
����
��
� ��
�
	 �
��
��
		 �
�	 �
��
�


	 �
��
��
���
���

� �
�	 �
��

����
��� �
�	
	 ��
�
� �� �
��

� ��
�	 �
�

��
� �� ��  !
"" ### $
%& ' $
()* +'
, $- .
"

U

/ N

0 I
1 V2 E
3

R4 S5 I6 T7 A8

S9

S:

A;
R<

A= V
>

I
?
E
@ N
A S

B I

C SD

EFGIHJJJ

K
L
MN
OQP
RS T
U

VWW X Y
Z[ \^]
ZZZ\ _a`cbedgfihkjmlihonqprltsvuxwzy{wt|~}�����`c�������������m�

� �qwc����b�����y�b�����������y¡ { � �¢
£q¤�¥§¦©¨«ª­¬¯®�¤r°q±³²{´�µ·¶¸{¹©¹ ±�¥qº»²{¼�½�±³¾¯¦©²{±À¿�²{¼�¨ ¸{¹ ±�¦ÁªÃÂÄ¿�¼{¨�ÅÇÆ
ÈIÉ�ÊÌËÎÍÐÏÒÑÎÓ�ÍÕÔ^ÖQ×ØËÐÙ�ÍIÚmÔÜÛ�Ý{Þ�ÝÐ×�Û�ÍIÖàß¯Ý{ËáÏ�ËáÊ�Ñ�Ô^ÖÒâ{Ñ�ÔÜÛ�Ý

ã º»äå¤Qæà±�¥§±³¦©äå¤èçé²�êë¬¯¥ìµ�ºÐª§¦©í
î ²{¦Áï»±�¥§¨ì¦ÁªI¶ºÐª�¼{±�¨ið�º¯ºÐ¥ ¹ ºÐ²{¼{±�¨ Þ ð�º¯ºÐ¥§æ{¥Ð¶¸ äåí»±�² ÞØñ ±�¥ìµ�ºÐ²Qò

ã º»í ¸{¹ ªI¶ºÐªmêó¶¸ ¥�çé²�êë¬¯¥ìµ�ºáª­¦©íî ²{¦Áï»±�¥§¨ì¦ÁªI¶ºÐª�ôÀº»¥ ¹ ¨§¥ ¸ ¤{±õÂÄö�÷cÆ Þ ôÀº»¥ ¹ ¨§¥ ¸ ¤{± ÞÌñ ±�¥ìµ�ºÐ²Qò
øÕùûúýüÿþ��������	�røÕþ�

����

���



��������������� ��!#"$��%'&)(+*�(-,/.1032���4547698;:<:=8+>
? 47(�@BAC�EDF4G*C�HAJI	KMLG@N*)OPOQOSRPT

£q¤{¥ì¦©¨«ª­¬¯®{¤�°q±³²{´�µ·¶¸{¹©¹ ±�¥mºÐ²{¼r½�±�¾»¦©²{±À¿�²{¼{¨ ¸{¹ ±³¦ÁªÃÂÄ¿�¼�¨�ÅÇÆ

ã º»äå¤Qæ�±³¥§±³¦©äå¤èçé²�êë¬¯¥§µõºÐª§¦©í
î ²�¦Áï¯±³¥§¨ì¦Áª ¶ºáª�¼{±�¨ið�º¯º»¥ ¹ º»²�¼{±�¨ Þ ð�º¯º»¥ìæ{¥Ð¶¸ äåíÐ±�² Þ�ñ ±�¥ìµ�º»²Îò

ÈIÉ�ÊÌËÎÍ»ÏÒÑ¯Ó�ÍÕÔ ÖQ×�ËÐÙ�ÍIÚ�ÔÜÛ�Ý
ã ºÐí ¸�¹ ª ¶ºáªmêó¶¸ ¥�çé²�êë¬¯¥ìµ�ºÐª§¦©íî ²�¦Áï¯±³¥§¨ì¦Áª ¶ºáª�ô ºÐ¥ ¹ ¨ì¥ ¸ ¤�±�Âëö�÷cÆ Þ ô ºÐ¥ ¹ ¨ì¥ ¸ ¤�± ÞÌñ ±�¥ìµ�º»²Îò
ÝÐ×�ÛÌÍIÖÌß¯Ý{ËÐÏ�Ë Ê�Ñ�Ô ÖÒâ�Ñ�ÔÜÛ�Ý

�VU ��}c�������
WYXQZ\[N]PZ
^S_Y]Q`=a�bdcebdfhg#i	jlkdm\monqporor
p3sotluvcxwzy{bdn|n~}�u
jl�\gdmv��n~w��	sow���cxkdw5���NmogS�emotl�ekd�~��m�y�cxkdw�y{mon|n~mv���|gdsVmote�s
uogd�|��uvcx�~m
gS��u�gS�-jzm
fh�Su�gd�|w����
����� WYXQZ\[�]QZ
^d_�]Q`G��w�c��Hm
te��\�\�����e���� \ \ �¡�¢o£	¤¦¥o§o¢�¡©¨\¢\�d§vª	«d§�£S«
¢­¬S£�®
�
����� ¯ i	° ±qtxmosotlu�fhfhwo²\³dbdcebdtxw´u�gS� � fhw�tes
�~gdsh°�w�jlkdgdm
n~m
so�|w��;µ¶³ � °�·�\�\�����e���� \ \ �¡x§o¸
¤	¨S¥�®�¡�«v£S�S¥o®v�S�o¹\¢o���S¸�¬¦¢q¡º�\��¬
��» �|�Su�tece�|fhw�g�cem5�	��¼�uvcxw�f5uvcx�|j�ud² � gS�~½
w�tl���~c�¾u��	�Q±��|�xu�\�\�����e���� \ \ �¡©¨v¬Y¡¿£
ÀB¥��¦¥�¡l¥­�	�
��Á w�txfhuog-Â�w��ew�u�tljlk�ÃHw�g�cew�t�y{m
t�a�tece�~Ä�jz�Åu�n ¯ g�cxw�n|n~�|sow�gSjzw Á f<Æ�ÇFµ » ³�È ¯ ·�\�\�����e���� \ \ �¡©¨\¹�É¦¥Q¡�¨	¢\�
� ÃHmof<bSgdw7�	�Q±q�Å�xu�\�\�����e���� \ \ �¡x§o¸­¬S£
ÀS¢�¡º�¦¥
®oªÊ¡Ë¥­�d�o¨\¸S§
�\§	¥����	ªo�B¥o®oªq¡º�	�v¬
� i	uouot�°�m�cxm Á f<ÆSÇ�\�\�����e���� \ \ �¡x®oª\ª
¤
�d¸
�	¸q¡©¨	¢��
� Â ¯ aYÃ�aÌÂ�w��ew�uotxjlk ¯ gS��ce�~ceb	cxw;y{mot�a��S�dn~�Åj�u�ce�|mogS��m�yÊÃHm
fh�db	cew�t�a�n|sow�Ædtxu�\�\�����e���� \ \ �¡¿¤¦¥�ªS§vª�¡¿ ¦¥�À�¡©�o£S¢�¡ºÀS«��S¥�À\¨	¢oÍH¡º�	��¬N«
ÎxÏQÐ�ÑÓÒ�ÔÖÕ�×ºÐ­ØºÕ�Ù�ÚËØÖÔqÑÓÒ�ÒºÛ­Ù­Ù�ÚËØ¶ÔºÕ�Ü´Ý�Þ�ÔºÐ�ÕHßNàáÔºØºâlÑÓã­ÑÓã­ä�ã­Õ©ÔæåBÚËØÖç7è¦éCêdèBàQê\ß¦ë7àCì<íÅîQï¦ðQñQò{óËôËôËôxòæôËô�õ�ôËózö�÷|Û­ã�Ü­Õ�Ü<ÑÓã�ÔºÐ­Õß¦à�øxÔÖÐG÷~Ø¿âlù�Õ©åBÚËØºç�ú

û



� �q}qy�bk}qy��
üþý �Ìwt}c� ý wc�à`3ÿ b�����b �
������� 	�

����������������
�� �

� � ! �à`c��b �#"���`t�ì`c����b
�$�%���#&(')
*&,+ &.-/-102� 3��4

5%&6���7
8��9:�<;=
��*�8�6>6�?�@'BA��,3C�D� EGF

H u }?It��b ��� � b ! b��6JLK·�q�NM�b � ��������b
�O�P�%�Q-1�%�#R 3��S
T5%&����U
8��92�C�O�P�%��>6��V�SW�X2&��O�ZY�&6��[\�%�S9 ]L�

^`_4a����� � ! b6M�| ��}t}OJ � `c� ! �Òy���Ut` ý b }?b�| awt�ì� b��6JÃu }?It��b���� � b ! b��
�O�P�%�Q-1�%�#R 3��S
T5:cd�%�eRgfih<jk���l�m�n�%��>6��V�SWoX2&6�O�=Yp&���[\�%�49 qr�

sut ���Nv/����}?� t ! }?It�Qy{b ! ��b��
������� 	�

����������������
�� wrxnw

p



w ý �Ìwt}c� ý wc�à`3ÿ b�����b��
�����x� 	�
T�D�������?�n�8��
*�

y ���Ì| ��� _a`cb����{z}|�~-Ut�«�����Õy ! ��}û� _a`cbj�ÿ��anz _a` ! }?M ! }?�e�r������I ! �q|

�



F
o

rm
al

 T
h

eo
ry

 E
xp

lo
ra

ti
o

n
:

T
h

e 
L

az
y 

T
h

in
ki

n
g

 P
ar

ad
ig

m

B
ru

no
.B

uc
hb

er
ge

r@
R

IS
C

.U
ni

-L
in

z.
ac

.a
t

C
al

cu
le

m
us

 A
ut

um
n 

S
ch

oo
l 2

00
2,

 P
is

a,
 S

ep
te

m
be

r 
20

02

C
op

yr
ig

ht
:

 B
ru

no
 B

uc
hb

er
ge

r
 2

00
2.

 C
op

yi
ng

 a
nd

/o
r

 s
to

rin
g

 in
 d

at
a

 b
as

es
 is

 g
ra

nt
ed

 u
nd

er
 th

e
 fo

llo
w

in
g

co
nd

iti
on

s:
- 

T
he

 fi
le

 m
us

t b
e 

ke
pt

 u
nc

ha
ng

ed
 u

nd
 m

us
t i

nc
lu

de
 th

is
 c

op
yr

ig
ht

 n
ot

e.
- 

If 
yo

u 
co

py
 a

nd
/o

r 
st

or
e 

th
e 

fil
e,

 a
 m

es
sa

ge
 m

us
t b

e 
se

nt
 to

 b
uc

hb
er

ge
r@

ris
c.

un
i-l

in
z.

ac
.a

t
- 

If 
m

at
er

ia
l f

ro
m

 th
e 

fil
e 

ar
e 

us
ed

 in
 p

ap
er

s,
 th

is
 ta

lk
 m

us
t b

e 
ci

te
d 

ap
pr

op
ria

te
ly

.

�
O

ve
rv

ie
w

�
F

o
rm

al
 T

h
eo

ry
 E

xp
lo

ra
ti

o
n

�
"T

h
eo

ry
 E

xp
lo

ra
ti

o
n

" 
P

ar
ad

ig
m

 a
s 

an
 A

lt
er

n
at

iv
e 

to
 "

Is
o

la
te

d
 T

h
eo

re
m

 P
ro

vi
n

g
" 

P
ar

ad
ig

m

T
he

 "
T

he
or

y 
E

xp
lo

ra
tio

n"
 p

ar
ad

ig
m

 h
as

 b
ee

n 
in

tr
od

uc
ed

 in
:

B
. B

uc
hb

er
ge

r.
T

he
or

y 
E

xp
lo

ra
tio

n 
V

er
su

s 
T

he
or

em
 P

ro
vi

ng
P

ro
ce

ed
in

gs
 o

f 
th

e
 C

al
cu

le
m

us
' 9

9
 W

or
ks

ho
p,

 E
le

ct
ro

ni
c 

N
ot

es
 in

 T
he

or
et

ic
al

 C
om

pu
te

r 
S

ci
en

ce
, 

23
/3

, E
ls

ev
ie

r,
19

99
.

B
. B

uc
hb

er
ge

r.
T

he
or

y 
E

xp
lo

ra
tio

n 
w

ith
 T

he
or

em
a.

In
: P

ro
ce

ed
in

gs
 o

f S
Y

N
A

S
C

 2
00

0 
(2

nd
 In

te
rn

at
io

na
l W

or
ks

ho
p 

on
 S

ym
bo

lic
 a

nd
 N

um
er

ic
 A

lg
or

ith
m

s 
in

 S
ci

en
tif

ic
C

om
pu

tin
g)

, O
ct

.4
-6

,2
00

0,
 T

im
is

oa
ra

, R
um

an
ia

, (
T

.J
eb

el
ea

n,
V

.N
eg

ru
,A

.P
op

ov
ic

i e
ds

.)
, A

na
le

le
 U

ni
ve

rs
ita

tii
 D

in
T

im
is

oa
ra

, S
er

.M
at

em
at

ic
a-

In
fo

rm
at

ic
a,

 V
ol

.X
X

X
V

III
, F

as
c.

2,
 2

00
0,

 p
p.

9-
32

.

C
op

yr
ig

ht
: B

ru
no

 B
uc

hb
er

ge
r 

20
02

1

�
Is

o
la

te
d

 T
h

eo
re

m
 P

ro
vi

n
g

kn
ow

le
dg

e
ba

se
�

th
eo

ry

?
�
go

al
fo

rm
ul

a

P
ro

ve
�g

oa
l,

us
in

g
�

kn
ow

le
dg

e–
ba

se
,

in
�

th
eo

ry
,

by
�

pr
oo

f–
m

et
ho

d �

�
M

o
re

 g
en

er
al

ly
: 

Is
o

la
te

d
 R

ea
so

n
in

g
 (

 =
 P

ro
vi

n
g

, S
o

lv
in

g
, S

im
p

lif
yi

n
g

, C
o

m
p

u
ti

n
g

)

P
ro

ve
�g

oa
l,

us
in

g
�

kn
ow

le
dg

e–
ba

se
,

by
�

pr
oo

f–
m

et
ho

d �

So
lv

e �
go

al
,

us
in

g
�

kn
ow

le
dg

e–
ba

se
,

by
�

so
lu

ti
on

–m
et

ho
d �

Si
m

pl
if

y �
go

al
,

us
in

g
�

kn
ow

le
dg

e–
ba

se
,

by
�

ev
al

ua
ti

on
–m

et
ho

d �

C
om

pu
te

�g
oa

l,
us

in
g
�

kn
ow

le
dg

e–
ba

se
,

by
�

ev
al

ua
ti

on
–m

et
ho

d �

�
T

h
eo

ry
 E

xp
lo

ra
ti

o
n

G
iv

en
 a

 k
no

w
le

dg
e 

ba
se

 (
in

 a
 c

er
ta

in
 th

eo
ry

) 
in

ve
nt

 a
nd

 p
ro

ve
 "

al
l" 

po
ss

ib
le

 g
oa

l f
or

m
ul

ae
 s

uc
h 

th
at

kn
ow

le
dg

e
ba

se
�

th
eo

ry
�

go
al

fo
rm

ul
a

M
or

e 
sp

ec
ifi

ca
lly

,

�
gi

ve
n 

a 
"c

om
pl

et
e 

kn
ow

le
dg

e 
ba

se
" 

on
 c

er
ta

in
gi

ve
n 

no
tio

ns
,

�
in

ve
nt

 a
nd

 p
ro

ve
 a

 "
co

m
pl

et
e"

 s
ys

te
m

 o
f 

el
em

en
ta

ry
 fo

rm
ul

ae
 th

at
 d

es
cr

ib
e

 th
e

 in
te

rp
la

y 
of

 (
se

ve
ra

l)
ne

w
 n

ot
io

ns
 w

ith
 th

e 
gi

ve
n 

no
tio

ns
 "

co
m

pl
et

el
y"

.

"C
om

pl
et

e"
 k

no
w

le
dg

e:
 A

ll
 o

th
er

 k
no

w
le

dg
e

 c
an

 b
e

 d
er

iv
ed

 b
y

 "
ea

sy
"

 r
ea

so
ni

ng
 (

e.
g.

 "
re

w
rit

in
g"

, 
"s

y
co

m
pu

ta
tio

n"
).

2
 B

uc
hb

er
ge

r:
 L

az
y 

T
h



�
T

h
eo

ry
 E

xp
lo

ra
ti

o
n

 in
 M

o
re

 D
et

ai
l:

 E
xp

lo
ra

ti
o

n
 S

it
u

at
io

n
s

A
n 

"e
xp

lo
ra

tio
n 

si
tu

at
io

n"
 is

 c
ha

ra
ct

er
iz

ed
 b

y 
th

e 
fo

llo
w

in
g 

pa
ra

m
et

er
s:

�
a 

co
lle

ct
io

n
C

 o
f k

no
w

n 
co

nc
ep

ts

�
a

 c
ol

le
ct

io
n

K
 o

f 
fa

ct
s

 th
at

 (
ar

e
 th

ou
gh

t
 to

) 
"c

om
pl

et
el

y"
 d

es
cr

ib
e

 th
e

 in
te

ra
ct

io
ns

 (
in

te
rr

el
at

io
ns

)
am

on
g 

th
e 

kn
ow

n 
co

nc
ep

ts

�
a 

ne
w

 c
on

ce
pt

N

�
ax

io
m

s 
(e

.g
. d

ef
in

iti
on

s)
A

 th
at

 r
el

at
e 

th
e 

ne
w

 c
on

ce
pt

 w
ith

 th
e 

kn
ow

n 
co

nc
ep

ts

�
a

 c
ol

le
ct

io
n

 G
 o

f 
go

al
 p

ro
po

si
tio

ns
 th

at
 (

ar
e

 th
ou

gh
t 

to
) 

"c
om

pl
et

el
y"

 e
xp

lo
re

 th
e

 in
te

ra
ct

io
n

 b
et

w
ee

n
th

e 
ne

w
 c

on
ce

pt
 a

nd
 th

e 
kn

ow
n 

co
nc

ep
ts

.

�
T

h
eo

ry
 E

xp
lo

ra
ti

o
n

 in
 M

o
re

 D
et

ai
l:

 A
p

p
ro

p
ri

at
e 

P
ro

o
f

 (
R

ea
so

n
in

g
) 

M
et

h
o

d

�
"O

fte
n"

,
K

 (
kn

ow
n

 fa
ct

s
 o

n
 k

no
w

n
 c

on
ce

pt
s)

,
A

 (
ax

io
m

s)
, 

an
d

G
 (

go
al

s)
 o

f 
an

 e
xp

lo
ra

tio
n

 s
itu

at
io

n
de

te
rm

in
e 

an
 "

ap
pr

op
ria

te
" 

pr
oo

f m
et

ho
d 

fo
r 

pr
ov

in
g 

th
e 

(b
as

ic
) 

pr
op

os
iti

on
s 

in
 G

.

�
K

 (
kn

ow
n

 fa
ct

s
 o

n
 k

no
w

n
 c

on
ce

pt
s)

 m
ay

 b
e

 s
pl

it
 in

to
 a

 fi
xe

d
 th

eo
ry

 th
at

 s
ug

ge
st

s
 a

 "
sp

ec
ia

l 
pr

oo
f

m
et

ho
d"

 a
nd

 a
 v

ar
ia

bl
e 

pa
rt

 o
f t

he
 k

no
w

le
dg

e 
ba

se
.

E
xa

m
pl

e:

K
 ..

. i
nd

uc
tio

n 
ax

io
m

s 
an

d 
eq

ua
lit

ie
s 

on
 z

er
o,

 s
uc

ce
ss

or
, p

lu
s

A
 ..

. i
nd

uc
tiv

e 
de

fin
iti

on
 o

f t
im

es
G

 ..
.e

qu
al

iti
es

 o
n 

tim
es

ap
pr

op
ria

te
 p

ro
of

 m
et

ho
d:

 in
du

ct
io

n 
w

ith
 s

im
pl

ifi
ca

tio
n.

�
T

h
eo

ry
 E

xp
lo

ra
ti

o
n

 in
 M

o
re

 D
et

ai
l:

 H
o

w
 D

o
es

 O
n

e 
F

in
d

 "
C

o
m

p
le

te
" 

K
n

o
w

le
d

g
e 

fo
r 

th
e 

N
ew

 N
o

ti
o

n
?

B
ot

to
m

-u
p

: 
E

xp
lo

re
 "

al
l"

 p
os

si
bl

e
 in

te
ra

ct
io

ns
 o

f 
th

e
 n

ew
 n

ot
io

n(
s)

 w
ith

 th
e

 g
iv

en
 n

ot
io

ns
 a

nd
 s

ta
rt

 w
ith

 th
e

"s
im

pl
e"

 o
ne

s.
 (

S
ee

 [B
. B

uc
hb

er
ge

r 
20

00
, T

im
is

oa
ra

 P
ro

ce
ed

in
gs

].)

T
op

-d
ow

n:
 E

xp
lo

re
 b

y 
th

e 
"la

zy
 th

in
ki

ng
 p

ar
ad

ig
m

".

C
op

yr
ig

ht
: B

ru
no

 B
uc

hb
er

ge
r 

20
02

3

�
T

h
e 

L
az

y 
T

h
in

ki
n

g
 P

ar
ad

ig
m

�
L

az
y 

T
h

in
ki

n
g

: 
A

tt
em

p
t 

a 
P

ro
o

f,
 A

n
al

yz
e 

th
e 

F
ai

lu
re

, 
an

d
 C

o
n

je
ct

u
re

 a
 L

em
m

a.

�
W

e
 s

ta
rt

 fr
om

 a
n 

ex
pl

or
at

io
n 

si
tu

at
io

n 
(C

, K
, A

, N
, G

) 
w

ith
 a

n 
"in

te
re

st
in

g"
 g

oa
lG

.

�
W

e
 a

tte
m

pt
 to

 fi
nd

 a
 p

ro
of

 o
fG

 (
us

in
g 

an
 "

ap
pr

op
ria

te
" 

pr
oo

f m
et

ho
d 

P
).

�
If 

P
 y

ie
ld

s 
a 

pr
oo

f:
�
.

(A
dd

G
 to

 th
e 

kn
ow

le
dg

e 
ba

se
!)

�
If 

P
 fa

ils
:

-
 a

na
ly

ze
 th

e 
fa

ili
ng

 p
ro

of
 s

itu
at

io
n 

(c
ur

re
nt

 k
no

w
le

dg
e 

ba
se

 a
nd

 c
ur

re
nt

 g
oa

l) 
an

d
-

 c
on

je
ct

ur
e 

a 
le

m
m

a
L  

th
at

 w
ou

ld
 m

ak
e 

th
e 

pr
oo

f p
os

si
bl

e.

�
A

pp
ly

 th
e 

pr
in

ci
pl

e 
re

cu
rs

iv
el

y 
us

in
g

L  
as

 th
e 

ne
w

 g
oa

l.

A
pp

lic
at

io
n 

of
 th

is
 p

rin
ci

pl
e,

 in
 th

e 
po

si
tiv

e 
ca

se
,

�
do

es
 n

ot
 o

nl
y 

yi
el

d 
a 

pr
oo

f o
f t

he
 in

iti
al

 g
oa

lG

�
bu

t a
ls

o 
fil

ls
 u

p 
th

e 
kn

ow
le

dg
e 

ba
se

 fo
r 

th
e 

ne
w

 c
on

ce
pt

N
.

�
T

h
e 

R
o

le
 o

f 
A

u
to

m
at

io
n

T
he

 L
az

y 
T

hi
nk

in
g 

P
ar

ad
ig

m
 is

 in
de

pe
nd

en
t o

f

�
w

he
th

er
 o

r 
no

t t
he

 a
va

ila
bl

e 
pr

ov
er

 P
 is

 a
ut

om
at

ed

�
w

he
th

er
 o

r 
no

t t
he

 in
ve

nt
io

n 
of

 "
in

te
re

st
in

g"
 in

iti
al

 g
oa

ls
 G

 is
 a

ut
om

at
ed

�
w

he
th

er
 o

r 
no

t t
he

 a
na

ly
si

s 
of

 fa
ili

ng
 p

ro
of

s 
is

 a
ut

om
at

ed

�
w

he
th

er
 o

r 
no

t i
nv

en
tio

n 
of

 "
us

ef
ul

" 
in

te
rm

ed
ia

te
 le

m
m

at
a 

is
 a

ut
om

at
ed

.

H
ow

ev
er

, i
nc

re
as

in
g 

au
to

m
at

io
n

is
 p

os
si

bl
e 

in
 a

ll 
fo

ur
 a

re
as

 a
bo

ve
 a

nd
 is

 a
 c

en
tr

al
 g

oa
l o

f t
he

T
he

or
em

a  
pr

o

T
he

 p
rin

ci
pl

e 
is

, h
ow

ev
er

, o
nl

y 
ap

pl
ic

ab
le

 if
 th

e 
(a

ut
om

at
ed

) 
pr

ov
er

P

�
pr

od
uc

es
 p

ro
of

s 
in

 "
na

tu
ra

l s
ty

le
"

�
an

d 
pr

od
uc

es
 a

 p
ro

of
 o

bj
ec

t a
ls

o 
in

 th
e 

ca
se

 o
f f

ai
lu

re
.

4
 B

uc
hb

er
ge

r:
 L

az
y 

T
h



T
he

se
 tw

o
 r

eq
ui

re
m

en
ts

 a
re

 s
at

is
fie

d
 b

y 
on

ly
 a

 fe
w

 a
ut

om
at

ed
 p

ro
ve

rs
. 

T
he

 tw
o

 r
eq

ui
re

m
en

ts
 a

re
 m

ai
n

 d
es

ig
n

ob
je

ct
iv

es
 o

fT
he

or
em

a.

(T
he

 p
rin

ci
pl

e 
ap

pl
ie

s 
al

so
 to

 "
so

lv
in

g"
 a

nd
 "

si
m

pl
ify

in
g"

 in
 p

la
ce

 o
f "

pr
ov

in
g"

.)

�
R

ef
er

en
ce

s 
o

n
 T

h
eo

re
m

a

w
w

w
.th

eo
re

m
a.

or
g

B
. B

uc
hb

er
ge

r,
 C

.D
up

re
, T

. J
eb

el
ea

n,
 F

. K
rif

tn
er

, K
. N

ak
ag

aw
a,

 D
. V

as
ar

u,
 W

.W
in

ds
te

ig
er

.
T

he
 T

he
or

em
a 

P
ro

je
ct

: A
 P

ro
gr

es
s 

R
ep

or
t.

In
: 

S
ym

bo
lic

 C
om

pu
ta

tio
n

 a
nd

 A
ut

om
at

ed
 R

ea
so

ni
ng

 (
P

ro
ce

ed
in

gs
 o

f 
C

A
LC

U
LE

M
U

S
 2

00
0

 S
ym

po
si

um
 o

n
 th

e
In

te
gr

at
io

n
 o

f 
S

ym
bo

lic
 C

om
pu

ta
tio

n
 a

nd
 M

ec
ha

ni
ze

d
 R

ea
so

ni
ng

, 
A

ug
us

t 
6-

7,
 2

00
0,

 S
t.A

nd
re

w
s,

 S
co

tla
nd

,
M

.K
er

be
r 

an
d 

M
.K

oh
lh

as
e 

ed
s.

),
 A

.K
.P

et
er

s,
 N

at
ic

k,
 M

as
sa

ch
us

et
ts

, p
p.

98
-1

13
.

�
A

u
to

m
at

io
n

 o
f 

P
ro

vi
n

g

Is
 a

 k
ey

 is
su

e 
in

 th
e 

co
m

m
un

ity
 s

in
ce

 m
an

y 
ye

ar
s.

N
ot

e
 th

at
, 

by
 th

e
 la

zy
 th

in
ki

ng
 p

ar
ad

ig
m

, 
an

y
 (

w
ea

k)
 p

ro
ve

r
P

 m
ay

 b
ec

om
e

 d
ra

st
ic

al
ly

 m
or

e
 p

ow
er

fu
l 

(in
 c

as
e

fa
ilu

re
 a

na
ly

si
s 

an
d 

co
nj

ec
tu

re
 g

en
er

at
io

n 
ca

n 
be

 a
ut

om
at

ed
).

S
yn

ta
ct

ic
 s

tr
uc

tu
re

 o
f 

th
e

 fo
rm

ul
ae

 in
K

(k
no

w
le

de
 b

as
e

 fo
r 

gi
ve

n 
co

nc
ep

ts
),

A
(a

xi
om

s 
fo

r 
th

e
 n

ew
 c

on
ce

pt
),

 a
nd

G
 (

go
al

s)
 m

ay
 d

et
er

m
in

e
 th

e
 c

ho
ic

e
 o

f 
th

e
 "

ap
pr

op
ria

te
" 

pr
ov

er
P

(t
o

 th
e

 e
xt

en
t 

th
at

, 
in

 th
e

 fu
tu

re
, 

th
is

 c
ho

ic
e

m
ay

 b
e 

au
to

m
at

ed
).

�
A

u
to

m
at

io
n

 o
f 

In
ve

n
ti

n
g

 "
In

te
re

st
in

g
" 

G
o

al
s

In
te

re
st

in
g 

go
al

s 
of

te
n 

co
m

e 
fr

om
 "

re
al

 li
fe

".
 E

xa
m

pl
e:

 "
I w

an
t t

o 
so

rt
".

In
te

re
st

in
g

 g
oa

ls
 o

fte
n

 c
om

e
 fr

om
 m

at
he

m
at

ic
al

 "
ex

pe
rie

nc
e"

: 
In

 m
y 

vi
ew

, 
m

at
he

m
at

ic
al

 e
xp

er
ie

nc
e

 c
an

 b
e

 c
as

t
in

�
pr

ob
le

m
 ty

pe
s 

(e
xa

m
pl

e:
 e

qu
at

io
ns

)

�
kn

ow
le

dg
e 

ty
pe

s 
(e

xa
m

pl
e:

 r
in

gs
)

�
m

et
ho

d 
/ a

lg
or

ith
m

 ty
pe

s 
(e

xa
m

pl
e:

 d
iv

id
e-

an
d-

co
nq

ue
r)

.

T
hi

s
 v

ie
w

 h
as

 b
ee

n
 e

xp
re

ss
ed

 fo
r 

th
e

 fi
rs

t 
tim

e
 in

: 
B

. 
B

uc
hb

er
ge

r,
 In

tr
od

uc
tio

n
 to

 M
at

he
m

at
ic

s
 fo

r 
C

om
pu

te
r

S
ci

en
ce

: P
ro

le
m

 T
yp

es
, K

no
w

le
dg

e 
T

yp
es

, A
lg

or
ith

m
 T

yp
es

. L
ec

tu
re

 N
ot

es
, U

ni
ve

rs
ity

 o
f L

in
z,

 1
98

2.

T
he

 c
ho

ic
e

 o
f 

in
te

re
st

in
g

 g
oa

ls
, 

in
 th

e
 fu

tu
re

, 
m

ay
 b

e
 a

ut
om

at
ed

 b
y

 tr
yi

ng
 g

oa
ls

 fr
om

 li
br

ar
ie

s
 o

f
 p

ro
bl

em
 /

kn
ow

le
dg

e 
/ m

et
ho

d 
ty

pe
s.

C
op

yr
ig

ht
: B

ru
no

 B
uc

hb
er

ge
r 

20
02

5

�
A

u
to

m
at

io
n

 o
f 

F
ai

lu
re

 A
n

al
ys

is
 a

n
d

 C
o

n
je

ct
u

re
 G

en
er

at
io

n

A
 fa

ili
ng

 p
ro

of
 s

itu
at

io
n 

co
ns

is
ts

 o
f

�
cu

rr
en

t k
no

w
le

dg
e 

(in
iti

al
 k

no
w

le
dg

e 
pl

us
 te

m
po

ra
ry

 a
ss

um
pt

io
ns

)

�
te

m
po

ra
ry

 g
oa

l(s
).

T
he

 c
on

je
ct

ur
ed

 le
m

m
a:

�
� x

 (
 k

no
w

le
dg

e
�

go
al

� f
ix

ed
�

x

i.e
.

�
co

lle
ct

 c
ur

re
nt

 a
ss

um
pt

io
ns

 a
nd

 g
oa

ls
 a

nd

�
ge

ne
ra

liz
e 

va
ria

bl
e-

fr
ee

 te
rm

s.

�
C

o
m

p
le

te
n

es
s 

o
f 

K
n

o
w

le
d

g
e 

ve
rs

u
s 

C
o

m
p

le
te

n
es

s 
o

f 
P

ro
ve

rs

C
om

pl
et

e 
pr

ov
er

s:
 e

ve
ry

th
in

g 
th

at
 fo

llo
w

s 
se

m
an

tic
al

ly
 c

an
 b

e 
pr

ov
ed

.

C
om

pl
et

e 
kn

ow
le

dg
e:

 e
ve

ry
th

in
g 

th
at

 fo
llo

w
s 

ca
n 

be
 p

ro
ve

d 
by

 "
si

m
pl

e"
 (

ty
pi

ca
lly

 in
co

m
pl

et
e)

 p
ro

ve
rs

.

In
co

m
pl

et
e

 p
ro

ve
rs

 a
re

 a
ttr

ac
tiv

e
 b

ec
au

se
 th

ey
 m

ay
 b

e 
m

or
e

 e
ffi

ci
en

t 
(a

nd
, i

n 
m

an
y 

ca
se

s,
 c

om
pl

et
e 

pr
ov

e
no

t p
os

si
bl

e)
.

�
T

h
e 

R
o

le
 o

f 
F

u
n

ct
o

rs
 (

N
o

t 
P

u
rs

u
ed

 in
 t

h
is

 T
al

k)

A
 s

uc
ce

ss
fu

l e
xp

lo
ra

tio
n

 o
f 

a
 n

ew
 c

on
ce

pt
 (

us
in

g
 th

e
 la

zy
 th

in
ki

ng
 p

ar
ad

ig
m

 o
r 

an
y 

ot
he

r 
m

et
ho

d)
 s

ho
ul

d
 a

be
 a

na
ly

ze
d 

w
.r

.t.
 th

e 
"m

in
im

al
 k

no
w

le
dg

e"
 n

ec
es

sa
ry

 in
 th

e 
ex

pl
or

at
io

n.

T
he

 r
es

ul
t 

of
 th

e
 e

xp
lo

ra
tio

n
 s

ho
ul

d
 th

en
 b

e
 s

to
re

d
 a

s
 th

e
 "

tr
ut

h
 tr

an
sp

or
ta

tio
n"

 p
ro

pe
rt

y
 o

f 
a

 c
or

re
sp

o
fu

nc
to

r.

"A
ll 

of
 m

at
he

m
at

ic
s"

 c
an

 th
en

 b
e

 s
to

re
d

 /
 g

en
er

at
ed

 /
 r

et
rie

ve
d

 in
 c

om
pa

ct
 fo

rm
 b

y 
a

 h
ie

ra
rc

hy
 o

f 
fu

nc
to

th
ei

r 
tr

ut
h 

tr
an

sp
or

ta
tio

n 
pr

op
er

tie
s.

T
hi

s 
is

 a
 lo

ng
-t

er
m

 v
ie

w
 a

nd
 p

ro
gr

am
 fo

r 
fu

tu
re

 "
M

at
he

m
at

ic
al

 K
no

w
le

dg
e 

M
an

ag
em

en
t"

 (
M

K
M

).

(A
 n

ew
 k

in
d 

of
 "

sy
m

bo
lic

 c
om

pu
ta

tio
n 

B
ou

rb
ak

is
m

"!
)

M
K

M
 2

00
1:

 1
st

 In
te

rn
at

io
na

l C
on

fe
re

nc
e 

on
 M

K
M

, R
IS

C
, H

ag
en

be
rg

, A
us

tr
ia

.

M
K

M
 2

00
3:

 2
nd

 In
te

rn
at

io
na

l C
on

fe
re

nc
e 

on
 M

K
M

, B
ol

og
na

, I
ta

ly
.

6
 B

uc
hb

er
ge

r:
 L

az
y 

T
h



�
C

as
e 

S
tu

d
y:

 C
o

m
m

u
ta

ti
vi

ty
 o

f 
A

d
d

it
io

n

�
E

xp
lo

ra
ti

o
n

 S
it

u
at

io
n

H
er

e 
an

d 
in

 th
e 

su
bs

eq
ue

nt
 e

xa
m

pl
es

 w
e 

us
e 

th
e

T
he

or
em

a 
sy

nt
ax

, s
ee

 [B
uc

hb
er

ge
r 

et
 a

l.,
 1

99
7,

 2
00

0]
.

K
no

w
n 

co
nc

ep
ts

: '
0'

 (
ze

ro
),

'�
�
' (

su
cc

es
so

r 
fu

nc
tio

n)
.

K
no

w
le

dg
e 

ab
ou

t k
no

w
n 

co
nc

ep
ts

: i
nd

uc
tio

n 
ax

io
m

(s
)

� A
��A

�0 �
�
� x
�A

�x �
�

A
�x�

���
�
� x

A
� x�

�

N
ew

 c
on

ce
pt

:'
+

' (
ad

di
tio

n)
.

A
xi

om
s 

(d
ef

in
iti

on
) 

th
at

 r
el

at
e 

th
e 

ne
w

 c
on

ce
pt

 w
ith

 th
e 

kn
ow

n 
co

nc
ep

ts
:

D
ef

in
it

io
n�

"a
dd

it
io

n"
,a

ny
�m

,n
�,

m
�

0
�

m
"
�

0:
"

m
�

n�
�

�m
�

n ��
"
�

.:"
	

G
oa

l p
ro

po
si

tio
ns

:a
ll 

fo
rm

ul
ae

 o
f t

he
 fo

rm

�
x 1

,…
,x

n
L
�

R

w
he

re
L 

an
d

R
 a

re
 te

rm
s 

in
 '0

', 
'�
�
',

 '+
', 

an
d 

th
e 

va
ria

bl
es

'x
1
',

…
,

'x
n
'.

�
A

n 
A

p
p

ro
p

ri
at

e 
P

ro
o

f 
M

et
h

o
d

�
T

ra
n

si
ti

o
n

 f
ro

m
 t

h
e 

L
ev

el
 o

f 
K

n
o

w
le

d
g

e 
to

 t
h

e 
L

ev
el

 o
f 

In
fe

re
n

ci
n

g
: 

A
n

 Im
p

o
rt

an
t 

P
ri

n
ci

p
le

 in
E

ff
ic

ie
n

t 
P

ro
vi

n
g

In
 p

rin
ci

pl
e,

 g
oa

l 
pr

op
os

iti
on

s
 in

 th
e

 a
bo

ve
 e

xp
lo

ra
tio

n
 s

itu
at

io
n

 c
ou

ld
 b

e
 p

ro
ve

d
 fr

om
 th

e
 k

no
w

n
 fa

ct
s

 a
nd

 th
e

ax
io

m
s 

by
 a

ny
 p

re
di

ca
te

 lo
gi

c 
pr

oo
f m

et
ho

d.

H
ow

ev
er

, 
in

st
ea

d,
 m

or
e

 n
at

ur
al

ly
 a

nd
 e

ffi
ci

en
tly

, 
th

e
 k

no
w

n
 fa

ct
s

 (
in

du
ct

io
n

 a
xi

om
s)

 c
an

 b
e

 "
lif

te
d"

 fr
om

 th
ei

r
le

ve
l 

of
 b

ei
ng

 k
no

w
le

dg
e

 e
xp

re
ss

ed
 in

 te
rm

s
 o

f 
fo

rm
ul

ae
 o

nt
o

 th
e

 le
ve

l 
of

 b
ei

ng
 a

 s
pe

ci
fic

 in
fe

re
nc

e
 m

et
ho

d

C
op

yr
ig

ht
: B

ru
no

 B
uc

hb
er

ge
r 

20
02

7

(in
du

ct
io

n
 in

fe
re

nc
e

 r
ul

e)
 a

nd
 th

is
 m

et
ho

d
 c

an
 b

e
 u

se
d

 fo
r

 p
ro

vi
ng

 th
e

 g
oa

l 
pr

op
os

iti
on

s
 fr

om
 th

e
kn

ow
le

dg
e 

ba
se

. H
er

e 
is

 a
 r

ou
gh

 d
es

cr
ip

tio
n 

of
 th

is
 s

pe
ci

al
 p

ro
of

 m
et

ho
d:

�
A

 S
im

p
le

 A
u

to
m

at
ed

 In
d

u
ct

io
n

 P
ro

ve
r

G
iv

en
: a

 fo
rm

ul
a 

of
 th

e 
fo

rm

�
x 1

,…
,x

n
L
�

R

T
he

 P
ro

ve
r:

T
ak

e
 a

ll
x 1

,…
,x

n
 "

ar
bi

tr
ar

y
 b

ut
 fi

xe
d"

 a
nd

 tr
y

 to
 p

ro
ve

 'L
=R

' b
y

 r
ew

rit
in

g
 b

ot
h

L
 a

nd
R

 m
od

u
as

su
m

ed
 e

qu
al

iti
es

 (
in

 th
e 

de
fin

iti
on

).

If 
th

is
 p

ro
of

 s
uc

ce
ed

s,
 r

ep
or

t s
uc

ce
ss

 (
an

d 
sh

ow
 th

e 
pr

oo
f)

.

If 
th

is
 p

ro
of

 fa
ils

, o
rg

an
iz

e 
in

du
ct

io
n 

on
x 1

:

 T
he

 in
du

ct
io

n 
ba

se
 is

 a
 p

ro
of

 s
itu

at
io

n 
of

 th
e 

sa
m

e 
ty

pe
 b

ut
 w

ith
 o

ne
 v

ar
ia

bl
e 

le
ss

.
 H

en
ce

 c
al

l t
he

 p
ro

of
 m

et
ho

d 
re

cu
rs

iv
el

y.

 T
he

 in
du

ct
io

n 
st

ep
 is

 a
 p

ro
of

 s
itu

at
io

n 
of

 th
e 

sa
m

e 
ty

pe
 b

ut
 w

ith
 o

ne
 v

ar
ia

bl
e 

le
ss

.
 H

en
ce

 c
al

l t
he

 p
ro

of
 m

et
ho

d 
re

cu
rs

iv
el

y.

In
T

he
or

em
a

, 
th

is
 p

ro
of

 m
et

ho
d

 h
as

 th
e

 n
am

e
 'N

N
E

qI
nd

P
ro

ve
r'.

 (
N

ot
e

 th
at

, 
in

 fa
ct

, 
th

e
 p

ow
er

 o
f 

th
is

 m
et

ho
th

e
 c

la
ss

 o
f 

fo
rm

ul
ae

 th
at

 c
an

 b
e

 p
ro

ve
d

 b
y

 th
is

 m
et

ho
d,

 h
ea

vi
ly

 d
ep

en
ds

 o
n

 th
e

 s
pe

ci
fic

 m
et

ho
d

 u
s

re
w

rit
in

g
L

an
d

R
.)

�
E

xa
m

p
le

s 
o

f 
P

ro
o

fs

�
A

 V
er

y 
S

im
p

le
 T

h
eo

re
m

F
or

 p
ro

vi
ng

 th
e 

fo
llo

w
in

g 
pr

op
os

iti
on

P
ro

po
si

ti
on

� "
ze

ro
fr

om
le

ft
",

an
y�

m
� ,

0
�

m
�

m
�

w
e 

ex
ec

ut
e 

th
e 

fo
llo

w
in

g
T

he
or

em
a 

ca
ll:
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P
ro

ve
�P

ro
po

si
ti

on
�"

ze
ro

fr
om

le
ft

" �
,

us
in

g
�

D
ef

in
iti

on
�"

ad
di

ti
on

" �
,

by
�

N
N

E
qI

nd
P

ro
ve

r �

�
Pr

oo
fO

bj
ec

t �

�
T

h
e 

fo
llo

w
in

g
 p

ro
o

f 
is

 g
en

er
at

ed
 c

o
m

p
le

te
ly

 a
u

to
m

at
ic

al
ly

 b
y

T
h

eo
re

m
a:

P
ro

ve
:

(P
ro

po
si

ti
on

 z
er

o 
fr

om
 le

ft
)

� m
� 0
�

m
�

m
� ,

un
de

r 
th

e 
as

su
m

pt
io

ns
:

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

0:
)

� m
� m
�

0
�

m
� ,

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

 .:
)

� m
,n

� m
�

n�
�

� m
�

n�
�
� .

W
e

pr
ov

e
(P

ro
po

si
ti

on
 (

20
):

 2
0)

 b
y 

in
du

ct
io

n 
on

m
.

In
du

ct
io

n 
B

as
e:

(1
)

0
�

0
�

0.

A
 p

ro
of

 b
y 

si
m

pl
if

ic
at

io
n 

of
(1

) 
w

or
ks

.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

0
�

0 
=

by
(D

ef
in

iti
on

 (
ad

di
ti

on
):

 +
0:

)

0�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

0�

In
du

ct
io

n 
St

ep
:

In
du

ct
io

n 
H

yp
ot

he
si

s:

(2
)

0
�

m
1
�

m
1

In
du

ct
io

n 
C

on
cl

us
io

n:

C
op

yr
ig

ht
: B

ru
no

 B
uc

hb
er

ge
r 
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(3
)

0
�

m
1
�
�

m
1
�

.

A
 p

ro
of

 b
y 

si
m

pl
if

ic
at

io
n 

of
(3

) 
w

or
ks

.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

0
�

m
1
�

 =
by

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

 .:
)

� 0
�

m
1
��

 =
by

(2
)

m
1
�
�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

m
1
�
�

�
O

th
er

 T
h

eo
re

m
s 

th
at

 C
an

 b
e 

P
ro

ve
d

 b
y 

th
is

 M
et

h
o

d

S
im

ila
rly

, p
ro

of
s 

fo
r 

th
e 

fo
llo

w
in

g 
pr

op
os

iti
on

s 
ca

n 
be

 g
en

er
at

ed
 a

ut
om

at
ic

al
ly

 b
y 

th
e 

ab
ov

e 
m

et
ho

d.

P
ro

po
si

ti
on

�"
ad

di
ti

on
fr

om
le

ft
",

an
y �

m
,n

�,

m
�
�

n
�

�m
�

n �
�
�

P
ro

ve
�P

ro
po

si
ti

on
�"

ad
di

ti
on

fr
om

le
ft

" �
,u

si
ng

�
D

ef
in

iti
on

�"
ad

di
ti

on
" �

,b
y
�

N
N

E
qI

nd
P

ro
ve

r �

�
Pr

oo
fO

bj
ec

t �

P
ro

po
si

ti
on

�"
as

so
ci

at
iv

ity
of

ad
di

ti
on

",
an

y �
m

,n
,p

�,

�m
�

n �
�

p
�

m
�

�n
�

p �
�

P
ro

ve
�P

ro
po

si
ti

on
�"

as
so

ci
at

iv
ity

of
ad

di
ti

on
" �

,u
si

ng
�

D
ef

in
iti

on
�"

ad
di

ti
on

" �
,b

y
�

N
N

E
qI

nd
P

ro
ve

r �

�
Pr

oo
fO

bj
ec

t �

�
A

 F
ai

lin
g

 P
ro

o
f

T
he

 fo
llo

w
in

g 
pr

op
os

iti
on

 c
an

no
t y

et
 b

e 
pr

ov
ed

 b
y 

th
is

 (
ve

ry
 s

im
pl

e)
 p

ro
of

 m
et

ho
d.
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P
ro

po
si

ti
on

�"
co

m
m

ut
at

iv
ity

of
ad

di
ti

on
",

an
y �

m
,n

�,
m
�

n
�

n
�

m
"
�
�

" �

F
ai

lin
g 

pr
oo

f: P
ro

ve
�P

ro
po

si
ti

on
�"

co
m

m
ut

at
iv

ity
of

ad
di

ti
on

" �
,

us
in

g
�

�D
ef

in
iti

on
�"

ad
di

ti
on

" �
�,

by
�

N
N

E
qI

nd
P

ro
ve

r,

P
ro

ve
rO

pt
io

ns
�

�T
er

m
O

rd
er
�

L
ef

tT
oR

ig
ht

�,
tr

an
sf

or
m

B
y
�

Pr
oo

fS
im

pl
if

ie
r,

T
ra

ns
fo

rm
er

O
pt

io
ns
�

�b
ra

nc
he

s
�

�P
ro

ve
d,

Fa
il

ed
��
�;

�
T

h
e 

fo
llo

w
in

g
 p

ro
o

f 
at

te
m

p
t 

is
 g

en
er

at
ed

 b
y 

T
h

eo
re

m
a

P
ro

ve
:

(P
ro

po
si

ti
on

 (
co

m
m

ut
at

iv
ity

 o
f 

ad
di

ti
on

):
 +

 =
 )

� m
, n

� m
�

n
�

n
�

m
� ,

un
de

r 
th

e 
as

su
m

pt
io

ns
:

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

0:
)

� m
� m
�

0
�

m
� ,

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

 .:
)

� m
, n

� m
�

n�
�

� m
�

n�
�
� .

A
s 

th
er

e 
ar

e 
se

ve
ra

l m
et

ho
ds

 w
hi

ch
 c

an
 b

e 
ap

pl
ie

d,
 w

e 
ha

ve
 d

if
fe

re
nt

 c
ho

ic
es

 to
 p

ro
ce

ed
 w

ith
 th

e 
pr

oo
f.

A
lte

rn
at

iv
e 

pr
oo

f 
1:

 f
ai

le
d

T
he

 p
ro

of
 o

f
(P

ro
po

si
ti

on
 (

co
m

m
ut

at
iv

ity
 o

f 
ad

di
ti

on
):

 +
 =

)f
ai

ls
. (

T
he

 p
ro

ve
r 

"S
im

pl
if

ie
r"

 w
as

 u
na

bl
e 

to

tr
an

sf
or

m
 th

e 
pr

oo
f 

si
tu

at
io

n.
)

A
lte

rn
at

iv
e 

pr
oo

f 
2:

 f
ai

le
d

W
e 

tr
y 

to
pr

ov
e

(P
ro

po
si

ti
on

 (
co

m
m

ut
at

iv
ity

 o
f 

ad
di

ti
on

):
 +

 =
) 

by
 in

du
ct

io
n 

on
m

.

In
du

ct
io

n 
B

as
e:

(1
)

� n
� 0
�

n
�

n
�

0�
.

A
s 

th
er

e 
ar

e 
se

ve
ra

l m
et

ho
ds

 w
hi

ch
 c

an
 b

e 
ap

pl
ie

d,
 w

e 
ha

ve
 d

if
fe

re
nt

 c
ho

ic
es

 to
 p

ro
ce

ed
 w

ith
 th

e 
pr

oo
f.

A
lte

rn
at

iv
e 

pr
oo

f 
1:

 p
ro

ve
d

W
e 

ta
ke

 in
(1

) 
al

l v
ar

ia
bl

es
 a

rb
itr

ar
y 

bu
t f

ix
ed

:

C
op

yr
ig

ht
: B

ru
no

 B
uc

hb
er

ge
r 

20
02
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(4
)

0
�

n 1
�

n 1
�

0

an
d 

si
m

pl
if

y 
it

.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

0
�

n 1
�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

n 1
�

0 
=

by
(D

ef
in

iti
on

 (
ad

di
ti

on
):

 +
0:

)

n 1
�

H
en

ce
, i

t i
s 

su
ff

ic
ie

nt
 to

 p
ro

ve
:

(5
)

� n
� 0
�

n
�

n�
.

W
e

pr
ov

e
(5

) 
by

 in
du

ct
io

n 
on

n.

In
du

ct
io

n 
B

as
e:

(6
)

0
�

0
�

0.

A
 p

ro
of

 b
y 

si
m

pl
if

ic
at

io
n 

of
(6

) 
w

or
ks

.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

0
�

0 
=

by
(D

ef
in

iti
on

 (
ad

di
ti

on
):

 +
0:

)

0�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

0�

In
du

ct
io

n 
St

ep
:

In
du

ct
io

n 
H

yp
ot

he
si

s:

(7
)

0
�

n 2
�

n 2

In
du

ct
io

n 
C

on
cl

us
io

n:

(8
)

0
�

n 2
�
�

n 2
�

.

A
 p

ro
of

 b
y 

si
m

pl
if

ic
at

io
n 

of
(8

) 
w

or
ks

.
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Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

0
�

n 2
�

 =
by

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

 .:
)

� 0
�

n 2
��

 =
by

(7
)

n 2
�
�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

n 2
�
�

A
lte

rn
at

iv
e 

pr
oo

f 
2:

 p
en

di
ng

P
en

di
ng

 p
ro

of
 o

f(
1)

.

In
du

ct
io

n 
St

ep
:

In
du

ct
io

n 
H

yp
ot

he
si

s:

(2
)

� n
� m

1
�

n
�

n
�

m
1
�

In
du

ct
io

n 
C

on
cl

us
io

n:

(3
)

� n
� m

1
�
�

n
�

n
�

m
1
�
� .

A
s 

th
er

e 
ar

e 
se

ve
ra

l m
et

ho
ds

 w
hi

ch
 c

an
 b

e 
ap

pl
ie

d,
 w

e 
ha

ve
 d

if
fe

re
nt

 c
ho

ic
es

 to
 p

ro
ce

ed
 w

ith
 th

e 
pr

oo
f.

A
lte

rn
at

iv
e 

pr
oo

f 
1:

 f
ai

le
d

W
e 

ta
ke

 in
(3

) 
al

l v
ar

ia
bl

es
 a

rb
itr

ar
y 

bu
t f

ix
ed

:

(9
)

m
1
�
�

n 3
�

n 3
�

m
1
�

an
d 

si
m

pl
if

y 
it

.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

m
1
�
�

n 3
�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

n 3
�

m
1
�

 =
by

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

 .:
)

� n
3
�

m
1
��

�

C
op

yr
ig

ht
: B

ru
no

 B
uc

hb
er

ge
r 

20
02
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H
en

ce
, i

t i
s 

su
ff

ic
ie

nt
 to

 p
ro

ve
:

(1
0)

� n
� m

1
�
�

n
�

� n
�

m
1
��

� .

W
e 

tr
y 

to
pr

ov
e

(1
0)

 b
y 

in
du

ct
io

n 
on

n.

In
du

ct
io

n 
B

as
e:

(1
1)

m
1
�
�

0
�

� 0
�

m
1
��

.

W
e 

si
m

pl
if

y
(1

1)
.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

m
1
�
�

0 
=

by
(D

ef
in

iti
on

 (
ad

di
ti

on
):

 +
0:

)

m
1
�
�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

� 0
�

m
1
��

�

H
en

ce
, i

t i
s 

su
ff

ic
ie

nt
 to

 p
ro

ve
:

(1
4)

m
1
�
�

� 0
�

m
1
��

.

T
he

 p
ro

of
 o

f
(1

4)
 f

ai
ls

. (
N

o 
ap

pl
ic

ab
le

 in
fe

re
nc

e 
ru

le
 w

as
 f

ou
nd

.)

In
du

ct
io

n 
St

ep
:

In
du

ct
io

n 
H

yp
ot

he
si

s:

(1
2)

m
1
�
�

n 4
�

� n
4
�

m
1
��

In
du

ct
io

n 
C

on
cl

us
io

n:

(1
3)

m
1
�
�

n 4
�
�

� n
4
�
�

m
1
��

.

W
e 

si
m

pl
if

y
(1

3)
.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

m
1
�
�

n 4
�

 =
by

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

 .:
)

� m
1
�
�

n 4
��

 =
by

(1
2)

��
n 4
�

m
1
��

��
�
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Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

� n
4
�
�

m
1
��

�

H
en

ce
, i

t i
s 

su
ff

ic
ie

nt
 to

 p
ro

ve
:

(1
5)

��
n 4
�

m
1
��

��
�

� n
4
�
�

m
1
��

.

T
he

 p
ro

of
 o

f
(1

5)
 f

ai
ls

. (
N

o 
ap

pl
ic

ab
le

 in
fe

re
nc

e 
ru

le
 w

as
 f

ou
nd

.)

A
lte

rn
at

iv
e 

pr
oo

f 
2:

 f
ai

le
d

W
e 

tr
y 

to
pr

ov
e

(3
) 

by
 in

du
ct

io
n 

on
n.

In
du

ct
io

n 
B

as
e:

(1
6)

m
1
�
�

0
�

0
�

m
1
�

.

W
e 

si
m

pl
if

y
(1

6)
.

Si
m

pl
if

ic
at

io
n 

of
 th

e 
lh

s 
te

rm
:

m
1
�
�

0 
=

by
(D

ef
in

iti
on

 (
ad

di
ti

on
):

 +
0:

)

m
1
�
�

Si
m

pl
if

ic
at

io
n 

of
 th

e 
rh

s 
te

rm
:

0
�

m
1
�

 =
by

(D
ef

in
iti

on
 (

ad
di

ti
on

):
 +

 .:
)

� 0
�

m
1
��

�

H
en

ce
, i

t i
s 

su
ff

ic
ie

nt
 to

 p
ro

ve
:

(1
9)

m
1
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