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Oracle Auditor

odel’s Modal Ontological Argument

Unts CL‘»:/ ('JQ/: e .1961]0 « /:M;/a/ /}/7()
e L

/)

89 .ing
) Ny , WOy A &L
’,'J(Cvs-.',/’ “‘ e/, 1 '

, o ¢ \
v * o Pt N st £
Y A Qg fuag i,/ 74 J AV £

/i4'1/'7€‘. ,“/41

J /
/, ] \ - -
7:{“ /.'-z,l T e
/
A Shes /

N s Y Ol d ¥ v -

R

g

the | d o e
the i ol i Yo do T

b

’ )
. B L p

/ via A€ I~ . T [t .
/M bnlen D1 il iwd mn t(fc;( :""-?LL

® Al Oracle: generate argument ® Al Auditor: verify argument
e fluent ® from premises, within chosen logic
® confident ® complete, machine-checked proof

® but can we trust? ® trust, relative to premise and logic
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® Oracles: Claude, Codex, ... ® Auditors: Lean, Isabelle, Rocq, ...
® draft formalisations ® verify rigorously

® explain steps ® but in which logic(s): LogiKEy

® Both combined: trustworthy Al [AlJ, 2020]



Instead of Maths (in current headlines):

Computational Metaphysics




'Exact’ methods are possible ...
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Philosophy

There are syst<ematic> methods for the

> ‘ P solution of all probl<ems> (also art etc.). Theology Mathematics

| There is a scientific (exact) ph<ilosophy> {and
th<eology>}, which deals with the concepts

of the highest abstractness. Universal

Logical Reasoning
and Al/Computer Science
Formal Argumentation
with the Computer

Kurt Godel: Maximen V

History Computational Linguistics

... others...

Kurt Gédel (1906-78)

... far beyond the realm of mathematics!



Rest of this presentation is based on ...
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7 higher-order
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Overview

e HOML in HOL

e CAA-I--I-'A » 2onnan o po o I‘n':l'-la

Dr: W W Iu
I \J )|

RV SRV VY- S N W P P rd=\
I U VYV Tl WA

o AR VA" W SVVET A
« G y INDE ] A Il.’

J O ULTLd VAl TaiT e QA ARYN

new formal studies
® Godel’s scriptum variant (1970)

a. Godel1: scriptum notion of essence

b. Godel2: modified notion of essence — | | dG

c. Godel3: modified notion of property inclusion — [ | 3G new variant

d. No (perfect) Devil (or Devil = God) — [ ]dG

® Godel’s scriptum variant (1970) and mathematical realism
is (uncountably/maximally) infinite

® Personal conclusion



Logic-Pluralistic KR & R: LogiKEy

Applications

Domain-Specific Language(s)/Theorie(s)
Different modal logics:
K, T, KB, S4, S5, etc

Different quantifiers PR EE == Object Logic(s)
Extensional or intensional

etc.
Meta-Logic (HOL)

Origins: 2007-2008 (with L. Paulson) Term LogiKEy: 2017-2019 (with L. van der Torre & X. Parent)
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LogiKEy@work

HOML in HOL



® B 1/{theory HOMLINHOL imports Main
I n o a4 F begin

nitpick params[user axioms,expect=genuine,show all,format=2,max genuine=3]
declare[[syntax ambiguity warning= 1

typedecl i

typedecl e

type synonym o = "i=bool"

type synonym 7 = "e=o"

consts R::"i=i=bool" (" r ")

axiomatization where

Rrefl: "vx. xrx" and Rsymm: "Vxvy. xry — yrx" and Rtrans: "Vxy
abbreviation Mbot::o (" L") where " "1 = A\w. False"
abbreviation Mtop::o ("T") where '-'; "T = Aw. True"
abbreviation Mneg::"o=0¢" ("~ " [52]53) where | (o w)"
abbreviation Mand::"o=0=0" (infix| "A" 50) where ] ' N / A
abbreviation Mor::"o=0=0" (infixl "V" 49) where
abbreviation Mimp::"o=0=>0¢" (infixr "D>" 48) where }
abbreviation Mequiv::"o=0=0c" (infixl "«" 47) where¥
abbreviation Mbox::"o=¢" ("0 _" [54]55) where "
abbreviation Mdia::"o=0c¢" ("©O " [54]55) where
abbreviation Mprimeq::"'a='a=0c" ("_=_") where
o abbreviation Mprimneg::"'a='a=¢" (*_#_") where
A mathematician would Qn|y abbreviation Mnegpred::"r=7" ("~_") where _,

abbreviation Mconpred::"r=7m=7" (infix|l "." 50) where} "O .U = AIXAW. PXWA Y XW"

look at these equatiOnS abbreviation Mexclor::"o=0=0" (infix| "ve" 49) wherl Ve = (o Vi) Ao A )"

abbreviation Mallposs::"(‘a=0)=0c" ("V") where

abbreviation Mallpossb (binder "V" [8]9) where
abbreviation Mexiposs::"(‘a=0)=0" ("3") where
abbreviation Mexipossb (binder "3" [8]9) where

consts existsAt::"e=o" (" @ ") :

abbreviation Mallact::"(e=0)=0" ("VE") where "VEO = Aw.VX. )
abbreviation Mallactb (binder "VE" [8]9) where 3 . o(Xx) = VEL"
abbreviation Mexiact::"(e=0)=0" ("3%") where l': "JEP = \w.3X. )
abbreviation Mexiactb (binder "3¢" [8]9) where §'3EX. o(x) = JEL"

abbreviation Mleibeq::"'a='a=¢" (" = ") where "x=y=VP.PXxXDOPyVY"

abbreviation Mvalid::"o=-bool" ("| |") where

Fig. 3 Shallow embedding of higher-order modal logic (HOML) in the classical higher-order logic (HOL)
of Isabelle/HOL utilizing the LogiKEy methodology




® "1|theory TestsHOML imports HOMLINHOL
I n ] teStS (e
o lemma axM: " Oy D ¢l” using Rrefl by blast

lemma axD: "|0Op D Opl" using Rrefl by blast
lemma axB: "¢ D O00p|" using Rsymm by blast

S5 axioms: valid as expected erama, axst ERERREIIL  qang Reymen Rirans by bias
BarCaﬂ fOrmU|aS nOt Valld fOr ,Varylng'dOm., quant )| lemma BarcanAct: "[(VEX.O(p x)) D O(VEx.(p x)) " nitpick oops

. ¢ y lemma ConvBarcanAct: "|0O(V"x.(p x)) D (VEx.0O(p x))|" nitpick oops
Barcan formulas: valid for ‘constant-dom.’ quant. lemma BarcanPoss: *[(¥.0(p X)) > O(Vx. p X)|" by blast
lemma ConvBarcanPoss: "| O(Vx.(¢ x)) D (Vx.0O(p x))|" by blast
5| lemma Hilbert Al: "AD(B DA)|" by blast
. " . . lemma Hilbert A2: "|[(AD((BDC)) D((ADB)D>D(ADQC)|" by blast
Hllbert aXIOmS and rUIGS. Valld aS eXpeCted lemma Hilbert MP: assumes "|A|" and "|A D B|" shows "|B|" wusing assms by blast
lemma Quant_1: assumes "|A|" shows "|Vx::'a. Al" using assms by auto
lemma ExIimPossibilistl: "|3x:e. » KIS by blast
lemma ExImPossibilist2: "| 3x::e. x KIS by blast
. . . . . . lemma ExImPossibilist3: "|3x::e. x : by blast
EXIStentIaI Import- yeS, for ConStant_dOmaln quant- lemma EximPossibilistd: "|9x::'a. x LY by blast
5| lemma ExiImPossibilist: "| 3x::'a. ” by blast
lemma Quant 2: assumes " "IVEx::e. Al" using assms by auto
lemma EximActualistl: "|3x::e. » nitpick[card=1] oops
. . . . L " _ A lemma ExIimActualist2: "|3%x::e. x 4 nitpick[card=1] oops
EXIStentlal Import' no, for Varylng domaln quant' lemma ExImActualist3: "|3x::e. x - nitpick[card=1] oops
lemma ExImActualist: "|3x::e. . nitpick[card=1] oops
lemma EqRefl: "IX = x|" by blast
lemma EqSym: "X =Yy) &= (y =Xx)|" by blast
] ) ] lemma EqTrans: "Mx=y) Aly =2)) D(x =2)|" by blast
= lemma EQCong: "Tx=y) D(lex)=(y)" by blast
Properties of equality: valid as expected omma EQCong! @ B R DY Dl

lemma EQBoolExtl: "

(except for Boolean extensionality) jemma EQBoolExt2: *

lemma EQBoOOIExt3: "
lemma EqPrimLeib:

FU” COmprehenS|On_ Va“d aS expected " lemma Comprehensionl: (o X) & A|" by force

"(3p. Wx.
lemma Comprehension2: "|3.. Vx. (o x) « (A x)|" by force
lemma Comprehension3: "| 3., Wxv. (o xy) «& (Axy)l" by force

) D (p & )" by blast

) D (p = )" nitpick[card=2] oops
)| » | (p = ) )" by blast
y) =+ (x=y)|" by auto

“
—

"1(X

— — — g—
" " -

lemma ModalCollapse: "|V,.. » D Op|" nitpick[card=2] oops

Modal collapse: not valid

lemma TruePropertyAndSelfldentity: "I(Ax::e. T) = (Ax. x = x)|" by blast
lemma EmptyPropertyAndSelfDifference: "|(Ax::e. 1) = (Ax. x $ x)|" by blast
lemma EmptyProperty2: “| 3x. ¢ x v | % (Axi:e. L))" by blast

unlversal property — Self—|dent|ty lemma EmptyProperty3: "| 3x. ¢ » » | 7 (Ax::e. L)/ by blast
Absurd/empty property = self-difference s6lenc

Fig.4 Tests and verifications of properties for the embedding of HOML in HOL from Fig. 3




HOML in HOL: modal (ultra)tilter

1ltheory ModalFilter imports HOMLInHOL
2l begin

type_synonym r="e=g"
abbreviation Element::"r=(r=0)=0" (infix "€" 90) where "weS=Sy* =}

Set operations abbreviation EmptySet::7 ("0") where " = \x. 1" ‘

lifted to abbreviation UniversaISet..r ("U") where "U=Ax. T"

abbreviation Subset::"=7r—=0" (Iinfix "C" 80) where t "OCu = WX.((o x) D (v X

the HOML level abbreviation SubsetE::"r—=7—=0¢" (Iinfix "C*t" 80) where f "0CEY = VEX.((p X) D
abbreviation Intersection V== (Infix "N 91) where o AX. ><) A (0 x))"
abbrewatnon Inverse::"r—>7" (" ") vhere e W = AX. N X)
abbreviatior| ey YW (\7’ T W Ry W gy Wy d
abbreviatiorf "UFilter ® = Filter ® A (Vy. p€® V (p)ed)" :
abbreviatio v"FiIterP b =UeDP A ~(0ed) A(Vo 1. p€D A pCuv D VED o 1. p€D A VED D pMYED)" §

14| abbreviatiorg"UFilterP & = FilterP & A (Vo. v€® v (o)) |

Fig.5 Set filter and ultrafilter formalized for our modal logic setting

Notions of filter and ultrafilter lifted to the HOML level (for varying-/constant-dom. quant.)
- contains the universal set, but not the empty set

- closed under supersets and intersection

- maximal (only for ultrafilters)
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G d e I 1 [theory GoedelVariantHOML1 imports HOMLINHOL
begin

consts PositiveProperty::"(e=o)=0c" ("P")

Positive propertzes axiomatization where AX1: “"IPo AP¢Y D P (o .)|"
axiomatization where Ax2a: "|P o VEP ~p|"
Axiom AxI: Po NPy D P(¢. V)
Axiom Ax2a: Py V¢ P~¢

P: Positive properties (intensions)

AXx1:
The conjunction of two positive properties is
positive.

AXx2a:
Either a property or its complement is
positive.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent



o0
O d e I 1 |theory GoedelVvariantHOML1 imports HOMLInHOL
begin

consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where Ax1: "|Ppo AP¢¥ DP(p . )"
axiomatization where Ax2a: "|P o VEP ~p|"

Definition of God-like: G x =V¢. Py D ¢ x definition God ("G") where "G x = V. P ¢ D ¢ x"

G(od-like):
An entity x is God-like

Iff
It possesses all positive properties.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




theory GoedelVariantHOML1 imports HOMLIinHOL

begin
consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where Ax1: "|Po AP¢Y DP(p . ¥)|"
axiomatization where Ax2a: "|P o VEP ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (*_Dn_") where "o Dy v = O(V*y.
definition Essence (" _Ess. ") where "o Ess. x = V. v X D (¢ Dn )"

odel 1

O ~NO U A WN -

Definition of Essence: o Ess.x =Vy. v x D (¢ DN V)

Ess(ence):
The subtle defect: by this definition, the A property (p IS an essence Of X

empty property is an essence of every x 1ff

all properties of x are necessarily implied by @.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Axiom Ax2b: P ¢ D

theory GoedelVariantHOML1 imports HOMLIinHOL

begin
consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where Ax1: "|Po AP¢Y DP(p . ¥)|"
axiomatization where Ax2a: "|P o VEP ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (*_Dn_") where "o Dy v = O(V*y.
definition Essence (" Ess. ") where "o Ess. x = V. v X D (p Dn )"
axiomatization where Ax2b: "|P o D OP p|"

O OO~NO U H WN |

AXx2Db:
Positive properties are necessarily positive.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Axiom Ax2b: P ¢ D

theory GoedelVariantHOML1 imports HOMLIinHOL
begin
consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where AX1: “"IPo AP¢Y D P (o .)|"
axiomatization where Ax2a: "|P o VEP ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (* Dy ") where "o Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "p Ess. x = V. ¥ X D (¢ Dn )"
axiomatization where Ax2b: "|P o D OP p|"
lemma Ax2b': “| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast

\

©OOWONO UL S WN

p—

Lemma:
Non-positive properties are necessarily
non-positive.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




Godel 1

Theorem Thl: G x O G Ess. x

theory GoedelVariantHOML1 imports HOMLIinHOL
begin
consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where Ax1: "|Ppo AP¢¥ DP(p . )"
axiomatization where Ax2a: "\P o Ve P ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (* Dy ") where "o Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "o Ess. x = V. v X D (p Dn )"
axiomatization where Ax2b' "IPeDOPp|"
lemma Ax2b': "| =P ¢ D O(-P ¢ )J" using Ax2a Ax2b by blast
theorem Thl: "|G x 3 G Ess. x\" using Ax2a Ax2b Essence def God def by (smt (verit))

= O WO~NOO U A WN

-

Theorem 1:
Being God-like is an essence
of every God-like entity.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




theory GoedelVariantHOML1 imports HOMLIinHOL
begin
consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where Ax1: "|Po AP¢Y DP(p . ¥)|"
axiomatization where Ax2a: "|P o VEP ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (* Dy ") where "o Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "¢ ESS. X=Vu. vX D (o DOn )"
axiomatization where Ax2b: » D OPy¢
lemma Ax2b': "| =P ¢ D O(-P ¢ | usmg Ax2a Ax2b by blast

- . E theorem Thl: "|G x O G Ess. xl' using Ax2a Ax2b Essence_def God_def by (smt (verit))
Definition of Necessary Existence: E x = Vo.p Ess. x D (3% x. ¢ x) definition NecExist ("E") where "E x = Vo. » Ess. x D O(3Ex. v x)"

] axiomatization where Ax3: "|P E|"
Axiom Ax3: PE [P E]

E(xistence):
X has the property of existence
Iff
all essences of x are necessarily exemplified.

Godel 1

O ~NO LB WN

AXx3:
E(xistence) is a positive property.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Theorem Th2: Gx D O@%y.Gy)

theory GoedelVariantHOML1 imports HOMLIinHOL

begin
consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where AX1: "|Po AP¢Y D P (¢ . ¥)|"
axiomatization where Ax2a: "|P o VEP ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (" Dn ") where "p Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "y Ess. x = V. ¥ X D (¢ Dn )"
axiomatization where Ax2b: "|P o D OP p|"
lemma Ax2b': “| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E x = Vo. 0o Ess. x D O(3x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%. G y)|" using Ax3 Thl God_def NecExist def by smt

O O~NO U A WN

Theorem 2:
If X iIs God-like, then the property of being
God-like is necessarily exemplified.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




odel 1

Theorem Th3: O(A%x.Gx) D O@AEy.Gy)

Logic KB (Rsymm) needed here

theory GoedelVariantHOML1 imports HOMLIinHOL
begin
consts PositiveProperty::"(e=ao)=0c" ("P")
axiomatization where AX1: "|Po AP¢Y D P (¢ . ¥)|"
axiomatization where Ax2a: "|P o VEP ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (" Dn ") where "p Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "y Ess. x = V. ¥ X D (¢ Dn )"
axiomatization where Ax2b: "|P o D OP p|"
lemma Ax2b': “| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "E x = Vo. 0o Ess. x D O(3x. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| O(35x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) P
proof -
have 1: "|(3%x. G x) D O(3%y. G y)|" using Th2 by blast
have 2: "|O(3%x. G x) D ©0(3%y. G y)|" using 1 by blast
have 3: "| O(3x. G x) D O(3%y. G y)|" using 2 Rsymm by blast
?thesis by blast

O O~NO U A WN

qed

Theorem 3:
The possible existence of a God-like entity
implies the necessary existence of a God-
like entity.

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




theory GoedelVariantHOML1 imports HOMLIinHOL
begin

consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where Ax1: "|Ppo AP¢¥ D P(p . ¥)|"
axiomatization where Ax2a: "\P o Ve P ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (* Dy ") where "o Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "o Ess. x = V. v X D (p Dn )"
axmmatlzatlon where Ax2b' "IPeDOPp|"
lemma Ax2b': "| =P ¢ D O(=P ¢ )|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence def God _def by (smt (verit))
definition NecEXIst ("E") where "E X = Vo. ¢ X D O(3EX. o x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| O(3%x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) |

proof -

have 1: "|(3%x. G x) D O(3%y. G y)|" using Th2 by blast

have 2: "|O(3%x. G x) D ©0(3%y. G y)|" using 1 by blast

have 3: "| O(3d%x. G x) D O(3%y. G y)|" using 2 Rsymm by blast

?thesis by blast
ged

Axiom Ax4: PoA(pDOyY)DPY axiomatization where Ax4: "|P o A (p Dn?)) D P ¥|"

AXx4:
Properties that are necessarily implied by a
positive property are positive.

Godel 1

O ~NO U A WN -

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




Godel 1

No model found!

theory GoedelVariantHOML1 imports HOMLIinHOL
begin

consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where Ax1: "|Ppo AP¢¥ D P(p . ¥)|"
axiomatization where Ax2a: "\P o Ve P ~p|"
definition God ("G") where "G x=Vo. P D o x"
abbreviation Propertyinclusion (* Dy ") where "o Dy v = O(VEY. oy D v y)"
definition Essence (" Ess. ") where "y Ess. x = Vi v X D (¢ Dn )"
axmmatlzatlon where Ax2b' "IPeDOPp|"
lemma Ax2b': "| =P ¢ D O(=P ¢ )|" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence def God _def by (smt (verit))
definition NecEXIst ("E") where "E X = Vo. ¢ X D O(3EX. o x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| O(3%x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) |

proof -

have 1: "|(3*x. G x) D O(3%y. G y)|" using Th2 by blast

have 2: "|O(3%x. G x) D ©0(3%y. G y)|" using 1 by blast

have 3: "| O(3d%x. G x) D O(3%y. G y)|" using 2 Rsymm by blast

?thesis by blast
ged

axiomatization uhere Ax4 "IPo Al Dn¥) D P )"

O ~NO U A WN -

Consistency check with Nitpick:
no model found

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




Godel 1

Inconsistency detected
by theorem provers

The inconsistency follows via the
“empty essence lemma”:

(AX.L) Ess. x

Adapt the notion of essence?

theory GoedelvVariantHOML1 imports HOMLInHOL
begin

consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "|Ppo AP¢¥ D P(p . ¥)]|"
axiomatization where Ax2a: "_P o Ve P ~p|"
definition God ("G") where "G x=Vo. P o D o x"
abbreviation PropertyInclusion (* Dn ") where "o Dy v = O(VEY. oy DU y)
definition Essence (" Ess. ") where " EsS. X = V. ¥ X D (¢ Dn )"
axmmatlzatlon where Ax2b " P D OPp|"
lemma Ax2b': "| =P ¢ D O(=P ¢ )|" using Ax2a Ax2b by blast
theorem Th1l: "|G x 3 G Ess. x|" using Ax2a Ax2b Essence def God def by (smt (verit))
definition NecEX|st ("E") where "EX =Vou. 0o Ess. x D O(3Ex. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| O(3%x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) |

proof -

have 1: "|(3dx. G x) D O(3%y. G y)|" using Th2 by blast

have 2: "| O(3%x. G x) D ©0(3%y. G y)|" using 1 by blast

have 3: "| O(3x. G x) D O(3%y. G y)|" using 2 Rsymm by blast

?thesis by blast

O ~NO U A WN

ged
axiomatization where Ax4 "IP o A (¢ Dn (‘) S5 P |

lemma EmptyEssL: "[(\y. 1) Ess. x|" using Essence def by auto

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent




Godel 1

Inconsistency detected
by theorem provers

The inconsistency follows via the
“empty essence lemma”:

(AX.L) Ess. x

Adapt the notion of essence?

theory GoedelvVariantHOML1 imports HOMLInHOL

begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where AX1: "|Ppo AP¢¥ D P(p . ¥)]|"
axiomatization where Ax2a: "_P o Ve P ~p|"
definition God ("G") where "G x=Vo. P o D o x"
abbreviation PropertyInclusion (* Dn ") where "o Dy v = O(VEY. oy DU y)
definition Essence (" Ess. ") where "; Ess. x = V. v X D (@ Dn )"
axmmatlzatlon where Ax2b " P D OPp|"
lemma Ax2b': "| =P ¢ D O(=P ¢ )|" using Ax2a Ax2b by blast
theorem Th1l: "|G x 3 G Ess. x|" using Ax2a Ax2b Essence def God def by (smt (verit))
definition NecEX|st ("E") where "EX =Vou. 0o Ess. x D O(3Ex. © x)"
axiomatization where Ax3: "|P E|"
theorem Th2: "|G x D O(3%. G y)|" using Ax3 Thl God def NecExist def by smt
theorem Th3: "| O(3%x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) |

16 proof -

17 have 1: "|(3dx. G x) D O(3%y. G y)|" using Th2 by blast

18 have 2: "| O(3%x. G x) D ©0(3%y. G y)|" using 1 by blast

19 have 3: "| O(3x. G x) D O(3%y. G y)|" using 2 Rsymm by blast

20 1S 7thesis by blast

21| gqed

22 axiomatization where Ax4 "LIP ¢ A (¢ Dn 1‘) O Py|"

23 |

24| lemma EmptyEssL: "|(\y. L) Ess. x|" using Essence def by auto

25| theoremfinconsistency: Falselsledgehammer(Ax2a Ax3 Ax4 EmptyEssL NecExist_def) -

26| proof- ] -

27 have 1: "| (P (Ax.1))|" using Ax2a Ax4 by blast

28 have 2: "|P (Ax.(Ay.1) Ess. x D O(3%z. (A\y.1)z))|" using Ax3 Ax4 NecExist_def by smt

29 have 3: "|P (Ax.O(3%z. (Ax.1) 2))|" using 2 EmptyEssL by simp

30 have 4: "|P (Ax.0O1)|" using 3 by auto

31 have 5: "|P (Ax.1)|" using 4 Ax2a Ax4 by smt

32 have 6: "| L|" using 1 5 by blast

Inconsistency
;3‘ red ?thesis by blast - prOved

35lend

O ~NO U A WN

Fig. 6 Godel’s axioms and definitions, as presented in the 1970 manuscript, are inconsistent



Godel 1 — Results

(Positive) properties as intensional predicates
‘@ necessarily implies y/’ defined as vEx. PxX D WYX

Ax1: The conjunction of two positive properties is positive.
Ax2a: Either a property or its complement is positive.
G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence): ¢ is an essence of x iff all properties of x are necessarily implied
Found by automated theorem provers

by @. : :
Ax2b: Positive properties are necessarily positive. (2016) — missed by the earlier

Theorem 1: Being God-like is the essence of every God-like entity. commentary

E(xistence): x has existence iff all essences of x are necessarily exemplified.
Ax3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified.
Theorem 3: The possible existence of a God-like entity implies the
necessary existence of a God-like entity.

Ax4: Properties that are necessarily implied by a positive property are
positive.

These postulates are inconsistent
(already in modal logic K)
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1|theory GoedelVariantHOML2 imports HOMLINnHOL ModalFilter
2| begin
3| consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where Ax1: "|[Po AP ¢ D P (p .1
axiomatization where Ax2a: "|P ¢ Ve P ~p|"

® ®
definition God ("G") where "G x=Vo. Py D¢
abbreviation Propertyinclusion (*_Dn_") where "p oy o = Y. @) O r I I I a I S a I O n O
“*) definition Essence ("_Ess._") where ", Ess. x =§, X AJVe. ¢ X D (p D

axiomatization where Ax2b: "|Po D OP ¢|"
lemma Ax2b': "| =P ¢ D O(=P ¢)|" using Ax2a Ax2b by blast

theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit)) m n C
definition NecExist ("E") where "E x = Vo. 0 Ess. x D O(3fx. © x)" e S a | I S r I
axiomatization where Ax3: "|P E|"

theorem Th2: "|G x D O(3fy. G y)|" using Ax3 Thl God_def NecExist_def by smt

theorem Th3: "‘0(3 X. G x)D D(E] y. G y)|" sledgehammer(Th2 Rsymm) |
16 proof -
17 have 1: "|(3d*x. G x) D O(3%y. G y)|" using Th2 by blast O
18 have 2: "| O(3*x. G x) D <>D(3:v G y)|" using 1 by blast

19 have 3: "| O(3%x. G x) D O(3%y. G y)|" using 2 Rsymm by blast
20 ?thesis by blast

B3| aviomatizaion where A 6. A (s 3w41 37 e ad apted N Oti on Of

24 "abbrewatlon "PosPropS ) = V. . ‘l* 3

25 ‘abbrevuatlon "ConJOfPropsFrom o ®=0(VEz. o Z & (V. D D¢ 2))" 3
| e e T | ©SSeNnce an genera 1ze

27 emma L: . PCJ usmg Axl en od de: . Smt
28| theorem Th4: "| O(3%x. G x)|" using Ax2a Ax4 L by blast

29| theorem Th5: "|0O(3%x. G x)|" using Th3 Th4 by blast

30| lemma MC: "|p D Op|" sledgehammer(Ax2a Ax2b Th5 God _def Rsymm) - aXI O I I I X e n e

31 proof - {

32 have 1: "Wx.(Gxw — (VZ. Zx D O(Vcz. G z D Z z)) w)" using Ax2a Ax2b God_def by smt
33 have 2: "(3Ix. G x w)—((Q D O(Vz. G z D Q)) w)" using 1 by force

34 have 3: "(Q D 0O0Q) w" using 2 Th5 Rsymm by blast}

35 ?thesis by auto

36| qed

37| lemma PosProps: "IP (M. T) A P(Ax. x = x)|" wusing Ax2a Ax4 by blast

38| lemma NegProps: "|=P(Ax.L) A =P(Ax. x # x)|" using Ax2a Ax4 by blast

39| lemma UniqueEssl: "|p Ess. X Ay Ess. x O O(VEy. ¢ y « ¢ y)|" using Essence_def by smt
40| lemma UniqueEss2: "|p Ess. X A ¢ Ess. x D O(yp = ¢)|" nitpick[card i=1] oops o

‘41 lemma UniqueEss3: "|p Ess. x D O(VEy. oy Dy = Xx)|" using Essence _def MC by auto

42| lemma Monotheism: "|Gx AGy D X =y|" using Ax2a God_def by smt

43| lemma Filter: “|Filter P|" wusing Ax1 Ax4 MC NegProps PosProps Rsymm by smt

44| lemma UltraFilter: "|UFilter P|" using Ax2a Filter by smt

45| lemma True nitpick[satisfy,card=1,eval="|P (Ax. 1) |"] oops le| { | of '

‘46 end | CO :) 060

Fig. 7 After an appropriate modification of the definition of essence in Godel’s 1970 ontological proof, the
inconsistency revealed in Fig. 6 is avoided, and the argument can be successfully verified in modal logic S5
(indeed, as shown, only symmetry of the accessibility relation is actually needed)




G 6 d e I 2 . R eS u |_tS Essence repair due to Dana Scott

‘@ necessarily implies 1/ iff vEx . DX D Yx Generalization of Ax1: Ax1Gen

& Qg 7 : ' ,._j v,

J | : ,ﬁ: FALLAWA, C‘ffi ' }, NV S f_."_.hk' i :’1
Ax1Gen: The con Junctlonrltrllp03|t|ve properties is positive. Axiom Ax1Gen: (PosProps ® A ConjOfPropsFrom ¢ ®) D P ¢
Ax2a: Either a property or its complement IS posmve abbreviation "PosProps ® = V.. & ;> D P "

abbreviation "ConjOfPropsFrom o ® = O(V:z. v Z & (V. © © D v 2))"

G(Od Ilke). X |S GOd I|ke |ﬁ |t pOSSGSSGS a” pOS|t|Ve prOpertIeS axiomatization where Ax1Gen: "|(PosProps ® A ConjOfPropsFrom o ®) D P ¢|"

Ess(ence)' qo is an essence of X iff all properties of x are necessarily implied Ax1Gen expressible in third-order logic

Ax2bP03|t|vepropert|esare necessarily positive.

Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.

AXx3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified. » Consistent

Theorem 3: The possible existence of a God-like entity implies the * Valid already in modal logic KB
necessary existence of a God-like entity. * Modal collapse follows

AXx4: Properties that are necessarily implied by a positive property are  Monotheism follows

positive. * P is an ultrafilter

Lemma L: God-likeness is a positive property. » Self-identity: positive property
Theorem 4: A God-like entity possibly exists. » Self-difference: non-positive prop.
Theorem 5: A God-like entity necessarily exists.




. v ’ ,
m €ont) -1 (Lé[ A

Unsboy (sohie, Lotrew Ru10, 170 (G Yyt
W e —— P § e A

{

I I. -l:'. I
e g i, G e Bl oS X / o
) h e Py B g) U )9O e > Bp) v O e S m a Iq ' I S : rl l

)

. a1\ /5
(7] v’»L‘UJ X a \.“{

S RAGRTS Ry wi Gaf A * AT . [ Ve

I.‘J CGam e [\ J A7
r » / S 1 1 2 s
4 v /" 01 [ e

A s 7Y / - \
W s maXus o Y ‘ )

ﬁ#’?? ! :’/41 " ‘
q PR dmtand R TR W m Ha Nl aeid
ey " 4l ¢4 o il M aeerd 4 Lr.. ol i/
Jrovndd [ / r'xl&_ L ACe! Htn ({,/ AF M ¥ty

{
3 ) \ “/ ~ ) L A C I & v ’ i -
7.7‘[/( Ay ,/c/ | ‘-“, hy _';. ’/g] [ ,4 e Q. /‘,'_%L A Y
/l fl(v\i’_ 1/ “?( . .

v v . L ’ . -\ H t
‘fV }“':' "‘f"-,fbvvzr ay "-\Cllt{\-l\'h. aA *//141.(:;6-/\ 75'(:* /'L"‘l "Q‘C'vvf/‘v b . . .
LTIy pavakign ) Tl bt ekl I n C u S I O n a n g e n e r a I Z e
——..—-——-*—————————M

-~

'\":'/ EE (R ’I‘,V‘.l':"‘r' ’“’_v:' ['/% A/ - | \ XA b
<R 00 W gy Ol

9

s = =  axiom Ax1Gen: Godel3

e A e [’Il

i (e _

S0 ick s ok ‘e ol b [ o e
y v A L

—

MW (i3, _7 y =7 .‘hn“om;"/,‘ /M v C‘(\ (Bl 0“" m Eda ..
PETRE oR A2

Unpublished works of Kurt Gédel are Copyright Institute for Advanced Study and are used with permission. All rights reserved by Institute for Advanced Study.

Note: This Is a new variant



1|theory GoedelVariantHOML3 imports HOMLInHOL ModalFilter

2l begin

3| consts PositiveProperty::"(e=o)=0c" ("P")

4| axiomatization where Ax1: "|Po AP¢ DP(p . v)|"
axiomatization where Ax2a: "|P o VEP ~p|"

o o

TR F ormalis ation o
(**) abbreviation PropertyInclusion (" Dy ") where " Dy §o # (. L) AIVEY. ) y

definition Essence (" Ess. ") where "o Ess. x =V ¢ X D(p o) oo

axiomatization where Ax2b: "|Po D OP p|"

lemma Ax2b': "| =P ¢ D O(=P ¢ ) : usmg Ax2a Ax2b by blast

theorem Thl: "|G x S G Ess. xJ" using Ax2a Ax2b Essence _def God def by (smt (verit)) m n r I

definition NecExist ("E") where "E x = V. ¢ Ess. x D O(3&x. ¢ x)"

axiomatization where Ax3: "|P E|"

theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God def NecExist def by smt

theorem Th3: "| O(3%5x. G x) D O(3%y. G y)|" sledgehammer(Th2 Rsymm) |
16 proof -
17 have 1: "|(3%x. G x) D O(3%y. G y)|" using Th2 by blast
18 have 2: "|O(3%x. G x) D ©¢0(3%y. G y)|" using 1 by blast
19 have 3: "|O(35x. G x) D O(3%y. G y)|" using 2 Rsymm by blast

B adapted property

22 axmmatlzatlon where Ax4 "I[Ppo Al(p Dn¥) DPY"

24 'abbré|at|on""PosPropsu.v—'V“:' -‘ I S t . °

25 "abbrewatlon "ConjOfPropsFrom ¢ & = 0O(V*z « (V. DY) «_' I n C u S I O n a n e n e ra I Ze
26 aX|omat|zat|on where AxlGen: "| (PosProg s;(!>/\Con'OfPro,sFrom: o P)SPOI"

27 lemma "IPG J" smg Ax1Gen GOG “def by smt (verit)

28 theorem Th4: "‘ O(3I*x. G x)|" sledgehammer[timeout=200](Ax2a L Ax1Gen) sorry | |
29| theorem Th5: "|O(3tx. G x)|" using Th3 Th4 by blast XI m X e n e
30| lemma MC: "|p D Op|" sledgehammer(Ax2a Ax2b Th5 God_def Rsymm) -

31 proof - {

32 have 1: ™ (G xw — (VZ. Zx D 0O(VEz. Gz D Z z)) w)" using Ax2a Ax2b God_def by smt
33 have 2:' ( IX. G x w)—((Q D O(VEz. G z D Q)) w)" using 1 by force

34 have 3: "(Q D 0OQ) w" using 2 ThS5 Rsymm by blast}

35 ?thesis by auto

36 qed

37| lemma PosProps: "IP(AX.T) A P(Ax. x = x)|" using Ax2a Ax4 L Th4 by smt

38| lemma NegProps: =P(Ax. L) A =P(Ax. x $# x)|" using Ax2a Ax4 L Th4 by smt

39| lemma UniqueEssl: "|@p Ess. X Ay Ess. x O O(VEy. oy & ¢ y)|" oops

40| lemma UniqueEss2: "|p Ess. X Ay Ess. X D Oy =¢)|" oops Jnc ‘ :

41| lemma UniqueEss3: "|p Ess. x O O(Vfy. oy Dy = x)|" using Essence def MC by auto

42| lemma Monotheism: "G X AGy D x =y|" using Ax2a God_def by smt

43| lemma Filter: “|Filter P|" wusing Ax1 Ax4 MC NegProps PosProps Rsymm by smt

44| lemma UltraFilter: "|UFilter P|" using Ax2a Filter by smt Oqg

45| lemma True nitpick[satisfy,card=1,eval="|P (Ax.T)|"] oops le| { | ty (p :)
46lend

Fig. 8 After an appropriate modification of the notion of necessary property inclusion in Godel’s 1970
ontological proof, the inconsistency revealed in Fig.6 is avoided, and the argument can be successfully
verified in modal logic S5 (indeed, as shown, only symmetry of the accessibility relation is actually needed)




( i °2 d I 3 R | .t “Devil = ... (empty set)” (Max I, p. 47)
O e e S u S “Remark: The empty set (the empty space) is an amphibian

between nothing and something.” (Max lll, p. 85)

‘@ necessarily implies y/ iff vEx. @© F Ax. L A@px D yx 4—— The empty set now no longer
Implies any other properties!

Ax1Gen: The Conjunctlon rlposmve properties is positive.
Ax2a: Either a property or its complement is positive.
G(od-like): x is God-like iff it possesses all positive properties.

Ess(ence): @ is an essence of x iff all properties of x are necessarily plied

by @.
AXx2b: Positive properties are necessarily positive.
Theorem 1: Being God-like is the essence of every God-like entity.

E(xistence): x has existence iff all essences of x are necessarily exemplified.

Ax3: E(xistence) is a positive property.

Theorem 2: If x is God-like, then God-likeness is necessarily exemplified. » Consistent

Theorem 3: The possible existence of a God-like entity implies the  Valid already in modal logic KB
necessary existence of a God-like entity.  Modal collapse follows

AXx4: Properties that are necessarily implied by a positive property are  Monotheism follows

positive. * P is an ultrafilter

Lemma L: God-likeness is a positive property. o Self-identity: positive property
Theorem 4: A God-like entity possibly exists. » Self-difference: non-positive prop.
Theorem 5: A God-like entity necessarily exists.




CTeYe [=) IV Godel 3

Summary Summary

requires the generalized axiom Ax1Gen requires the generalized axiom Ax1Gen
modified: essence - modified: property inclusion

no existential import no existential import
consistent consistent

possible and necessary existence of G possible and necessary existence of G
verified already in logic KB verified already in logic KB
derived results: derived results:

- modal collapse - modal collapse

- monotheism - monotheism

- P is an ultrafilter - P is an ultrafilter

Changing the quantifiers for entities from
‘'varying-domain’ to ‘constant-domain’? —> results reconfirmed




CTeYe [=) IV Godel 3

Summary Summary

requires the generalized axiom Ax1Gen (>2) requires the generalized axiom Ax1Gen (>2)
modified: essence - modified: property inclusion (only for Ess)

no existential import no existential import
consistent consistent

possible and necessary existence of G possible and necessary existence of G
verified already in logic KB verified already in logic KB
derived results: derived results:

- modal collapse - modal collapse

- monotheism - monotheism

- P is an ultrafilter - P is an ultrafilter

Changing the quantifiers for entities from
‘'varying-domain’ to ‘constant-domain’? —> results reconfirmed




And the Devil?

“Namely, in order to recognise a thing {a}, | must have: 1.) certain
fundamental assignments of certain empirical things (perhaps
beginning with God = universal set*; Devil = an irrefutably false
system™ (or empty set); ...” (Max lll, p. 47)

Rem<ark> (Theol<ogy>): The perfectly clear recognition of the
{perfectly} evil one — that he can never achieve his aim — means
his death. (Max IX, p. 36)



Aﬂd the Devil? . Val’iaﬂt 1 (Credits to Chad Brown)

X 1S a Deuvil iff
[ 1 theory TherelsNoEvill imports GoedelVariantHOML?2 X pOSS@SSGS a”

| 2|begin

3| definition Evil ("Evil") where "Evil x = Vo. =P o D © x" non-positive

' 4] theorem NecNokEvil: "|0O(=(3%x. Evil x))|" sledgehammer(Ax2a Ax4 Evil def)
proof - '
have "|-P(\y.l)|" using Ax2a Ax4 by blast prOpertleS
hence "|(VEx. Evil x D (Ay.1) x)|" using Evil_def by auto ]
hence "[(VEx. Evil x D 1)|" by auto AXioms as before
hence "|(3%x. Evil x) D L1|" by auto
hence "|-(3d%x. Evil x)|" by blast
7thesis by blast

| ged
113]1end . ]
Necessarily, no Devil
Fig. 10 Importing Godel’s modified axioms from Fig. 7 we can prove that necessarily there exists no entity :
that possesses all non-positive (=negative) properties exists.
1ltheory TherelsNoEvil2 imports GoedelVariantHOML3
| 21begin
3] definition Evil ("Evil") where "Evil x =Vo. =P o D o x" AI .
so confirmed for

. 4] theorem NecNoEvil: "| O(=(3x. Evil x))|" sledgehammer(Ax1Gen Ax2a Evil _def) oops

Godel 3

Fig. 11 Importing Godel’s modified axioms from Fig. 8 we can prove that necessarily there exists no entity
that possesses all non-positive (=negative) properties

Relative to the axioms — whether this tells us anything about reality depends on whether one accepts them.



And the Devil? — Variant 2 (Scott

theory EvilDerivable imports HOMLInHOL ModalFilter
begin

consts PositiveProperty::"(e=-o)=0c" ("P") X IS a DeVII Iﬁ X pOSSGSSGS a”

definition Evil ("Evil") where "Evil x =Vo. =P o D o x" . .
definition Essence (" Ess. ") where "o Ess. x= o X A (V. v x D O(VEy. oy D v y))" nOn_pOSItlve propertles
definition NecExist ("E") where "E x = Vo. 0 Ess. x D O(3x. © x)"

axiomatization where Al: "|-P ¢ & P ~p|"

axiomatization where A2: "|-P o A O(VEY. oy D y) D =P ¢|"

axiomatization where A4: "| =P Evil|" Mirroring Of a” aXiOmS (SCOtt)

axiomatization where A3: "| =P ¢ D 0O (=P ¢)|" . ]
axiomatization where A5: "|-P E|" —

lemma True nitpick[satisfy,card i=1,eval="|P (Ax.1)|",eval="|P (Ax.T)|"] oops M fOr non pOSItlve prOpertleS
theorem T1: "| =P ¢ D O(3%X. ¢ x)|" using Al A2 by blast

theorem T2: "| O(3%x. Evil x)|" using A4 T1 by blast

theorem T3: "|Evil x D Evil Ess. x|" using Al A3 Essence_def Evil_def by (smt (verit, best))
theorem T4: "| O(35x. Evil x) D O(3%y. Evil y)|" using A5 Evil def NecExist def Rsymm T3 by smt
theorem T5: "|O(3%x. Evil x)|" wusing T2 T4 by presburger

lemma MC: "l D Opl|" sledgehammer(Al A3 T5 Evil def Rsymm) oops —

lemma PosProps: "IP(AX.L) A P(Ax. x # x)|" using Al A2 by blast

lemma NegProps:  "|=P(Ax.T) A =P(A\x. x = x)|" using Al A2 by blast " "

lemma UniqueEssl: » Ess. X Ay ESS. X D D(\ny. oYy « 1 y)|" using Essence _def by smt Necessarl Iy! there eXIStS
lemma UniqueEss2: "|p Ess. X Ay Ess. x D Oy = ¢)|" nitpick[card i=2] oops —<Coun! d | "
lemma Monoevilism: "|Evil X AEvily D x =y|" using Al Evil def by smt a DeV”
lemma Filter: "|Filter (A ». =P ©)|" wusing Al Evil def Rsymm T1 T5 by (smt (verit, best))

lemma UltraFilter:  "|UFilter (A ». =P ©)|" using Filter A1 by blast
end

OO UL B WN -

Fig. 20 The necessary existence of an Evil-like entity proved from (controversially) modified assumptions

But: The properties of this Devil are absolutely identical to the properties of
Godel’s God-like entity!
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TeX Source

Arg u me nt E view license

Christoph Benzmiiller Ancillary files (details):

e GoedelUltrafilterNote/AltEntailment
Godel's ontological argument is modal by design. Possibility and necessity are among its central concerns, and * GoedelUltrafilterNote/AndersonVar

: . . . . . L. ] . . e GoedelUltrafilterNote/BaseDefs.thy
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| also share the view of e.q.

Kovac and Muhlenbeck (and others)
that Godel did not merely accept
the modal collapse, but intended it.

Investigating Godel’s “universal set”
(maximal infinity) is fascinating further
work (type vs. set theory).
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Important Clarification

No!
Assumptions Logic
We haven't proven the
existence of God using a
computer! dependent

on

We have formally analysed a

prominent argument for the

existence of God using a Argument
computer.
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odel 2 — as a starting point ...

1ltheory GoedelVariantHOML2 imports HOMLIinHOL ModalFilter ChurchTTinHOML
begin
consts PositiveProperty::"(e=o)=0c" ("P")
axiomatization where Ax1: "[Po APy DP(p.)]|"
axiomatization where Ax2a: "|Pp VEP ~p|"
definition God ("G") where "GX=Vp.Pyp D pXx"
abbreviation Propertyinclusion (" _Dn_ ") where "o DOnY = O(VEY. oy D y)"
definition Essence (" _Ess. ") where "pEss. Xx=p X A (V. v X D (¢ Dn )"
axiomatization where Ax2b: "|[Pp D OP "
lemma Ax2b': "| =P ¢ D O(=P )" using Ax2a Ax2b by blast
theorem Thl: "|G x D G Ess. x|" using Ax2a Ax2b Essence_def God_def by (smt (verit))
definition NecExist ("E") where "Ex = V. ¢ Ess. x D O(3Ex. ¢ x)"
axiomatization where Ax3:"|P E|"
theorem Th2: "|G x D O(3%y. G y)|" using Ax3 Thl God_def NecExist def by smt
theorem Th3: "| O(d5x. G x) D O(dFy. Gy)|" by (metis Th2 Rsymm)
axiomatization where Ax4: "|P o A(p Dny) DP "
lemma True nitpick[satisfy,card=1,eval="|P (Ax.1)|"] oops —<One model found of cardinality one>
abbreviation "CollOfPosProps ® = Vp. ® ¢ DP "
abbreviation "ConjOfPropsFrom ¢ ® = O(VEz. o z & (V. D ) D) 2))"
axiomatization where Ax1Gen: "|(CollOfPosProps & A ConjOfPropsFrom ¢ ®) D P ¢|"
lemma L: "|PG|" using Ax1Gen God_def by (smt (verit))
theorem Th4: "| O(3Ex. G x) |" using Ax2a Ax4 L by blast
theorem Th5: "| O(3&x. G x) |" using Th3 Th4 by blast
lemma MC: "|p D Op|" —<Proof found with sledgehammer>
proof - {fix w fix Q
have 1: "Vx.(Gxw — (VZ.Z x D O(VEz. Gz D Z z)) w)" using Ax2a Ax2b God_def by smt
have 2: "(Ix. G x w)—((Q D O(VEz. Gz D Q)) w)" using 1 by force
have 3: "(Q D 0OQ) w" using 2 ThS5 Rsymm by blast}
thus ?thesis by auto qed
lemma PosProps: "|P (Ax.T) A P(Ax.x =x)|" using Ax2a Ax4 by blast
lemma NegProps: "| =P(Ax. L) A =P(Ax. X # x)|" using Ax2a Ax4 by blast
lemma UniqueEssl: "|p Ess. X Ay Ess. x D O(VEy. py & ¢ y)|" using Essence_def by smt
lemma UniqueEss2: "|p Ess. X A Ess. x D O(p =) |" nitpick[card i=1] oops —<Countermodel found>
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lemma Monotheism: "|G X AGy D x =y|" using Ax2a God_def by smt

lemma Filter: " |Filter P|" using Ax1 Ax4 MC NegProps PosProps Rsymm by smt
lemma UltraFilter: "|UFilter P|" using Ax2a Filter by smt

lemma True nitpick[satisfy,user axioms,card=1,eval="|P (Ax.1)|"] oops —<One model found of cardinality one>

w w w w
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Godel 2 — plus mathematical objects

Assumption: The objects of mathematics
‘exist’ (e.g. natural numbers n, Peano
axioms).

Predicates: Ax.x =nand Ax.x #n

Implications for the cardinality of the positive
properties P:

P is infinite

P is uncountably infinite

Claim (verification is further work):

If we again assume such properties to exist,
then the generalized axiom Ax1Gen forces the
cardinality of P into the maximally infinite

On the maximality of positive properties and modal collapse in variants of Godel’s
ontological proof of God
Cordelia Muhlenbeck, Christoph Benzmuller - Logic and Logical Philosophy, 1-21

DOI A

On Absolute Infinity and Modal Collapse in Gédel’s Ontological Proof

Cordelia Miihlenbeck, Christoph Benzmiiller - Logic, Knowledge, and Tradition: Essays in Honor of
Srecko Kovac -

38] —<Assuming 2 different entities leads to 2 different positive properties, assuming 3 leads to 4, etc.»
Iemma H: "|P (Ae.T) A (P ()\e.e=a) VP ()\e. es#a))|" using PosProps Ax2a by auto
lemma PP2: assumes "|3(a::e) b.a #b|" shows "|dp g. p#g AP p AP q|" by (smt (verit, del_insts) H assms)
lemma PP4: assumes "|J(a::e)bc.a #bAa #c Abs#c|"
shows "|dp qrs. p#q A p#r A p;és Ag#r Aq#s Ar#s APp APqAPr APs|" by (smt (verit, del_insts) H assms)
—<Assuming infinitely many different entities leads to at least 2, 4, etc., many different positive properties>
lemma PP2': assumes "|InfO|" shows "|dp q. ((p#q) APp AP Qq)|" by (metis (lifting) Ax2a InfO_def PosProps assms)
lemma PP4': assumes "|InfO|" shows "|3dp q rs. p#qApF#rAp#s Aq#r AgQ#SAr#sAP pAP qAP rAP s|"
proof - have "|InfO| —> | Jp::e. dq::e. 3r:;e. p#q A p#r A q#r|" unfolding InfO_def apply simp by metis
thus ?thesis using PP4 assms by blast qed
—<Theorem Metalnf: infinitely many different entities lead to infinitely n
—<Various

1any positive properties: proof at meta-level. >
) [9 lines]
[6 lines]
[5 lines]
sSet a Metalnf by blast (*{{{ *) [6 lines]
"|InfO|" shows "| =(Finite ) |"§by (metis Finite_def InfPosSet_b Nat_finite assms)
B ntorArgument: Ass IHHI CInfinit J"(IITTHHT_'T'I—P'ﬂ(i‘-) to uncountably many different positive properties.>
1 "S (f::natqe) (Ax::e. |f x € range f then f (Suc (inv f x)) else x)"
definitivs +Enc (f::nat=-e) s = (A(B::e=-bool) (x::e) (u:i). x =f0V (dy.sy =x A B y))"
definition "D ™ s (w:i) =(M\x:e. if Fx (f 0) wthen - F x (s x) welse F x (s x) w)"
lemma Inf_inj: "|In _f: nat_fe inj f* using Metalnf infinite_countable subset by blast
lemma EncO: "Enc f s B (f O) iysing Enc_def by simp
lemma EncS: "inj f — (Enc f (S Séy) W —— B y)"
by (smt Enc def S def inj Suc inv_f f a nat.distinct rangel)

definitions and automatically proved lemmata are not shown here.» (*{{{ *

lemma Metalnf: "|Inf0| = infinite (UNIV::e set)" *{{{ *)
Fep-lguma IanosSet a: "infinite (UNIV e set) = infinite (7P w)" *{{{ *)

Iemma

22|—<Formalized notions: equipollence, cardinality, different notion of infinity»
abbreviation Ex1B (binder "3:" [8]9) where "3J:1x. ®(x) = (Ix. (x) A (Vz. D(2) D (z = x)))"
definition "Equipollent = (Ap::'a=-0. AgQ::'b=0. (3s. (VX. pX D q(sx)) A(Vy.qy D (Fix. pxX A(y =s x)))"
definition "Cardinality = (Ap::'b=-0c. Equipollent p)"
definition "CardinalNumbers = (Au::(('b=0)=0) . (p::('b=-0). (u = (Equipollent p))))"
definition "InfO = dri;e=e=0. WXy z. ((AW.rxw) A= (rxxX) A(rxy D(ryz Drxz))"
definition "Infl = dn::e=0¢. dM::e=0. (VX. m X D n X) A (Ju. nu A =(m u)) A (Equipollent n m)"
definition "Inf2 = dn:;e=0¢.3qu.ds. N U A (VX.n X D n (s X)) A (Vx n x D S X 7éu Vx y (n X /\ n y /\ S X=S y) :) X= y)

named_theorems Nat

definition Zero ("0") where [Nat]:
definition Succ ("S") where [Nat]:
definition Naturals ("IN") where [Nat]:
definition Finite (" Finite") where [Nat]:

"0 = ((=) (Ax. L))"

"S=(An. Ap. (IX. p X A (N (AL (E #X) Ap D))"
N=n. (Vp. (p0A(VX.pX Dp(SX))Dpn)"

"Finite = (Ap. (In. N n A n p))"
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