),w
(W,R,V),w

@] oleoy| e (a €S5)
a | @leoy]| e (a € 9)

(a) Iff V(a)(w) Is true
@ iff not (W,R,V),wE ¢
@ Owift (W,R,V),wE @ implies (W,R,V),wEy
@ iff forallv € Wwith Rwv : (W, R,V),vE ¢

o Iff (W, R,V),vEq@forall W.R,V,v

(shallow — maximal)

A shallow embedding eschews the algebraic
datatype, and hence the explicit
representation of the abstract syntax of the
language; instead, the language 1s defined
directly 1n terms of its semantics.”

rAa . AWRVw . Vaw
Ap AWRVw.=(p WRVwW)

A Ay AWRVwW. (pWRVwW) - (WWRVw)
Ap AWRVwW . Vv:W.Rwv - (p WRVV)
Ap NWRVw.(p WRVw)



Deep vs. Shallow (shallow — maximal)

Gibbons & Wu (2014) Folding domain-specific languages: deep and shallow embeddings (functional pearl). Doi: 10.1145/2628136.2628138

“|...] adeep embedding consists of a A shallow embedding eschews the algebraic
representation of the abstract syntax as an datatype, and hence the explicit

algebraic datatype, together with some representation of the abstract syntax of the
functions that assign semantics to that syntax language; instead, the language 1s defined
by traversing the algebraic datatype. directly 1n terms of 1ts semantics.”

3l—<Shallow embedding (of propositional modal logic in HOL)>
type synonym o = "W=R=V=w=-bool"
definition AtmS::"5=-¢" (" ") where *= A\WRVw.Vaw"
definition NegS::"o=-c" ("—5") where So=AMWRVwW. =(po WRV w)"
definition ImpS:i"o=o=0¢" (Iinfixr "D%" 93) where "¢ D>S¢Y = A\WRVW. (o0 WRV W) — () WRV w)"
definition BoxS:i"g=0d" ("C1=") where "Ospo= A\WRVW.YWWVW.Rwv — (p WRV v)"
—<Definition of truth of a formula relative to a model «{W,R,V)> and a possible world w>
16| definition RelativeTruthS :: "W=R=Y =w=0c=-bool" ("(_, , ), F>_") where"(W,RV),w E3¢c=pWRYV w"
—<Definition of validity»
18| definition ValS ("5 ") where "5 ¢ = YW R V. Yw:W. (W,R,V),w |5 "

Superscript
)

for "shallow”




Deep vs. Shallow

Gibbons & Wu (2014) Folding domain-specific languages: deep and shallow embeddings (functional pearl). Doi: 10.1145/2628136.2628138

“|...] adeep embedding consists of a
representation of the abstract syntax as an
algebraic datatype, together with some

functions that assign semantics to that syntax

by traversing the algebraic datatype.

@,y
@,y

(W,R,V),w
(W,R,V),w
(W,R,V),w
(W,R, V),

@] @leoy| [ (a € 5)
a Pl oY 7 (a €S)

(a) iff V(a)(w) is true
@ iff not (W,R,V),wE ¢
¢ O ywiff (W,R,V),wF ¢ implies (W,R,V),wE y
@ Iff for all v € Wwith Rwv : (W, R, V) jviF @

o Iff (W, R,V),vEq@forall W.R,V,v

(shallow — maximal)

A shallow embedding eschews the algebraic
datatype, and hence the explicit
representation of the abstract syntax of the
language; instead, the language 1s defined
arectly in terms of its semantics.”

rAa . AWRVw . Vaw
A AWRVw.=(pWRVw)

A Ay AWRVwW. (pWRVwW) - (WWRVw)
Ap AWRV A Nv:W.Rwv = (¢ WR Viy)
Ap NWRVw.(p WRVw)



Deep vs. Shallow (shallow — minimal)

Gibbons & Wu (2014) Folding domain-specific languages: deep and shallow embeddings (functional pearl). Doi: 10.1145/2628136.2628138

“|...] adeep embedding consists of a A shallow embedding eschews the algebraic
representation of the abstract syntax as an datatype, and hence the explicit
algebraic datatype, together with some representation of the abstract syntax of the
functions that assign semantics to that syntax language; instead, the language 1s defined
by traversing the algebraic datatype. directly 1n terms of 1ts semantics.”
p,y:=ala) | "eleow| g (a €5)
pwi= a | -@leoy| e (a € S) V.R
(W,R, V), w E at(a) iff V(a)(w) is true Aa . Aw . Vaw
(W,R,V),wE =@ iff not (W,R,V),wEk ¢ AQ . Aw . (pw)
(W,R,VY,wE @ > wiff (W,R,V),wE ¢ implies (W,R,V),w E Ap Ay Aw . (pw) = (Y w)
(W,R,V),wE [ ¢ iff for allv € Wwith Rwv : (W,R, V),V E ¢ Ap Aw . Nv.Rwv = (¢ V)

o iff (W,R,V),vEqforall W,R,V,v Ap Nw.pw



Deep vs. Shallow (shallow — minimal)

Gibbons & Wu (2014) Folding domain-specific languages: deep and shallow embeddings (functional pearl). Doi: 10.1145/2628136.2628138

“|...] adeep embedding consists of a A shallow embedding eschews the algebraic
representation of the abstract syntax as an datatype, and hence the explicit

algebraic datatype, together with some representation of the abstract syntax of the
functions that assign semantics to that syntax language; instead, the language 1s defined
by traversing the algebraic datatype. directly 1n terms of 1ts semantics.”

3|l—<The acessibility relation R and the valuation function V are introduced as constants at the meta-level HOL >
4l consts R::R ViV
s|—<Shallow embedding (of propositional modal logic in HOL) >
type synonym o = "w=-bool"

definition AtmM::"S8—= " (" ™) where "am = \w.Vaw"
definition NegM::"o=c" ("-m") where "Moo = Aw. D w

Superscript
m

definition ImpM::i"o=0=-0¢" (infixr ">™" 93) where "o OMyY=Aw.ow — 1y W"
definition BoxM::"o=-0c" ("Om") where "OMp=AW. VW.RwWvV — o V"

for “min. shallow”

18| definition RelativeTruthM :: "w=-0=-bool" ("_ =™ ") where "w =M ¢z = ¢ w"

l‘f", = '7;/

=m-m(CMmam) DM M (OM (=M (@M DM bM)))




Example (minimal shallow):

a aob

l}t(p./lw.—l(qu)
Ap . Aw .= (pw))| la>D (Ap.Aw.2(pw))( | |(Ap.Aw . (pw))a O b
l}tqo./lw.‘v'v.va—wav

':ITI — M (rm am) :)m — M (mm (ﬁm (am 3!’1’] blT])))

Ap . Aw .= (W) ((Ap . Aw . Vv.Rwv = @pv)a) O (Aw.(Ap . Aw . Yv.Rwv — @v)Ap . Aw.(pw))a O b)) w))
lxlgo./h//./lw.((pw) — (W w)

lxla./lw.(VaW) Standard translation ot
PML to FOL via unfolding
l’k”‘vw'((pw) and f-reduction in HOL

l p-reduction

Vw.a(VWw.Rwv > Vav) - a(VYWw.Rwv - a(Vav - Vbv))
l simplification

Vw.(dv.RwvA-Vav) - (Iv.RwvAVav - Vbv))



Example (all embeddings): a a>b

shallow minimal (.”")
=M —m (M @m) DM =M (OM (=M (@M DM hm)))

vw. (Zv.RwvA-Vav) — (dv.RwvA(Vav—VDV))

YW RV X.
W Xx —
(dxa. WxaARXxXaA-Vaxa) —(dxa WxaARxxaA(Vaxa—VDbxa))

shallow maximal (.*)

=2 =3 (0% a%) D% =% (05 (=° (a® D° b))

deep(.d) YW RV x.

—=d —d (Od gd) Hd —d (39 (=9 (g D9 b9)))

WX —
(dxa. WxaARxXxaA—-Vaxa) — (dxa. WxaARxxaA(Vaxa—VDbxa))




V.l N ]’\
¥ (¥ U

Example (all embeddings):

shallow minimal (.”")
):m —m (gm 95) DM —m (gm (5m (95 > M l’)))

VW RV X.

shallow maximal (. ) W x —
, (dxa. WxaARxxaA-@WRVXxa) —

(dxa. WxaARXxxaA(pWRVXxa — vvWRYV xa))

VW RV X.
WX —
(dxa.
W xa A
R X Xa A
—rec PML(AaWRV.Va)(Ap o WRVW. m"WRV W)
(Apg v " V" WRVW. o' WRVW — " WRYV w)
(Ap ' WRVW. VX WX —RwWX— ¢ WRVX)pWRVXxa) —

Schematic formulas

(dxa.
lead to more complex W xa A

proof problems R X Xa A
(rec PML(AaWRV.Va) (Ao o' WRVW. = WRV w)

(Ao " V" WRVW. o' WRVW — 2" WRV W)

(Ao 0" WRVW. VX WX—RWX— @"WRVX)oWRYV Xxa —
rec PML(AaWRV.Va)(Adp o WRVW. =o' WRV w)

(Ao o' V" WRVW. o' WRVW — ' WRV W)

(Ap 0" WRVW. Y XWX —RWX— @»"WRVX)y¥YWRYV xa))




shallow maximal ( .° )

N inked Embeddin
te r I e e I 9 S theory PMLINHOL_shallow imports PMLINHOL_preliminaries (* Christoph Benzmuller, 2025 *)

type synonym ¢ = "W=R= V= w=>bool"
definition AtmS::"S=a¢ (" ") where : AWRVwW. Vaw"
definition NegS:i"o=>¢ ("—5") where "8 AWRVw. (. WRVW)"

° ot ° definition ImpS::"o=g=c¢" (infixr ">*" 93) where " = WRVW.(oWRYV \.V] » (0 WRV wW)" .
Sha red prel iIminaries 8| definition BoxS::"o—c"  ("0°") ~  where OFp=AWRVW.YWW.RWY— (o WRVV)"

<Type declarations common for both the deep and shallow embedding> )| definition OrS  (infixr "v" 92) where
typedecl W /Type for poggible worlds:s definition AndS (infixr "A*" 95) where =

P - _ - definition DiaS = where
typedecl & —<I Qefm ijusf|t|ona\ constant symbols> definition Tops whaere

CONSES PoS 0’ 0 —<S0MEe propositional cOnstant symbols s el O BOte () O e e T  —————-——
type_synonym lx’V— w—‘»bool" —<Type for sets of possible worlds 15—« Definition of truth of a formula relative t el <(W,RV)> and a possible world ws e
type_synonym R = "w=w=-bool" —<«Type for accessibility relatlun@/ ‘ y _

type_synonym V = "*-Sﬁ’“':’boorl _<Typ€ for valuation functions> ’ 'Ilth%I (“_,_l,,,“,,)Wh..e_re, "=5¢ = YWRV. Yw:W. (W,RV),w =

named theorems DefS declare Ath_def[DefS,simp] NegS_def[DefS,simp] ImpS_def[DefS,simp]
BoxS_def[DefS,simp] OrS_def[DefS,simp] AndS_def[DefS,simp] DiaS_def[DefS,simp] TopS_def[DefS,simp]
BotS_def[DefS,simp] RelativeTruthS_def[DefS,simp] ValS_def[DefS,simp]

end

definition RelativeTruthS :: "W=aR=V =2w=o0= " E* "Ywhere"WRWW ESoc=pWRVW'

ES AT AT Y- T = S AT B g3 JQ e At i Ve B L ki IR b

Py > 2% - nd Bt _
__< - " » e - - \ - . ~r a - o> \ o~ . P ek N - B . o A e = o

theory PMLINHOL shallow minimal imports PMLINHOL preliminaries * Christoph Benzmuller, 2025 *)
begin

theory PMLInHOL_deep imports PMLInHOL_preliminaries
begin

\ : type synonym ¢ = "w=>bool"

9" 93) | BoxD PML ("0O¢ definition AtmM::"S=o" (*_m*) where

R A A O 5 S s PRIl e S A R TPt F o SN NNl B Kl N B S ST i il ! definition NegM::"o=0' (*—m") where = :

definition OrD (infixr "v9" 92) where "pviy= 9 HF | definition ImpM::"o=c=¢" (infixr "2™" 93) where , ' AW. 0 W — v W"
definition AndD (infixr "/%" 95) where s A A (o D9 %) definition BoxM::"o->c" ("Com™)  where "O™ w R WV —
definition DiaD ("<9 ") where ' 2 = ~9D0o(9%)) i ] 0 =L LT ot (R (T AL e L= (L (6 St et e A‘ o RS
deflnltlon TopD (" 719") where 'T! = definition OrM (infixr "v™" 92) where

_, on Bot “jany he 1, - L L - o SR definition AndM (infixr "A™" 95) where

OCoO~N RS

o~ b=
N TNV

) i » formula relative to a model < (W,R, V> and a possible world w> | definition Diam ("om * where
primrec RelativeTruthD :: "W=R=V =w PML -bool" (*(_ =SS ] 5| definition TopM ("1™ where
"(W,R,V 'j,. 'a = (Vaw)" % Jrae gl I A P S S AR NN P R A O T AN AP
|"“4R\/ 0 =% = (- (W,R,V), w =9 )" ' BL7|—<Definition of truth of a formula relative to a model «(W,R,V)> and a
| "(W,R,V) 0 (s v o= ((W,R,V), w9 ¢ » (W,R, V), w =9¢1)" definition RelativeTruthM :: "w=o=bool" ("_ =™ ") where "w
| "(W,R,V) d Od, = (VWWwW.Rwv — (W,RV), v =9 )" 3 efinition of |

. ‘
) g

— e

-

G S

E-*. BN WD W N

T on

k) definition VaIM (" )where § m Vw:iw. w}
defmltlon VaID( =9 “) where "(~ ,) ('*W H\/ YW W W Hv W f d )" 4 BNl A B A B A PO el SO SN i S SOV =S Sl Wil oS S RSO

-t i alausisioaicy SO i S N I SN SRV named theorems DefM declare A n‘M cef[DefM S mp] NegM def[DefM S mp] ImpM def[Deﬂ\’ sim p]

named theorems DefD declare orD def[DPfD S mp] AndD def[DP‘D simp] DiaD def[DefD S mp] BoxM_def[DerN.swp] OrM_def[DefM,simp] AndM_def[DefM,simp] DiaM_def[DefM,simp] TopM_def[DefM,simp]
TopD_def[Def'ﬁ simp] BotD_def[DefD,simp] RelativeTruthD_def[DefD,simp] ValD_def[DefD,simp] BotM_def[DefM,simp] RelativeTruthM_def[DefM,simp] ValM_def[DefM,simp]

end end

~
T

shallow minimal (.”")




Faithfulness automateo

shallow maximal ( .° ) shallow minimal (.”")

theory PMLINHOL_deep imports Pf~’LinHOL_preliminarie5 (* Christoph Benzmilller, #) theory PMLINHOL_shallow imports PMLINHOL_preliminaries (* Christoph Benzmdiller, 2025 *) thegry PMLInHOL_shallow_minimal imports PMLINHOL_preliminaries (* Christoph Benzmiller, 2025 *)
begin begin begin

> T ; 4 VA T2 s 1 M ts Ru:R ViV
datatype PML = AtmD S ("_9") | NotD PML ("~9") | ImpD PML PML (infixr "=9" 93) | BoxD PML ("0¢") type_synonym o = "W=R= V= w=bool CONS™S R
’ definition AtmS::"S=c" (") where d AWRVwW. Vaw"
definition OrD (infixr "vd" 92) where "oV i, definition NegS::"o=0" ("—5") where AWRVwW. =(o WRVwW)"
definition AndD (infixr "A%" 95) where 1/, y i dy)) definition ImpS::"o=g=>c¢" (infixr " 25" 93) where "¢ AWRVW. (0o WRV W) » (U WRVwW)"
definition DiaD ("&4.") where : D 9(-9)) definition BoxS::"o= ("= where P EAWRV W YWW. RWY — ( WRVV)' definition ImpM::"o=+c=>¢" (infixr ">™" 93) where ", AW. o W — o W"
definition TopD (" 719") where 1 pd* * definition BoxM::"o- {REE) where Moo= AW.YV.Rwy — o V"
definition BotD (" 1d") where " i ' definition OrS (infixr "vs" 92) where , ) y -
<W.R V> definition AndS (infixr "A5" 95) where : J )’ definition OrM (infixr "v™" 92) where
i N Y- . , X § oo I ' definition DiaS ("©=") where *Osy e " definition AndM (infixr "A™" 95) where
Prl.r'“\rve; 5elz-‘)5|.feT;JthD & :1:vORN'l >w=PML=-bool" (*(_,_,_),_ | definition Tops  ("T5") where : definition DiaM  (*o™ *) where

type_synonym ¢ = "w=>bool"
definition AtmM::"S=c" =) where Aw. Vaw"
definition NegM::"o=0o -"") where . = Aw. - W'

AN B \/ ; AT definition BotS  (".Ls") where | definition TopM  ("T™") where
| "(W.R,V}, w Y = (- (W,RV), w 2) definition BotM  (".L.™) where

I“ W,R,V}, w94 — [ W,R,V), w |9« » (W,R,V), w . finiti slativeT I 2 "WaR=) = l s 0 h "YW.RLVY W 3 WRVwW" — <«(W,R,V)>
| *(W,RV), w |=¢ 019, = (VYv:W. R w v . (W,RV), v | o) definition RelativeTruthS :: "W=R=) =w ). E5_") where "(W,R,V),w Z 2WRVw definition RelativeTruthM :: "w=o=bool* ("_ =™ ") where "w |

definition valS ("=* _") where "=* 4 YW R V. Yw:W. (W,R,V),w | - S T, o W . "
definition ValD ("[=¢ _*) where "(|=° ©) = (YW R V. YW:W. (W,R,V),w =4 ©)" _ definition ValM ( ) where | VW:iw. Wi

named_theorems DefS declare AtmS_def[DefS,simp] NegS_def[DefS,simp] ImpS_def[DefS,simp] named_theorems DefM declare AtmM_def[DefM,simp] NegM_def[DefM,simp] ImpM_def[DefM,simp]
BoxS_def[DefS,simp] OrS_def[DefS,simp] AndS_def[DefS,simp] DiaS_def[DefS,simp] TopS_def[Defs,simp] BoxM_def[DefM,simp] OrM_def[DefM,simp] AndM_def[DefM,simp] DiaM_def[DefM,simp] TopM_def[DefM,simp]
BotS_def[DefS,simp] RelativeTruthS_def[DefS,simp] ValS_def[DefS,simp] otid def[DefM,simp] RelativeTruthM_def[DefM,simp] ValM_def[DefM,simp]
end sodfiV

named_theorems DefD declare OrD_def[DefD,simp] AndD_def[DefD,simp] DiaD_def[DefD,simp]
TopD_def[DefD,simp] BotD_def[DefD,simp] RelativeTruthD_def[DefD,simp] ValD_def[DefD,simp]
end

o %

theory PMLINHOL faithfulness imports MLinHOL_deep PMLinHOL_shalIo
begin

A »

primrec DpToShMax ("( )") where "“(a¢)

primrec DpToShMin ("] ") where a

— —

theorem Faithfulla: "YW R V. Yw:W. (W,R,V),w ¢ =% apply induct by auto
theorem Faithfullb: d S (o)™ using Faithfulla by auto

1
2
3
4
5
6
7
8

theorem Faithful2: . ' | apply induct by auto

O

—_ —

theorem Faithful3: > () «— ‘- apply induct by auto

lemma Soundl: " A =9 0)" by (smt Faithful2 DefM | RelativeTruthD.simps ext[of «» "[xD>9]"])
lemma Sound2: " . A E™ [o])" using Soundl by blast
end




Faithfulness automateo

(.) - Mapping of deep formulas to maximal shallow formulas

[.] - Mapping of deep formulas to minimal shallow formulas

1{theory PMLINHOL _faithfulness imports PMLINnHOL_deep PMLInHOL_shallow PMLINHOL_shallow_minimal (*

2 begln
"4V prlmrec DpToShMax (
5| prlmrec DpToShMln (""
7 theorem Faithfulla:
8| theorem Falthfullb "= — |
9l—<Pro
10| theorem Falthfu|2:
111—<P ~ - N 3 -
12 theorem Falthful3: /w. ((Ax::w. True),R,V),w =5 (o)
14] lemma Soundl m ) . U=|lo] A E9 ©)" by (smt Faithful2 | |
15| lemma Sound2: " M [o])" using Soundl by blast
16/end

| ) where (a) = as" | '( ’*
| )where aif'

"HWRV WW WRV W |

s ()

(AX::w. True),R,V),w |

'y ¥y
"YW o, W '
ey
¥ . 1
i '

W |

apply induct by auto

| using Faithfulla by auto

apply induct by auto

apply induct by auto

C.B., 2025 *)

RelativeTruthD.simps ext][of «

- ) \ y \
.- ’ - » .’ . - » - » . v
- - —~ - -~ -
—— . - -~ —— -~ ——
i I " g ~ s "y g - -
e ! » - -~ -~ - ' -~ L - ~
e
' ! ’
- ’
L 20 ol 2 i) Ao R Lo o2 AT MOl A e g SR R T o ) S A B¢ Lo b —2 s SCoETT o ) S g B Lo b NSRS T § VoL e — s ST ) A g B4 L — s koI A g VR Y S S LA e e o — bt A & == o e el
e= \ ~ - . s A 8 - ~ - N ~ ~ < ~
- )




Faithfulness automateo

A deep formula is valid it and only it its maximal shallow translation is valid.

1|theory PMLINHOL faithfulness imports PMLINnHOL deep PMLINnHOL shallow PMLINHOL shallow minimal (* C.B., 2025 *)
2 begln
4] primrec DpToShMax ( )") where "(:aff) = as" | “(

' T

n "

| 5 prlmrec DpToShMln ("" | )where ' = a"' 1"[-9 o] = =™ [o]" | "l D9 ¥ o] o™ []" 1l =0mJo]" |

7 theorem Faithfulla: "HW R V. Vw: W W R, V W =99 «— (W,R,V),W =5 (¢] apply induct by auto
_8| theorem Fa'thfu'lb. CElpe—E=c Lt . usingFaithfullabyauto
10 theorem Falthfulz: "Yw. ((Ax::w. True),R,V),wW 9 ¢ =m o] apply induct by auto
11|—<P naxima allow and 3l shallow
12 theorem Falthful3: "Yw. ((Ax::w. True),R,V),w =5 (¢) «— w ™ [} apply induct by auto
14| lemma Soundl M 2 0. U=[uo] A E9 )" by (smt Faithful2 DefM | RelativeTruthD.simps ext[of «
15| lemma Sound2: “=™ ¢ 0. =[] A E™ [¢©])" using Soundl by blast
16/end




Faithfulness automateo

Similar relative faithfulness theorems for the

- deep and m

- maximal sha

inimal shallow embedding, and for the

ow and minimal shallow embedding

1|{theory PMLINHOL faithfulness imports PMLINHOL deep PMLInHOL shallow PMLINnHOL shallow minimal (* C.B., 2025 *)

2 begln

3|—<Map] ' (O Ir
4| primrec DpToShMax (
5 prlmrec DpToShMln (""
6 —

7 theorem Falthfulla "HW R V. Vw: W W R, V W =9 ¢ | | apply induct by auto

° (L
N <= P

: ) where u(a) — a:ll | u(:

|") where "[ad] =a™ | "]

Y — W ! apply induct by auto

"Ww. ((Ax::w. True),R,V),w }

S~

L ((Ax:iw. True),R,V),W =5 (o) «— W E™ [o]" apply induct by auto

=~

' 0)" by (smt Faithful2 | RelativeTruthD.simps ext][of «

14 Iemma Soundl: ! |
M [o])" using Soundl by blast

15| lemma Sound2: "
16/end




Experiments

Conducted with all embeddings — but presented here for the minimal shallow embedding



| (* Christoph Benzmiiller, 2025 *)
Experiments

M) DM (e D™ ~)) " by auto

DM )" by auto
=M )" by auto

Hilbert axioms and modus ponens rule are implied

H1: Fo D (v D @)

H2: F(p DWW Dy) D¢ DdDw)D(¢p DY)
H3: F (=@ D 7yw) D (v D ¢)

MP: Fop — FoDy — Fy




(* Christoph Benzmuller, 2025 *)

Experiments

Simple automated proof of ¢ D ¢ at level of this Hilbert calculus



1/theory PMLINHOL shallow_minimal_tests imports PMLINnHOL shallow_minimal (* Christoph Benzmuller, 2025 *)

EXperiments [ ——

4| lemmaH1l: "= DM (¥ D™ )" by auto

5| lemmaH2: "EM (0o DM (Y DM™4)) D™ ({o DM Y) D™ (0 D™ 4)) " by auto
6] lemmaH3: "="(-Mp DM -") DM (Y DM )" by auto

7] lemmaMP: "E"Mp = =" (p DM¢Y) = =" ¢Y" by auto

8|—«F \ . .
9| lemma HCderivedl: "="" (o DM H1l H2 H3 H1 H2
10| proof- have 1l: "="¢ DM ((¢» DM ) D™ )" using H1 by auto
11 have 2: "=7 (¢ M) DM Y)) D™ (( D™ (Y D™ p)) D™ (¢ D™ ©))" using H2 by auto
12 have 3: "="" (0 D™ (¥ DM ) DM (¢ DM )" using 1 2 MP by meson
13 have 4: "="0 D™ (¢» D™ )" using H1 by auto

14 thus ?thesis ﬁsing 34 MP by meson qed

Interactive proof of ¢ D ¢ in this Hilbert calculus



1/theory PMLINHOL shallow_minimal_tests imports PMLINnHOL shallow_minimal (* Christoph Benzmuller, 2025 *)

Experiments [

4| lemma H1: "="¢ .
5| lemma H2: "="" (@ DM (¢ D" M ((o DM ) D™ (¢
6| lemmaH3:"="(—-"p DM -Ty) DM (L D™ )" by auto
7] lemmaMP: """ p = =M (¢ DM > =" " by auto
O lemma HCderlvedl “"EM (¢ ‘ H1l H2 H3 H1 H2
10| proof- have 1: "="p DT DM p) HMip)= usmg Hl by auto
11 have 2: "™ (¢ D" ) DMy ;)) ' ((@ D™ (Y D™ p)) D™ (¢ 2))" using H2 by auto
12 have 3: "M (o DM (¥ DM ¢ M (e DM )" using 1 2 MP by meson
13 have 4: """ D™ (¢ / )" using Hl by auto
14 thus ?thesis using 3 4 MP by meson ged
15| lemma HCderived2: "= DM (-"p DM ) " by (metis H1 H2 H3 MP)
16| lemma HCderived3: "= (-Mp DM yp) DM " by (metls H1 H2 H3 MP)
17| lemma HCderived4: "=" (o DM y) O™ ( ( 'v) " by auto

Further automated proofs of simple example problems



1|{theory PMLINnHOL_shallow_minimal_tests imports PMLInHOL_shallow_minimal (* Christoph Benzmuller, 2025 *)

EXperiments [

4| lemma H1l: "="¢ ,
5| lemma H2: "= (¢ D™ (¢» DM ~ M (( DM Y) DM (p

6] lemmaH3: """ (~Mp DM M) DM (Y D™ )" by auto
7] lemmaMP: "EMp = E="(p DM¥Y > =M " by auto
8l—<F . _

9| lemma HCderlvedl =
10| proof- have 1:"|

b SN p) DM )" usmg H1 by auto

((
11 have 2: "EM (o DM ((p DM ) DM ;)) '((e DM (W DMy)) DM (¢ 2))" using H2 by auto
28 ((

12 have 3: "=" (¢ M) O™ (@ DM )" using 1 2 MP by meson
13 have 4:"=" 0 DM (¢» D™ )" using H1 by auto

14 thus ?7thesis using 3 4 MP by meson ged

15| lemma HCderived2: "= DM (-"p DM ) " by (metis H1 H2 H3 MP)

16| lemma HCderived3: "= (-Mp DM p) DM " by (metls H1 H2 H3 MP)

17| lemma HCderived4: "= (¢ D™ ) O™ ( ( ) " by auto

18|—<«M ‘ (al |

19| lemma Nec: "&="p = =" 0OMy" by (smt M)

20| lemma Dist: "™ 0OM(p DM ) DM (OMp D™ OMY) " by auto

Necessitation rule and distribution axiom are implied

Nec: Fop — F[]o@
Dist: F[](¢ D> w) O (Le 2 Lw)




1|{theory PMLINHOL_shallow_minimal_tests imports PMLINHOL_shallow_minimal (* Christoph Benzmuller, 2025 *)

CXperiments [

4| lemma H1l: "="¢ ,
5| lemma H2: "&=""(p DM (¢ DM M ({0 DMY) DM (0 D™ 4)) " by auto
6] lemmaH3: "="(-Mp DM -") DM (Y DM )" by auto
7 Iemma MP: "EMp = EM(p DMy > =M " by auto
8|—<Rea - _ ,
O lemma HCderlvedl "E=n 7 dgehammer(H1 H2 H3 H1 H2
10| proof- have 1: “| ((DMyp) DM )" usmg Hl by auto
11 have 2: "E™ (o DM ((¥ DM ) DM ;)) '((p DM (¥ DMy)) D™ (p D™ ))" using H2 by auto
12 have 3: "=" (¢ D™ (¥ DM ) D™ (@ D™ )" using 1 2 MP by meson
13 have 4:"=" 0 DM (¢» D™ )" using H1 by auto
14 thus ?7thesis using 3 4 MP by meson ged
15| lemma HCderived2: "= DM (-"p DM ) " by (metis H1 H2 H3 MP)
16| lemma HCderived3: "= (-Mp DM p) DM " by (metls H1 H2 H3 MP)
17| lemma HCderived4: "= (¢ D™ ) O™ (=M ') " by auto
18| — <M , | | | . | .
19| lemma Nec: " o => |
20| lemma Dist: "="0M(p DM ) DN My DM OMY) " by auto
B — . e theor\ | ame
22| lemma cM: "reflexive R «— (Vp. =" 0OMp D™ )" by auto
23| lemma cBa: "symmetric R — (Vo. =M o DM OMOMp)" by auto
24| lemma cBb: "symmetric R «—— (V. =M DM OMOMo)" by (metis
25| lemma c4a: "transitive R — (Vo. =M OMp 5™ OM(0OMp))" by (smt |
26| lemma c4b: "transitive R «—— (V. =M OMp DM OM(OM»))" by auto

Sahlqgvist correspondences automated



theory PMLInHOL_shallow_minimal_tests imports PMLINnHOL_shallow_minimal (* Christoph Benzmuller, 2025 *)
begin

Experiments

lemma Hl1l: "="¢ ,
lemma H2: "="" (@ DM (v» D™ M ({0 DMY) DM (0 D™ 4)) " by auto
lemmaH3: "EM(—-Mp DM -My) DM (L D™ )" by auto
lemmaMP: "="p = =M (p DMV > =M " by auto
lemma HCderivedl: "=" ‘ dgehammel |
10| proof- have 1: “| ((DMyp) DM )" usmg Hl by auto
11 have 2: "E™ (o DM ((¥ DM ) DM ;)) '((p DM (¥ DMy)) D™ (p D™ ))" using H2 by auto
12 have 3: "=" (¢ D™ (¥ DM )) D™ (¢ D™ )" using 1 2 MP by meson
13 have 4:"=" 0 DM (¢» D™ )" using H1 by auto
14 thus ?7thesis using 3 4 MP by meson ged
15| lemma HCderived2: "= DM (-"p DM ) " by (metis H1 H2 H3 MP)
16| lemma HCderived3: "= (-Mp DM p) DM " by (metls H1 H2 H3 MP)
17| lemma HCderived4: "= (¢ D™ ) O™ (=M ') " by auto
18— <Moda , | , | . | .
19| lemma Nec: " ‘ > |
20| lemma Dist: "="0M(p DM ) DN My DM OMY) " by auto
21|— . . e theon | ame
22| lemma cM: "reflexive R «— (Vp. =" 0OMp D™ )" by auto
23| lemma cBa: "symmetric R — (Vo. =M o DM OMOMp)" by auto
24| lemma cBb: "symmetric R «—— (V. =M DM OMOMo)" by (metis
25| lemma c4a: "transitive R — (V. =M O0Mp O™ OM(0OMp))" by (smt |
26| lemma c4b: "transitive R «—— (V. =M OMp DM OM(OM»))" by auto
27| — | e T oy _
28| lemma "reflexive R — (V. =" 0OMyp DM OM(OMp))" nitpick[card w=3,show_all] oops —

OCOoOO~JOOWUL B WN K-

Incorrect correspondence claim
reflexiveR — (Vo . F o D ][] o)




theory PMLInHOL_shallow_minimal_tests imports PMLINnHOL_shallow_minimal (* Christoph Benzmuller, 2025 *)

EXPEriments |

lemma H1: "=" 0 D™ (¢ D™ )" by auto
lemma H2: "™ (¢ D™ (¥ D™ 9) D™ ((p D™ ¥) DM (p D™19)) " by auto
lemmaH3: "M (-Mp DM M) DM (2 D™ )" by auto

n n N "
—~ . : 14 ~ N -~ ! . A | ! .
.. .. . ’ - { — { 13 -

Nitpick found a counterexample for card w = 3:
Skolem constants:
??7.BoxM.v = w)

?77.BoxM.v = w>
?7?2.ValM.w = w3
w1 w2 o = (AX. (w1 := True, w» := False, w3 := True)
W

(Ax. )
(w1 := (AX. )wi1:=True, w2 := True, wz := True),
start w2 := (AX. )(w1:= False, w2 := True, ws := False),
w3 = (AX. )w1:=True, w> := False, w3 := True))

1 /\?:)5/ anita nt:

Fig. 5. Counterexample reported by nitpick in line 28 of Fig. 4

[See paper at LPLR 2025] 27— ~ , e theon, _
28| lemma "reflexive R — (Vp. =" 0O0Mp DM OM(OMp))" nitpick[card w=3,show_all] oops —

Incorrect correspondence claim — counterexample by Nitpick
reflexiveR — (Vo . F o D ][] o)




Experiments modal reasoning

theory PMLInHOL_shallow_minimal_further_tests imports PMLINHOL_shallow_minimal_tests (* C.B., 2025 ¥)
begin
lemma K Dia: "=" (o DM Y n Mp) DM OMY)" by auto
lemma Tla: "|" N mgm) OSM oM (p™ AMgqM))" by auto —
lemma T1lb: "=" OmMpm 5N mgn MmOomipm AM gmj)=
proof - —calt tive / | jal obj -
have 1: "=mMpm™OmM (g™ O™ (pm™A™q™))" unfolding AndM _def using H1 H2 H3 MP by metis
have 2: "="0O0™(pmO>M (g™ O™ (p™A™gM))" using 1 Nec by metis
NAVe 3: = =" [=] My sy IThif=] ig ey iy g ey AT i Iy )= using 2 Dist MP by metis
have 4: ;=ET{EM{gmis)miipmamgm)smigomgmnoipmuaAigi: using K _Dia by metis
nave 5: F =M EIMy =) Mg ma iy =y miomifpmuAmigmy)= using 34 H1 H2 MP by metis
thus ?thesis . ged
end

OO ~NOWULE WNM-

inspecting, and reasoning with, the Léb formula

theory PMLINHOL _shallow_minimal_Loeb tests imports PMLINnHOL shallow_minimal
begin
—<Lob axiom: with the minimal shallow embedding automated reasoning tools are still partly responsive»
lemma LoeblM: "Vp. =" OM( OMp DMe) DM OMp" nitpick[card w=1,card $=1] oops —<nitpick: Counterexample.>
lemma Loeb2M: "(conversewf R A transitive R) — (V. =M O0M(0O0My D M) DM [1Mp)*"
by (smt (verit, del insts) BoxM def ImpM_def RelativeTruthM def ValM def)
lemma Loeb3aM: "conversewf R «— (V. =M OM(C0Me DMp) DM OMp)" unfolding DefM by blast
lemma Loeb3bM: "transitive R «—— (V. E™ OMOMp DMp) DM OMp)" —<sledgehammer: no proof:
proof assume 1: "Yp. =M OM (0O0M ¢ DM ) DM OM H"
have 2" "\Y/r",;:’. |:m D”'l; —m DP‘((DPW(Dm’; A ;)) —m ((: P‘x;) A M l.\‘;))" by auto
show "transitive R" by (smt (z3) 1 2 DefM(10,11,2,3,4,6)) qed
lemma Loeb3M: "(conversewf R A transitive R) — (V. =" OM(OMp 5Mp) HM
using Loeb3aM Loeb3bM by force
end

O & 34 &0 U & W N =

[T
= o




PML Evaluation
(nhew — extending results from CADE 2025)




Fvaluation

: 00 D Oy - ((O(p O ) A OO—p) 5 =0y
- 00y D OO : 0 D O(p Vv Op) (schematic)
3. Q0w D O : QO(0p) D (¢ V Op)
. 0000w D OOy o: (000w A TO—p) D OO oroblem formulas
5: Qe A OY)) D (O A QYD) - (H(e D Ue) ATO—p) D —Lep
AXT: Vo.Fe D@ SemT: reflexive(R)
AxB: Vo.F oD OO SemB: symmetric(R)
Ax4: Vo.F[ ] D 7 Sem4: transitive(R)
AXTANAXBANAx4 FEF, SemT A SemB A Sem4  F F, ’ A nit%id& c | Zledgehammeg
AxT N AxB = F SemT A SemB = F, Problems| counterex. no counterex. unknown |proof found no proof
ME™F
AxT A Ax4  FF, SemT A Sem4 FF, A\ E 2 minimal shallow minimal shallow
AxBANAx4 FF, SemB A Sem4 FF, ME"F , ,
N = F maximal shallow maximal shallow
AxT = F SemT = F s
M E¢F
AxB - F, SemB = F NEF| deep deep
Ax4 FF, Sem4 FF,
- - I Sledgehammer and Nitpick were run in default settings in Isabelle 2025
80 problems 80 problems
with/without “apply simp” with/without “apply simp”

160 calls to sledgehammer and nitpick 160 calls to sledgehammer and nitpick

MEF NEF



o
A MacBook Pro 16,1 (6-Core Intel Core i7 processor, 2,6 GHz, 6 Cores, 256 KB L2 Cache per Core, 12
V a u a I O n MB L3 Cache, 16 GB Memory) and Isabelle 2025-1-RC1 in standard configuration was used.
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Fig. 10. Performance results of the automated PML formula classification task conducted with sledgehammer and nitpick;
for the problem set M =™ F a perfect classification is achieved (with or without the use of simp) already for a very short
timeout of 2s (and also 1s), meaning that for each formula F in this mode either a proof is reported, if F is a theorem (THM), or
a counterexample is presented, if F is a countersatisfiable (CSA). There were no conflicting results reported by sledgehammer

and nitpick.

Results
 Winner(s) — perfect classification — “no counterex.”/“proof” for all valid statement and “counterex.” else
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* Remember that reasoning for schematic formulas was tested here
* Approach supports the parallelization of deep, minimal shallow and maximal shallow



Discussion: LogiKEy
— Logical Pluralism in

Proof Assistant Systems — | EG_—G—G—

* supports the exploration of (expressive) logics & logic combinations

AB0[0POYRIA A NIO0]

* supports the exploration & verification of meta-logical properties

* enables the simultaneous use of deep & shallow embeddings

* enables integration of generic and specialist tools (opportunities for further work)
* has innovative interdisciplinary applications (philosophy, law & ethics, maths, ...)
e creates uniform proofs at the meta-level (after untolding)

* supports uniform logic education (since 2016 at FU Berlin & U Bamberg)
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